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Abstract
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to be Cesáro convergent to an idempotent copula Â with respect to the strong
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1. Introduction1

Since its introduction by Darsow et el. (1992) the so-called star product2

of copulas has been studied in various papers. Olsen et al. (1996) showed3

that the space (C, ∗) of (two-dimensional) copulas with the star product as4

binary operation and the space (M, ◦) of Markov operators with the com-5

position as binary operation are isomorphic (see Section 2) and that every6

copula A ∈ C can be written in the form A = Bt ∗ C whereby B,C are so-7

called completely dependent (or, equivalently, left invertible) copulas and Bt
8

denotes the transpose of B. Using the above mentioned isomorphism Sempi9

(2002) showed that there is a one-to-one correspondence between the class10

of idempotent copulas Cip (i.e. copulas with A ∗ A = A) and the subclass11

of M consisting of conditional expectations. Durante et al. (2007) studied12

two product-like constructions for copulas, one being a generalized version13

of the star product. Darsow et al. (2010) classified idempotent copulas in14
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non-atomic, atomic and totally atomic ones and, for each of the three types,15

gave a complete characterization of all of its members. Furthermore, based16

on these characterizations, they answered the question posed in Darsow et17

al. (1992) whether idempotent copulas are necessarily symmetric with ’yes’.18

In the current paper we will prove an ergodic-theorem-like result for iterates19

of the star product and show that for every copula A ∈ C there is a unique20

idempotent and symmetric copula Â such that21

lim
n→∞

D1(s∗n(A), Â) = 0 (1)

holds, whereby s∗n(A) :=
1
n

∑n
i=1 A

∗i for every n ∈ N, A∗i is the i-times star22

product of A with itself, i.e. A∗1 = A, A∗2 = A∗A, and A∗(n+1) = A∗A∗n for23

every n ≥ 2, and D1 is the metric introduced in Trutschnig (2011). Having24

this result proving symmetry for idempotent copulas is straightforward. We25

remark here that, in contrast to doubly stochastic idempotent matrices (see,26

for instance, Doob, 1942), idempotent copulas may be very complex objects.27

Using so-called Iterated Function Systems one may easily construct copulas28

with fractal support (see Fredricks et al., 2005, de Amo et al., 2012) that are29

at the same time idempotent (Trutschnig and Fernández Sánchez, 2012).30

The above-mentioned convergence result (1) assures the existence of the31

Cesáro limit w.r.t. D1 but it does not offer additional information about32

the limit Â. Since A ∗ Π = Π = Π ∗ A holds for all A ∈ C (i.e. Π is the33

null element in (C, ∗)) we will tackle the problem of finding general condi-34

tions under which Â coincides with Π and prove that it is sufficient to know35

that the density of the absolutely continuous component of s∗j(A) is strictly36

positive on the full interval [0, 1]2. Additionally we will give a necessary and37

sufficient condition for Â = Π in the case of A being a completely dependent38

copula (see Lancaster, 1963, and Section 2).39

The rest of this paper is organized as follows: Section 2 gathers some prelimi-40

naries and notations that will be used afterwards. Section 3 contains some41

examples and all above-mentioned results. Finally, Section 4 discusses open42

points and possible future work.43

2. Notation and preliminaries44

As already mentioned before C will denote the family of all (two-dimen-45

sional) copulas. For properties of copulas see Durante and Sempi (2010),46

Nelsen (2006), and Sempi (2011). For every A ∈ C, µA will denote the corre-47

sponding doubly stochastic measure, PC the class of all these doubly stochastic48
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measures. The Lebesgue measure on [0, 1] and [0, 1]2 will be denoted by λ49

and λ2 respectively. For every metric space (Ω, d) the Borel σ-field on Ω50

will be denoted by B(Ω). A Markov kernel from R to B(R) is a mapping51

K : R × B(R) → [0, 1] such that x 7→ K(x,B) is measurable for every fixed52

B ∈ B(R) and B 7→ K(x,B) is a probability measure for every fixed x ∈ R.53

Suppose that X,Y are real-valued random variables on a probability space54

(Ω,A,P), then a Markov kernel K : R × B(R) → [0, 1] is called regular55

conditional distribution of Y given X if for every B ∈ B(R)56

K(X(ω), B) = E(1B ◦ Y |X)(ω) (2)

holds P-a.s. It is well know that for each pair (X,Y ) of real-valued random57

variables a regular conditional distribution K(·, ·) of Y given X exists, that58

K(·, ·) is unique PX-a.s. (i.e. unique for PX-almost all x ∈ R) and that59

K(·, ·) only depends on PX⊗Y . Hence, given A ∈ C we will denote (a version60

of) the regular conditional distribution of Y given X by KA(·, ·) and refer61

to KA(·, ·) simply as regular conditional distribution of A or as the Markov62

kernel of A. Note that for every A ∈ C, its conditional regular distribution63

KA(·, ·), and every Borel set G ∈ B([0, 1]2) we have64 ∫
[0,1]

KA(x,Gx) dλ(x) = µA(G), (3)

so in particular65 ∫
[0,1]

KA(x, F ) dλ(x) = λ(F ) (4)

for every F ∈ B([0, 1]). On the other hand, every Markov kernel K :66

[0, 1]×B([0, 1]) → [0, 1] fulfilling (4) induces a unique element µ ∈ PC([0, 1]
2)67

via (3). For more details and properties of conditional expectation, regu-68

lar conditional distributions, and disintegration see Kallenberg (1997) and69

Klenke (2007).70

T will denote the family of all λ-preserving transformations h : [0, 1] → [0, 1]71

(see Walters, 2000). A copula A ∈ C will be called completely dependent if72

and only if there exists h ∈ T such that K(x,E) := 1E(hx) is a regular73

conditional distribution of A (see Lancaster, 1963, and Trutschnig, 2011, for74

equivalent definitions and main properties). For every h ∈ T the corres-75

ponding completely dependent copula will be denoted by Ch, the class of all76

completely dependent copulas by Cd.77

A linear operator T on L1([0, 1]) := L1([0, 1],B([0, 1]), λ) is called Markov78
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operator (Darsow et al., 1992; Olsen et al., 1996) if it fulfills the following79

three properties:80

1. T is positive, i.e. T (f) ≥ 0 whenever f ≥ 081
82

2. T (1[0,1]) = 1[0,1]83
84

3.
∫
[0,1]

(Tf)(x)dλ(x) =
∫
[0,1]

f(x)dλ(x)85

As mentioned in the introduction M will denote the class of all Markov86

operators on L1([0, 1]). It is straightforward to see that the operator norm87

of T is one, i.e. ∥T∥ := sup{∥Tf∥1 : ∥f∥1 ≤ 1} = 1 holds. According to88

Olsen et al. (1996) there is a one-to-one correspondence between C and M -89

in fact, the mappings Φ : C → M and Ψ : M → C, defined by90

Φ(A)(f)(x) : = (TAf)(x) :=
d

dx

∫
[0,1]

A,2(x, t)f(t)dλ(t),

(5)
Ψ(T )(x, y) : = AT (x, y) :=

∫
[0,x]

(T1[0,y])(t)dλ(t)

for every f ∈ L1([0, 1]) and (x, y) ∈ [0, 1]2 (A,2 denoting the partial derivative91

w.r.t. y), fulfill Ψ ◦Φ = idC and Φ ◦Ψ = idM. Note that in case of f := 1[0,y]92

we have (TA1[0,y])(x) = A,1(x, y) λ-a.s. According to Trutschnig (2011) the93

first equality in (5) can be simplified to94

(TAf)(x) = E(f ◦ Y |X = x) =

∫
[0,1]

f(y)KA(x, dy) λ-a.s. (6)

Expressing copulas in terms of their corresponding regular conditional dis-95

tributions the metric D1 on C can be defined as follows:96

D1(A,B) :=

∫
[0,1]

∫
[0,1]

∣∣KA(x, [0, y])−KB(x, [0, y])
∣∣dλ(x) dλ(y) (7)

It can be shown that (C, D1) is a complete and separable metric space and97

that, given copulas A,A1, A2 . . . and their corresponding Markov operators98

TA, TA1 , TA2 . . ., the following two conditions are equivalent:99

(a) limn→∞D1(An, A) = 0100

(b) limn→∞ ∥TAnf − TAf∥1 = 0 for every f ∈ L1([0, 1]),101
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i.e. D1 is a metrization of the strong operator topology onM (see Trutschnig,102

2011), which implies that D1 is much stronger than the uniform metric d∞103

on C since, according to Olsen et al. (1996), d∞ is a metrization of the weak104

operator topology on M.105

Given A,B ∈ C the star product A∗B ∈ C is defined by (Darsow et al., 1992;106

Olsen et al., 1996)107

(A ∗B)(x, y) :=

∫
[0,1]

A,2(x, t)B,1(t, y)dλ(t) (8)

and fulfills108

TA∗B = ΦA∗B = Φ(A) ◦ Φ(B) = TA ◦ TB, (9)

so the mapping Φ in (5) actually is an isomorphism. Furthermore (Olsen et109

al., 1996) Φ maps transposes into adjoints, i.e. the adjoint operator T adj
A :110

L∞([0, 1]) → L∞([0, 1]) corresponds to the transposed copula At, defined by111

At(x, y) := A(y, x) for all x, y ∈ [0, 1]. Note that T adj
A really corresponds112

to a copula although, by definition, it only lives on L∞([0, 1]) - in fact T adj
A113

has operator norm one on L∞([0, 1]) and, using the fact that L∞([0, 1]) is114

dense in L1([0, 1]) (see, for instance, Rudin, 2000), can easily be extended to115

a Markov operator on full L1([0, 1]).116

A copula A ∈ C is called idempotent if A ∗ A = A holds, the family of all117

idempotent copulas will be denoted by Cip. A ∈ C is called symmetric if118

At = A. The following result, stating that the Markov kernel of A ∗ B is119

just the standard composition of the Markov kernels of A and B, will prove120

useful in the sequel:121

Lemma 1 (Trutschnig and Fernández Sánchez, 2012). Suppose that A,122

B ∈ C and let KA, KB denote regular conditional distributions of A and B.123

Then the Markov kernel KA ◦KB, defined by124

(KA ◦KB)(x, F ) :=

∫
[0,1]

KB(y, F )KA(x, dy), (10)

is a regular conditional distribution of A ∗B.125

3. Cesáro convergence of A∗n
126

We will state and prove the before mentioned ergodic-theorem-like result127

now, which, as byproduct, will provide an alternative quick proof of the fact128
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that idempotent copulas are necessarily symmetric. For every copula A ∈ C129

and every n ∈ N as in the Introduction we set130

s∗n(A) =
1

n

n∑
i=1

A∗i. (11)

Theorem 2 (Cesáro convergence of (iterates of) the star product).131

For every copula A there exists a copula Â such that132

lim
n→∞

D1

(
s∗n(A), Â

)
= 0. (12)

This copula Â is idempotent, symmetric, and fulfills Â ∗ A = A ∗ Â = Â.133

Proof: Fix A ∈ C. Since TA has operator norm one both on L1([0, 1]) and134

on L∞([0, 1]) it follows from Riesz-Thorin’s interpolation theorem (see Dun-135

ford and Schwartz, 1988) that ∥TA∥2 := sup∥f∥2≤1 ∥TAf∥2 = 1. Hence Von136

Neumann’s mean ergodic theorem for Hilbert spaces (Parry, 1981) implies137

that for every f ∈ L2([0, 1]) we have138

lim
n→∞

∥∥∥∥1n
n∑

i=1

T i
Af − πf

∥∥∥∥
2

= 0 (13)

whereby π : L2([0, 1]) → U2 denotes the orthogonal projection of L2([0, 1]) on
the (closed) subspace U2 = {g ∈ L2([0, 1]) : TA g = g}. Furthermore we have
the following: (i) π1[0,1] = 1[0,1] since 1[0,1] ∈ U2. (ii) π is obviously linear
and, using (13), it is straightforward to see that π is positive too. (iii) π also
preserves the integral of non-negative functions since, for every f ∈ L2([0, 1])
with f ≥ 0, we have∣∣∣∣ ∫

[0,1]

f dλ−
∫
[0,1]

πf dλ

∣∣∣∣ ≤ ∥∥∥∥ 1n
n∑

i=1

T i
Af − πf

∥∥∥∥
1

≤
∥∥∥∥1n

n∑
i=1

T i
Af − πf

∥∥∥∥
2

−→ 0

for n → ∞. We will now extend π to L1([0, 1]) by using the fact that L2([0, 1])
is dense in L1([0, 1]) in the standard way: For every f ∈ L1([0, 1]) choose a
sequence (fn)n∈N of elements in L2([0, 1]) such that limn→∞ ∥f − fn∥1 = 0
holds and set

π̃f := lim
n→∞

πfn.

It is clear that π̃ : L1([0, 1]) → L1([0, 1]) is well-defined and it is straight-139

forward to verify both that ∥π̃∥1 = sup∥f∥1≤1 ∥πf∥1 = 1, and that π̃ maps140
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L1([0, 1]) into the closed subspace U1 := {g ∈ L1([0, 1]) : TAg = g}. Fur-141

thermore it follows directly from the construction that π̃ fulfills the above-142

mentioned points (i)-(iii) on L1([0, 1]), so π̃ is a Markov operator and there143

exists a unique copula Â ∈ C such that π̃ = TÂ. Fix an arbitrary f ∈144

L1([0, 1]). For every δ > 0 there exists g ∈ L2([0, 1]) with ∥f − g∥1 < δ, so,145

using the triangle inequality146 ∥∥∥∥ 1n
n∑

i=1

T i
Af − TÂf

∥∥∥∥
1

≤ 2∥f − g∥1 +

∥∥∥∥1n
n∑

i=1

T i
Ag − TÂg

∥∥∥∥
1

< 2δ +

∥∥∥∥ 1n
n∑

i=1

T i
Ag − TÂg

∥∥∥∥
2

,

and therefore lim supn→∞ ∥ 1
n

∑n
i=1 T

i
Af − TÂf∥1 < 2δ. Since δ > 0 and f

were arbitrary, using the fact that D1 is a metrization of the strong operator
topology, we have limn→∞D1

(
s∗n(A), Â

)
= 0, which completes the proof of

the first part of the theorem.
The remaining assertions can be proved as follows: Equation (13) implies
TA◦TÂf = TÂf for every f ∈ L2([0, 1]), so again using the fact that L2([0, 1])

is dense in L1([0, 1]), we get A∗Â = Â. Idempotence of Â as well as Â∗A = Â
follows analogously. Finally, in order to prove symmetry of Â, note that
π : L2([0, 1]) → U2 as orthogonal projection is idempotent and self-adjoint.
Hence, again using the fact that L2([0, 1]) is dense in L1([0, 1]), we get∫

[0,1]

(TÂf) g dλ =

∫
[0,1]

f (TÂg) dλ

for every f ∈ L1([0, 1]) and every g ∈ L∞([0, 1]). Consequently, T(Â)t =147

(TÂ)
adj = TÂ as well as Â = (Â)t follows. �148

Theorem 2 allows for an alternative simple proof of symmetry for idempotent149

copulas - for the original proof we refer to Darsow and Olsen (2011), also see150

Sempi (2002):151

Proposition 3. Every idempotent copula is symmetric.152

Proof: If A is idempotent then s∗n(A) = A for every n ∈ N, so, with the153

notation of Theorem 13, Â = A and A is symmetric. �154

Theorem 2 assures the existence of the Cesáro limit w.r.t. the metric D1 but155
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it does not provide any information about how the limit looks like. Since156

the product copula Π is the null element in (C, ∗) (see Darsow et al., 1992)157

and the star-product is smoothing in the sense that both A ∗ B and B ∗ A158

are absolutely continuous for every B ∈ C if A is absolutely continuous159

(Trutschnig, 2012) the natural question arises under which conditions Â = Π160

holds. Before stating sufficient conditions for the general case we will answer161

the question for the class Cd - using results from ergodic theory (Lasota and162

Mackey, 1994; Walters, 2000) allows to prove the following theorem:163

Theorem 4. Suppose that h ∈ T , then:164

1. limn→∞D1(s∗n(Ch),Π) = 0 if and only if h is ergodic.165

2. limn→∞ d∞(C∗n
h ,Π) = 0 if and only if h is strong-mixing.166

Proof: Note that for completely dependent copulas we have C∗n
h = Chn as167

well as TChn
f = f ◦ hn for every f ∈ L1([0, 1]), i.e. TCh

coincides with the168

well-known Koopman operator (Lasota and Mackey, 1994; Walters, 2000).169

If h is ergodic then, using Von Neumann’s L1-ergodic theorem, it follows170

immediately that for each f ∈ L1([0, 1]) we have171

lim
n→∞

∥∥∥Ts∗n(Ch)f − TΠf
∥∥∥
1
= lim

n→∞

∥∥∥∥1n
n∑

i=1

f ◦ hi −
∫
[0,1]

f dλ

∥∥∥∥
1

= 0 (14)

from which limn→∞D1(s∗n(Ch),Π) = 0 follows. On the other hand, if172

limn→∞D1(s∗n(Ch),Π) = 0 holds and E ∈ B([0, 1]) fulfills h−1(E) = E173

then (14) holds for every f ∈ L1([0, 1]) and we have174

0 = lim
n→∞

∥∥∥Ts∗n(Ch)1E − TΠ1E

∥∥∥
1
= lim

n→∞

∫
[0,1]

∣∣∣ 1
n

n∑
i=1

1E(h
ix)− λ(E)

∣∣∣dλ(x)
= lim

n→∞

∫
[0,1]

∣∣1E(x)− λ(E)
∣∣dλ(x) = 2λ(E)(1− λ(E)),

so λ(E) ∈ {0, 1} and h is ergodic.175

To prove the second assertion we proceed in a similar way: Suppose that h is176

strong-mixing, then for every pair x, y ∈ [0, 1] it follows that (Walters, 2000)177

C∗n
h (x, y) =

∫
[0,x]

KChn
(t, [0, y])dλ(t) =

∫
[0,x]

1[0,y](h
nt) dλ(t)

=

∫
[0,1]

1[0,x](t)1[0,y](h
nt) dλ(t) −→ xy = Π(x, y)
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for n → ∞. This completes the proof of one direction since x, y were arbitrary178

and pointwise and uniform convergence are equivalent in C. Suppose now179

that limn→∞ d∞(C∗n
h ,Π) = 0 holds, then for all intervals E := [e, e] and180

F := [f, f ], we have181

λ
(
E ∩ h−n(F )

)
=

∫
E

1F (h
nt)dλ(t) =

∫
E

KChn
(t, F )dλ(t)

= µC∗n
h
(E × F ) −→ µΠ(E × F ) = λ(E)λ(F )

for n → ∞, which completes the proof since the class of compact intervals is182

a semi-algebra generating B([0, 1]) (see Walters, 2000). �183

Remark 5. Using Theorem 4 it is straightforward to give examples of co-184

pulas A for which the iterates A∗n are not even convergent to Π w.r.t. the185

uniform metric d∞ (and consequently not w.r.t. D1): one may simply con-186

sider Ch for the case that h ∈ T is not strong-mixing. Due to compactness187

of the metric space (C, d∞) we can always find a uniformly convergent subse-188

quence of (A∗n)n∈N for every A ∈ C, nevertheless, in general, (A∗n)n∈N is not189

convergent w.r.t. d∞.190

Example 1. Consider the λ-preserving transformation h : [0, 1] → [0, 1],
defined by

hx := 2x (mod1).

Then h is exact (see Lasota and Mackey, 1994; Walters, 2000), hence strong-191

mixing and ergodic, and, according to Theorem 4, limn→∞ d∞(C∗n
h ,Π) = 0192

and limn→∞D1(s∗n(Ch),Π) = 0 holds. Nevertheless (Trutschnig, 2011), at193

the same time we have D1(C
∗n
h ,Π) = 1/3 for all n ∈ N. Figure 1 depicts194

image plots of B2 := C∗2
h , B4 := C∗4

h and B10 := C∗10
h .195

Example 2. As second example we consider the ’translation’ τa ∈ T , de-196

fined by197

τa(x) =


0 if x = 0

x+ a if x ∈ (0, 1− a]
x+ a− 1 if x ∈ (1− a, 1].

It is well known that τa is ergodic (but not strong-mixing) if and only if a198

is irrational (see Lasota and Mackey, 1994; Walters, 2000). If we consider199
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copula B2
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Figure 1: The copulas B2, B4, B10 in Example 1, colors ranging from blue (0) via red (0.5)
to yellow (1); the three lines depict the 0.25, 0.5, 0.75-contours

the case a0 =
√
2/2 and set τ = τa0 then, according to Theorem 4, we200

have limn→∞D1(s∗n(Cτ ),Π) = 0 but lim supn→∞ d∞(C∗n
τ ,Π) > 0. Figure201

2 depicts image plots of the kernels of B2 := s∗2(Cτ ), B5 := s∗5(Cτ ) and202

B20 := s∗20(Cτ ).203

We will concentrate on the general case now and start with two lemmas. The204

first one has already been stated in a slightly different way in Trutschnig205

(2012), we only include the proof for the sake of completeness.206

Lemma 6 (Trutschnig, 2012). Suppose that A ∈ C is absolutely continu-207

ous with strictly positive density kA on [0, 1]2, then we have D1(A ∗ B1, A ∗208

B2) < D1(B1, B2) for all B1, B2 ∈ C with B1 ̸= B2. Furthermore Π is the209

only idempotent copula with strictly positive density on [0, 1]2.210

Proof: D([0, 1]) will denote the family of all probability densities in L1([0, 1]).211

Let f1, f2 ∈ D([0, 1]) and suppose that ∥f1−f2∥1 > 0 and ∥TAf1−TAf2∥1 > 0212
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kernel of B2
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Figure 2: The functions (x, y) 7→ KB2(x, [0, y]),KB5(x, [0, y]),KB20(x, [0, y]) for
B2, B5, B20 in Example 2, colors ranging from blue (0) via red (0.5) to yellow (1); the
three lines depict the 0.25, 0.5, 0.75-contours

holds. Then, using Scheffé’s theorem (see Scheffé, 1947) and setting G :=213

{x ∈ [0, 1] : TAf1(x) > TAf2(x)}, we have214

∥TAf1 − TAf2∥1 = 2

∫
G

(
TAf1(x)− TAf2(x)

)
dλ(x)

= 2

∫
G

(∫
[0,1]

(f1(y)− f2(y)) kA(x, y)dλ(y)

)
dλ(x)

= 2

∫
[0,1]

(
(f1(y)− f2(y))

∫
G

kA(x, y)dλ(x)

)
dλ(y) =: I.

Hence, using the fact that, by assumption kA(x, y) > 0 for all x, y ∈ [0, 1]215

I = 2

∫
{f1−f2>0}

(
(f1(y)− f2(y))

∫
G

kA(x, y)dλ(x)︸ ︷︷ ︸
∈(0,1) for every y∈[0,1]

)
dλ(y)

11



216 −2

∫
{f1−f2<0}

(
(f2(y)− f1(y))

∫
G

kA(x, y)dλ(x)︸ ︷︷ ︸
∈(0,1) for every y∈[0,1]

)
dλ(y)

< 2

∫
{f1−f2>0}

(f1(y)− f2(y))dλ(y) = ∥f1 − f2∥1

follows. Setting fi := TBi
1[0,y] for i ∈ {1, 2} and y ∈ (0, 1), and assuming217

B1 ̸= B2 this implies (both functions have the same integral so, up to a218

common scalar, they are densities)219

ΦA∗B1,A∗B2(y) :=

∫
[0,1]

∣∣KA∗B1(x, [0, y])−KA∗B2(x, [0, y])
∣∣ dλ(x)

= ∥TAf1 − TAf2∥1 < ∥f1 − f2∥1
= ∥TB11[0,y] − TB21[0,y]∥1 =: ΦB1,B2(y).

Hence (see Trutschnig, 2011) D1(A ∗ B1, A ∗ B2) < D1(B1, B2) follows. To
prove the last assertion suppose that A ∈ C is idempotent and that the
density fulfills kA(x, y) > 0 for all x, y ∈ [0, 1]. If D1(A,Π) > 0 then we
would have

D1(A,Π) = D1(A ∗ A,A ∗ Π) < D1(A,Π),

so A = Π follows. �

For every copula A ∈ C we will write µA = µabs
A + µsing

A for the Lebesgue
decomposition of µA w.r.t. λ2. Furthermore, the mass of the singular com-
ponent µsing

A will be denoted by sing(A), i.e.

sing(A) := µsing
A ([0, 1]2).

Note that, in general, neither
µabs
A

1−sing(A)
nor

µabs
A

sing(A)
is a copula, so A can not be220

expressed as convex combination of an absolutely continuous and a singular221

copula. The following lemma underlines the fact that the star product is222

smoothing once more:223

Lemma 7. Suppose that A,B ∈ C, then:224

1. sing(A ∗B) ≤ min
{
sing(A), sing(B)

}
225

2. If the density kB of µabs
B is strictly positive on [0, 1]2 and sing(A) > 0226

holds then we have sing(A ∗B) < sing(A).227
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Proof: Choose versions KA, kA of the regular conditional distribution and
the density of the absolutely continuous component of µA respectively. W.l.o.g.
we may assume that for every x ∈ [0, 1] and every E ∈ B([0, 1]) KA(x,E) ≥∫
E
kA(x, y)dλ(y) holds. Consequently H : [0, 1] × B([0, 1]) → [0, 1], defined

by

HA(x,E) = KA(x,E)−
∫
E

kA(x, y)dλ(y)

is a sub-Markov kernel (i.e. measurable in x for fixed B ∈ B([0, 1]) and228

a measure with total mass at most one for fixed x ∈ [0, 1]). Repeat this229

construction for copula B to get a sub-Markov kernel HB. If λ(E) = 0 then230

it follows that KB(z, E) = 0 for λ-almost all z ∈ [0, 1], so, using Lemma 1,231

KA∗B(x,E) =

∫
[0,1]

KB(z, E)KA(x, dz)

=

∫
[0,1]

KB(z, E)kA(x, z)dλ(z)︸ ︷︷ ︸
=0

+

∫
[0,1]

KB(z, E)HA(x, dz)

=

∫
[0,1]

∫
E

kB(z, y)dλ(y)︸ ︷︷ ︸
=0 for every z∈[0,1]

HA(x, dz) +

∫
[0,1]

HB(z, E)HA(x, dz)

=

∫
[0,1]

HB(z, E)HA(x, dz).

Suppose now that N ∈ B([0, 1]2) with λ2(N) = 0. Then there exists a set232

Λ ∈ B([0, 1]) with λ(Λ) = 1 such that λ(Nx) = 0 for every x ∈ Λ, so, using233

disintegration, it follows that234

µA∗B(N) =

∫
[0,1]

KA∗B(x,Nx)dλ(x) =

∫
Λ

KA∗B(x,Nx)dλ(x)

=

∫
Λ

∫
[0,1]

HB(z,Nx)︸ ︷︷ ︸
≤ 1 ∀z∈[0,1]

HA(x, dz)dλ(x)

≤
∫
[0,1]

HA(x, [0, 1])dλ(x) = sing(A).

Since N was arbitrary sing(A ∗ B) ≤ sing(A) follows, which, using the fact235

that (A ∗ B)t = Bt ∗ At and sing(A) = sing(At) completes the proof of the236
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first assertion. If we additionally assume that kB is strictly positive on [0, 1]2237

then we have HB(z,Nx) < 1 for every z ∈ [0, 1] so the last inequality is strict238

and µA∗B(N) < sing(A) follows. �239

240

We can now prove the following result:241

Theorem 8. Suppose that A ∈ C and that there exists an index j ∈ N such242

that the density ks∗j(A) of the absolutely continuous component of µs∗j(A) is243

strictly positive on [0, 1]2. Then the D1-limit Â of s∗n(A) is Π.244

Proof: Since, according to Theorem 2, A∗i ∗ Â = Â = Â∗A∗i holds for every245

i ∈ N we also have s∗j(A) ∗ Â = Â = Â ∗ s∗j(A) If sing(Â) > 0 then Lemma246

7 implies sing(Â) = sing(Â ∗ s∗j(A)) < sing(Â), hence sing(Â) = 0 and Â247

is absolutely continuous. W.l.o.g. we may assume that the density kÂ fulfills248 ∫
[0,1]

kÂ(x, y)dλ(x) = 1 ∀y ∈ [0, 1] and

∫
[0,1]

kÂ(x, y)dλ(y) = 1 ∀x ∈ [0, 1].

(15)
Again using the fact that Â ∗ s∗j(A) = Â it follows that

kÂ(x, y) ≥
∫
[0,1]

ks∗j(A)(x, z)kÂ(z, y)dλ(y) > 0

for all x, y ∈ [0, 1]. Applying Lemma 6 completes the proof. �249

Proposition 9. Suppose that A is an absolutely continuous copula, that S250

is a singular copula, that α ∈ [0, 1), and that there exists an index j ∈ N with251

kA∗j > 0 on [0, 1]2. Then for B := (1− α)A + αS the D1-limit B̂ of s∗n(B)252

is Π.253

Example 3. The Marshall Olkin family (Mα,β)(α,β)∈[0,1]2 of copulas (Nelsen,254

2006) is defined by255

Mα,β(x, y) =

{
x1−α y if xα ≥ yβ

x y1−β if xα ≤ yβ.
(16)

It contains Π (α = 0 or β = 0) as well as M (α = β = 1). Suppose that256

α, β > 0 then a regular conditional distribution KMα,β
(·, ·) of Mα,β is given257

by (x ∈ (0, 1], y ∈ [0, 1])258

KMα,β
(x, [0, y]) =

{
(1− α)x−α y if y < x

α
β

y1−β if y ≥ x
α
β .

(17)
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It is straightforward to see that for α ∈ (0, 1) and β > 0 the density of
the absolutely continuous component of Mα,β is strictly positive (λ2-almost
everywhere) on [0, 1]. Hence in this case, applying Theorem 8, we get

lim
n→∞

D1(s∗n(Mα,β),Π) = 0.

The same result also holds for M1,β with β < 1 since obviously the density259

of the absolutely continuous component of M∗2
1,β is strictly positive on [0, 1]2.260

We conclude this section with the following consequence of Theorem 8:261

Proposition 10. The mapping ι : C → Cip, defined by ι(A) = Â is not262

continuous w.r.t. D1.263

Proof: For every n ≥ 2 define the copula An by

An =
n− 1

n
M +

1

n
Π.

Then, on the one hand, we have limn→∞D1(An,M) = 0 and, on the other,264

according to Proposition 9, ι(An) = Ân = Π, so in particular (see Trutschnig,265

2011), D1(Ân, M̂) = D1(Π,M) = 1/3 for all n ≥ 2. �266

4. Future work267

In this paper it has been proved that for each copula A ∈ C the iterated268

star products A∗n of A with itself are Cesáro convergent to an idempotent269

copula Â w.r.t. the strong metric D1. Furthermore sufficient conditions for270

Â to coincide with Π have been given. The author conjectures that in many271

situations (like for instance the one in which the density of the absolutely272

continuous component of A∗j is strictly positive on [0, 1]2 for some index273

j ∈ N) even limn→∞D1(A
∗j,Π) = 0 might hold.274
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