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Abstract

In this paper we focus on copulas underlying maximal non-exchangeable pairs (X,Y") of contin-
uous random variables X, Y either in the sense of the uniform metric dos or the conditioning-
based metrics Dy, and analyze their possible extent of dependence quantified by the recently
introduced dependence measures (1 and £. Considering maximal deo-asymmetry we obtain
G € [5,1] and € € [2,1], in the case of maximal Di-asymmetry we get (1 € [2,1] and
£ e (%, 1}, implying that maximal asymmetry implies a very high degree of dependence in
both cases. Furthermore, we study various topological properties of the family of copulas with
maximal Di-asymmetry and derive some surprising properties for maximal Dp-asymmetric
copulas.
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1 Introduction

Two random variables X and Y with joint distribution function H are called exchangeable if
and only if the pairs (X,Y) and (Y, X) have the same distribution, or equivalently, if H(z,y) =
H(y,z) holds for all  and y. The study of exchangeable random variables has exhibited a lot
of interest in statistics (see, for instance, [8] and the references therein). In case X and Y are
identically distributed and have distribution function F', then (X,Y’) is exchangeable if and only
if the underlying copula A coincides with its transpose A! (defined as A'(z,y) = A(y,x)). Hence,
in what follows we consider continuous and identically distributed random variables X and Y.
While the class of continuous exchangeable random variables X and Y is uniquely characterized
by the class of symmetric copulas, the exact opposite, i.e. maximal non-exchangeability of random
variables, strongly depends on the choice of measure quantifying the degree of non-exchangeability.
One natural measure of non-exchangeability was studied by Nelsen [21] as well as by Klement and
Mesiar [15], who independently showed that

doo(A,A%) := sup |A(z,y) — Ay, z)| <

z,y€[0,1]

W =

holds for every A € C and introduced the duoo-based measure & : C — [0, 1] via §(A) := 3d (A, A?).
Moreover, they characterized all copulas A € C with maximal dy.-asymmetry and showed that
these copulas always model slightly negatively correlated random variables X and Y in the sense
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of Spearman’s p. More precisely, §(A) = 1 implies p(A) € [—g, —%] Similar results also hold for
different measures of concordance (see [17]).

Considering other metrics on the space of copulas yields alternative measures of non-exchangeability
([13, 25]): In [13] the stronger conditioning-based metric D; introduced in [27] was studied and
the authors proved (among other things) that every copula A € C with maximal D;-asymmetry
(i.e., D1(A, A") = 1) is not maximal asymmetric with respect to de and that no maximal deo-
asymmetric copula is maximal asymmetric with respect to D;.

Building upon the results in [13] we here further investigate the family of copulas with maximal
Di-asymmetry, derive additional novel characterizations in terms of the Markov-product of copulas
(see [3]), and study various topological properties; inter alia we prove that the family of mutually
completely dependent copulas with maximal D;-asymmetry is dense in the set of all copulas with
maximal Dj-asymmetry. Furthermore, we extend the concept of maximal D;-asymmetry to the
general D,-metrics (p € [1,00)), defined by

p

Dy(A, B) = (/ / [Ka(z,[0,y]) — Kp(z, [O,y])Ipd/\(iv)dA(y)> ; (1)
[0,1] J[0,1]

where K4(+,+), Kg(-,-) denote the Markov kernels (regular conditional distributions) of A, B € C,
respectively. Although all D,-metrics induce the same topology, we show the surprising result
that maximal D;-asymmetry is not equivalent to maximal D,-asymmetry for p € (1,00). In fact,
copulas with maximal Dp-asymmetry with p € (1,00) are always mutually completely dependent
and maximal asymmetric w.r.t. D;.

Moreover, we tackle the question on the degree of dependence of copulas exhibiting maxi-
mal asymmetry with respect to do, or D, for every p € [1,00]. Since measures of concordance
are generally not suitable for quantifying dependence (see, for instance, [11]) we consider the de-
pendence measures ¢; introduced in [27] and further studied in [11, 10], as well as &, defined in
[4] and reinvestigated in [2]. Both measures have recently attracted a lot of interest (see, e.g.,
[1, 10, 11, 14, 24, 26]) since, in contrast to standard methods like Spearman’s p or Kendall’s T,
these measures are 1 if and only if Y is a function of X and 0 if and only if X and Y are indepen-
dent; moreover, they can be estimated consistently without underlying smoothness assumptions.
We prove that when considering maximal ds.-asymmetry (; € [%, 1] and £ € [%, 1} hold, and in
the case of maximal D;-asymmetry (; € [%, 1] and £ € (%, 1] follows. In other words, maximal
non-exchangeable random variables (in the sense of do, or D)) always implies a high degree of
dependence w.r.t. (; and &.

The rest of this paper is organized as follows: Section 2 gathers preliminaries and notations
that will be used throughout the paper. In Section 3 we study possible values of {; and £ for
maximal d..-asymmetric copulas and discuss an example illustrating differences of ¢; and £ in the
context of ordinal sums. In Section 4 we revisit copulas with maximal D;-asymmetry and derive
several topological properties. Extensions on maximal D,-asymmetry for p € [1,00] and some
interrelations are established in Section 5. Consequences on the dependence measures (; and &
conclude the paper (Section 6). Various examples and graphics illustrate both the obtained results
and the ideas underlying the proofs.

2 Notation & preliminaries

For every metric space (£2,d) the Borel o-field in Q will be denoted by B(Q2), A will denote the
Lebesgue measure on B(R). 7 will denote the class of all measurable A-preserving transformations



on [0,1], i.e.,
T ={T: [0,1] — [0, 1] measurable with A(T~Y(E)) = A\(E) VE € B([0,1])},

and 7T, the subclass of all bijective T' € 7. Throughout the whole paper C will denote the family
of all two-dimensional copulas, P the family of all doubly-stochastic measures (for background on
copulas and doubly stochastic measures we refer to [6, 22] and the references therein). Furthermore,
M denotes the upper Fréchet Hoeffding bound, II the product copula and W the lower Fréchet
Hoeffding bound. Additionally, the completely dependent copula induced by a measure-preserving
transformation h € T will be denoted by Cj, (see [27], Definition 9). The family of all completely
dependent copulas will be denoted by C.q4, the family of all mutually completely dependent copulas
by Cmed := {Ch € Ceq : h € Tp}. For every copula C € C the corresponding doubly stochastic
measure will be denoted by puc. As usual, d, denotes the uniform metric on C, i.e.,

dw(A,B):= max |A(x,y)— B(x,
(AB)i= max [AG9) = Bla.y)

for every A, B € C. It is well known that (C,d) is a compact metric space (see [6]).

In what follows Markov kernels will play an important role. A mapping K: R x B(R) — [0, 1]
is called a Markov kernel from (R, B(R)) to (R, B(R)) if the mapping x — K(z, B) is measurable
for every fixed B € B(R) and the mapping B — K (z, B) is a probability measure for every fixed
z € R. A Markov kernel K: R x B(R) — [0,1] is called regular conditional distribution of a
(real-valued) random variable Y given (another random variable) X if for every B € B(R)

K(X(w), B) = E(lg o Y|X)(w)

holds P-a.s. It is well known that a regular conditional distribution of Y given X exists and is
unique PX-almost sure (where PX denotes the distribution of X, i.e., the push-forward of P via
X). For every A € C (a version of) the corresponding regular conditional distribution (i.e., the
regular conditional distribution of Y given X in the case that (X,Y) ~ A) will be denoted by
K (-, -). Note that for every A € C and Borel sets E, F € B([0, 1]) we have

/E Ka(e, F)NE) = pua(Bx ) and [ Ko, FYAA®) = A(P) @)

For more details and properties of conditional expectations and regular conditional distributions we
refer to [12, 16]. Expressing copulas in terms of their corresponding regular conditional distribution
yields metrics stronger than do, (see [27]) and defined by

=

Dy(A, B) = / Kz, [0,9]) — Kp(, [0,9]) P dA(z)dAw) | 3)
[0,1] J[0,1]

Dao(A,B) := sup / K a2, [0, 4]) — Kp(x, 0, ))] dA(z). (4)
y€[0,1] J[0,1]

To simplify notation we will also write ®4 p(y) := f[o 1 | K a(z,[0,y]) — Kp(z,[0,y])|dA(z). We will
also work with Dy, defined by

DQ(A7B) = DI(A7B) +D1(At7Bt)a

whereby A® denotes the transpose of A € C. The metric Dy can be seen as metrization of the
so-called O-convergence, introduced and studied in [18, 19]. In [27] it is shown that (C, D;) is a



complete and separable metric space with diameter 1/2 and that the topology induced by D is
strictly finer than the one induced by do. For further background on Dy and Dy as well as for
possible extensions to the multivariate setting we refer to [6, 7, 10, 27] and the references therein.
The D;-based dependence measure ¢; (introduced in [27] and further investigated in [10, 11]) is
defined as

Cl(X, Y) = Cl(A) = 3D1(A,H),

whereby (X,Y") has copula A € C. In the sequel we will also consider the dependence measure &
(first introduced in [4] and reinvestigated in [2]) defined as

JVar(E(1iy>n|X))du(t)
fVar ]l{yzt})dﬂ(t) 7

where p is the law of Y. In the copula setting, it is straightforward to verify that £ can be expressed
in terms of Dy and that £(X,Y) := £(A) = 6D3(A,II) holds. Both dependence measures attain
values in [0, 1] and are 0 if and only if A =TI, and 1 if and only if A is completely dependent.
Letting Si(A) denote the generalized shuffle of A w.r.t. the first coordinate, implicitly defined via
the corresponding doubly stochastic measure p4 by

§XY) =

15, (A)(E x F) := pa(h™ ' (E) x F),
for all E, F' € B([0,1]) (see, e.g., [5, 9]), the following simple result holds:

Lemma 2.1. Let h € Ty, be a A-preserving bijection. Then (1(Sh(A)) = (1(A) and (SK(A)) = £(A)
holds for every A € C.

Proof. According to Lemma 3.1 in [9] for i € T, the Markov kernel of S, (A) can be expressed as
Ks, () (2: [0.9]) = Ka(h~(z),[0,4]) and for p € [L,00) we get
DE(SH(A / / K s, ) (2, [0, 4]) — y[PdA(z)dA(y)
0,1] J[0,1]
- / K a(h™ (), [0,9]) — yPdA(z)dA(y)
[0,1] J[0,1]
- / K a(h™3 (), [0,9]) — y[PdA" ()dA(y)
0,1] J[0,1]

/o 1] /0 1] [Ka(h™" (h(x)), [0,y]) — y[PdA(z)dA(y) = Dp(A,TI),

which proves the assertion. O

In the sequel we will also work with rearrangements [23] (see [26] for an elegant application of
rearrangements in the copula context). We call f* : [0,1] — R the decreasing rearrangement of
a Borel measurable function f : [0,1] — R if it fulfills f*(¢) := inf{z € R: A({z € [0,1] : f(2) >
x}) < t}. The stochastically increasing (SI)-rearrangement AT of A is then defined as

Alz,y) = o ]KA(t, [0,9])" dA(?),

whereby the rearrangement is applied on the first coordinate of K4(-,-), i.e., for every fixed y €
[0,1] the rearranged Markov kernel is defined via K4 (¢, [0,y])* := inf{z € [0,1] : AM({z € [0,1] :



Ka(z,]0,y]) > x}) < t}. In [26] it was shown that AT is a stochastically increasing copula and
both dependence measures (; and £ are invariant w.r.t. to the rearrangement, i.e., they fulfil
CG(AT) = (1 (A) and £(AT) = £(A), respectively. Recall that a copula A is called stochastically
increasing (SI) if there exists a Borel set A C [0,1] with A(A) = 1 such that for any y € [0, 1]
the mapping « — K (z,[0,y]) is non-increasing on A. The family of all stochastically increasing
copulas will be denoted by CT. For further information we refer to [22] and the references therein.

Given A, B € C a new copula denoted by AxB can be constructed via the so-called star/Markov
product A * B (see [3]) by

(Ax B)(x,y) = o1 02 A(x,t)01 B(t,y) dA(t), (5)

where 01 A(x,y) denotes the partial derivative of A with respect to the first coordinate. The star
product Ax B is always a copula, i.e., no smoothness assumptions on A, B are required. Translating
to the Markov kernel setting the star product corresponds to the well known composition of Markov
kernels and the following lemma holds:

Lemma 2.2 ([29]). Suppose that A, B € C and let K4, Kp denote the Markov kernels of A and
B, respectively. Then the Markov kernel K4 o Kg, defined by
(KAOKB)(maF) = : ]KB<y’F)KA(xady) (6)
0,1

18 a reqular conditional distribution of A * B.

3 Maximal d.-asymmetric copulas and their extent of de-
pendence with respect to (; and &

Since ordinal sums will play an important role in what follows, we briefly recall their definition.
We follow [6] and let / C N be some finite index set, ((as,b;));c; be a family of non-overlapping
intervals with 0 < a; < b; < 1 for each i € I such that J;c;[ai, b;] = [0,1] holds. Furthermore,
(Ci)ier denotes a family of bivariate copulas. Then the copula C' defined by

ai + (b — a;)C; (fi’,ﬁ ; %) ; (z,y) € (ai,b;)?

min{z, y} elsewhere

C(x,y) = {

is an ordinal sum, and we write C' = ({a;,b;, Cy));c;- The following lemma gathers some useful
formulas for D; and D% which will be used in the sequel.

Lemma 3.1. Let C = ({(a;, b;,C;))
Then

ser be an ordinal sum with I := {1,...,n} for some n € N.

n

D3(C,10) =Y ((bi — ai)’D3(Ci, 1)) + f(as, ..., an, b1, ..., by),
=1

n

Dy (C,II) = Z ((bz - Cli)Q /[071] /[0’1] |KCi (,[0,9]) — (@i + (b; — ai)y)’dA(x)dA(y))

i=1
+glar,...,an,b1,...,bn),

whereby f and g are given by f(ay,...,an,b1,...,by) == > 1, (W + (b; —a;)(1 — bi)) -3
and g(a1,...,an, b1, ..., by) =31 (bi — a;) (% —b; + g + %), respectively.



Proof. The definition of D? yields
%wunz/ (Ko(a, [0,9) — Kn(, [0, ]))” dA(z)dA(y)

0,1] J[0,1

— [ | Kol bl Pir@)ir)
[0,1] J[0,1]
_ 2

2Amymﬁ@mmmwmw@+ﬁﬂﬁﬂwwmww

:1/ Ko(, [0,5])*d\(#)dA(y) — =

0,11 /[0,1]

for every C € C. Using the fact that (without loss of generality) the Markov kernel K¢ (x, [0,y]) of
C is 0 below the squares (a;,b;)? and 1 above (a4, b;)?, and applying change of coordinates yields

D2(C,TI) + </ b)/( ])Qd)\(x)d)\(y)—k/(b‘ 1)/( Wv)ldA(x)dA(y))

= (b; — a;) Ke, (2, |0, 2d\(x)dA b; —a;)(1—b;
Z( Aﬂm”c<[w (£)dAw) + (b — ar)( 0
—Z

( (DQ(Q,H) ;) (b — a)(1 — bi)) .

Analogously we get

n

m@m:Z/ . e 0.0 -yl
S i bz o
+Z/“1) /(a“b) (1= y) d\(z)d\(y +Z/0a, /(ai,bi)yd)\(:r)d)\(y)
= i ((bi ai)z/[m] /[0’1] | Ke,(x,[0,9]) — (ai + (b; ai)y>|dA(x)dA(y)>

+g(ar, ... an,b1,... . by),

with g(a1,...,an,b1,...,b,) as in the theorem. O

As a direct consequence the dependence measure £ of ordinal sums can easily be expressed in
terms of £(C;):

Corollary 3.2. Let C = ((as,b;, Cs)),c; be an ordinal sum with I := {1,...,n} for some n € N.
Then

n

§(C) = (b — ai)*¢(Ci) + 6f(ar, ..., an,by,...,by)

i=1

holds, where f is defined according to Lemma 3.1 and only depends on the partition.



The following example shows that ordinal sums can be used to construct copulas attaining
every possible dependence value w.r.t. to & and (3.
Example 3.3. Consider Cs = ((aiabiaci»ie{m}v whereby a1 := 0,as := s, by := s and by := 1 for
s €[0,1] and set C; = IT as well as Co = M. Figure 1 depicts the support of ue, for different choices

2

of s € [0,1]. Using Corollary 3.2 we have £(Cy) = (1—5)2+6 (% +s(1—s)+ % - %) =1-s%
Therefore, the map ¢ : [0,1] — [0, 1] defined by s — £(C5) is continuous and onto. The same holds
for (1(Cs) =1 — 8.

1 1

34 314

214 214

14 14

Figure 1: Mass distribution of the doubly stochastic measure pc, for s = 0.3 (left panel) and
s = 0.8 (right panel) considered in Example 3.3. For the dependence measures £ and ¢; we get
§(C0_3) =0.91 and 5(008) = 0.36 as well as Cl (00.3) =0.973 and Cl(CO.S) = (0.488.

Before deriving some first results concerning the range of the dependence measures £(A) and
¢1(A) for maximal doo—asymmetric copulas A, we recall the characterizations of maximal doo-
asymmetry derived in [21, 15]: duo(A, A?) is maximal if and only if A(,5) =0 and A(3,2) =
g or Af (2, 1) 0 and A’ (% 5) = % Without loss of generality we may focus on the case
A(LZ) = Tand A(2,1) = 0. 8
3] 1

313 Z nce A is doubly stochastic in this case we obviously have
TN
X [37 3]) = ,UA([3 3] [
C fu

i
1) = na([3,1] x [0,3]) = 5. As a direct consequence we can

wa([o, '3

find copulas A, As, Az €

1 1 1
_ =, 12 fos f31 7
pA = ghil + il g, (7)

whereby the functions f;; : [0,1]% — [%, %] X [%, g] are given by fi;(z,y) = (%‘1,%_1)

for each (i, ) € {1,2,3}? (and uf{'j denotes the push-forward of 4 via f;;).

Theorem 3.4. If A € C has mazimal doo-asymmetry, i.e., if §(A) = 3doo (A, A') = 1 holds, then
& satisfies £(A) € [%, 1]. Moreover, for every s € [%, 1] there exists a copula A with §(A) = 1
fulfilling £(A) =

Proof. We may assume that A (%, %) = % and A (%, %) = 0. Then there exist copulas A, As, A3 €



C such that pgq = %Mf}; + %M'ZZ; + %uf}f holds. Defining h : [0,1] — [0, 1] by

h(x):{;m it e [0,2]

x—% ifxe(%l],

we have h € T, and Sp(A) = ({52, %’Ai>)z‘e{1,2,3}' Applying Lemma 2.1 and 3.2 we therefore

obtain
E(4) = 6051 (4)) = 6 (a1, s ambr,o ) + D0 g6A) = 5+ 37 p6(A) 2 3,

with equality if and only if A; = II for every i = 1,2, 3.

Defining A, by pa, := %Hélf + %ugj + %M{f with Cs as in Example 3.3 yields

£(As) = E(Sn(AL) = %5(05) + ;

Considering £(Cs) = 1—s% € [0, 1] for s € [0, 1] and using the same arguments as in Example 3.3 it
follows that for every so € [2,1] we find a copula A € C with £(A) = so and 3ds (A, A") = §(A) =
1. O

Since (; and & are similar by construction, one might expect the analogous statements for (j.
Notice, however, that a different proof is needed since according to Lemma 3.1 the formulas for
Dy are more involved.

Theorem 3.5. If A € C has mazimal dw-asymmetry, then 1 satisfies (1(A) € [2,1]. Furthermore,
for every s € [%, 1] there exists a copula A with §(A) = 1 fulfilling (;(A) = s.

Proof. Proceeding as in the proof of Theorem 3.4 we obtain Sy (4) = ((51, £, Ai>)i€{1 2.3} Con-
sidering the (SI)-rearrangement Sy, (A)T of Sy, (A) it is clear that Sy, (A)" is an ordinal sum again and

can be expressed as Sy (A)" = <<%, %, A7T>> 123y Since every AI is stochastically increasing
‘17 ie{1,2,3

(SI) and hence fulfills A} (z,y) > II"(x,y) = [(z, y) for every (z,y) € [0,1]2 and every i € {1,2,3}
(see, e.g., [22][Section 5.2]), we obtain that

L
SA) >cp=( (=t
3 3 ie€{1,2,3}

holds pointwise. Due to the fact that ¢; is monotone w.r.t. the pointwise order on C' and (; is
invariant w.r.t. to (SI)-rearrangements (see [26]), we get

5
(1(A) = G1(Sh(A)) = Q(Sh(A)T) > 1(Cn) = 5’
where the last equality follows from Lemma 3.1 (the detailed calculations are deferred to the
Appendix 6). To show the second assertion we can proceed analogously to the proof of Theorem

3.4 and use shrunk copies of the copula Cy defined in Example 3.3 (see Appendix 6). O

While the minimum value of £ for a copula A € C with maximal d..-asymmetry is attained if
and only if A; = II for every i = 1,2,3 in Eq. (7), {1 exhibits a different behaviour as demonstrated
in the following example:



Ezample 3.6. Let A; € CT be defined by
1
Ai(z,y) = 2y + Sl - 2)y(1 —y).

Then a version of the corresponding Markov kernel of A; is given by Ka, (z,[0,y]) =y + 3(2z —
Dy(y — 1) Furthermore, we set A3 = A; and A = II and let A denote the ordinal sum given by
A= (< 3 3,A >)i€{17273} and Cpy be the ordinal sum given by Cp := ((%, %,H>) (see

Figure 2). By construction we have A # Cyy, however, considering

i€{1,2,3}

Figure 2: Density of the stochastically increasing copulas Cr (left panel) and A (right panel)
considered in Example 3.6. Although A(x,y) > Cn(z,y) holds for every (x,y) € [0,1]? and there
exists some (x,y) with A(z,y) > Cn(z,y) we have (1(4) = ¢1(Cn). On the contrary, ¢ fulfills

(4) > £(Crn).
[ [ 5ee =1t - e = o
[0,1] /[0,1]
yields
2y
dM\(x)d\(y —=d\(x)d\
o o o030 =5l 00 = [, Foren
-/ ( %m—ny(y—n)dA(x)dx(y)
[0,1] J/[0,1]
~Joaoul y
[0,1] J/[0,1]

-] \KAl 0.4)) ~ | dr@)ar(y)
[0,1]
and analogously we get

/[071] /[0,1] Kl 08]) - <§ " %> ‘ /0 1] /[0 1]

Ka, (z,]0,]) - <§ + %) ’ A (z)dA(y).




Applying Lemma 3.1 we obtain (1(A4) = (1(Cn) = 2.

Remark 3.7. Considering the monotonicity of (; with respect to the pointwise order on C' as
proved in [26], Example 3.6 shows that there exist copulas A, B € CT with A < B pointwise and
A(z,y) < B(z,y) for some (z,y) € [0,1]? fulfilling ¢;(A) = (1 (B).

4 Maximal D;-asymmetry of copulas revisited

In this section we complement characterizations of copulas with maximal D;-asymmetry going back
to [13] and derive some topological properties of subclasses. To be consistent with the notation in
[13], the family of copulas with maximal D;-asymmetry is denoted by

cr=t = {A €C:k(A):=2D;(A,A") = 1} Ccc,

the subclass of mutually completely dependent copulas is denoted by C%=). We start with the

med*
family of mutually completely dependent copulas and show closedness w.r.t. the metric Dy.

Proposition 4.1. The set C==}4 is closed in (C, Dy).

mc

Proof. Let (Ap,),cy be a sequence of mutually completely dependent copulas with Da-limit A.
Since according to [27] the family of completely dependent copulas is closed w.r.t. D; we obtain
A € Ceq and A' € C.q. Using [27, Lemma 10] there exist A-preserving transformations g,¢’" € T
such that a version of the Markov kernel K 4(-,-) and K :(-,-) is given by Ka(z, E) = 1g(g(x))
and Kat(z, F) = 1g(¢'(x)), respectively. Furthermore, since a copula A is completely dependent
if and only if it is left-invertible w.r.t. the x-product (see [27]) we have M = A! x A. Applying
Lemma 2.2 therefore yields that g o ¢’(z) = id(x) for Md-a.e. x € [0,1]. Using the fact that g is
surjective A-almost everywhere, there exists a A-preserving and bijective transformation h € T,
such that h = g holds A-a.e., implying A = A, € Cpneq. It remains to show that Dy (Ap, AL) = 3,
which can be done as follows. Using [13][Theorem 3.5] and the triangle inequality we get

1 _ _
5:/ \hn—hnlydA(:c)g/ |hn—h|d)\(:c)+/ |h—h 1ydA(x)+/
[0.1] [0,1] [0.1] [0

for every n € N. Applying [27][Proposition 15 (ii)] yields

|h=! = bt dA(2)
1]

s

1 1
Di(Ap, A}) :/ [A(x) = h™H(z)| dA(2) > 5 = [D1(An,, An) + D1(A},, AL)] = 5 = Do(An,., An).
[0,1]
Together with the fact that the maximal distance can not exceed % it follows that Dy (Ay, A}) = %,
which completes the proof. O

k=1

= 15 not closed w.r.t. the metric D;.

The following example shows that the set C

Example 4.2. Let Ap, € Cpeq be the mutually completely dependent copula induced by the
bijective measure-preserving transformation h,: [0,1] — [0, 1], given by



for all n € 2N and let Ay € C.q be the completely dependent copula induced by the A-preserving
transformation A : [0,1] — [0,1] given by h(x) := 2x(modl) (see Figure 1 in [9]). Setting C, :=
(<Zj11,i,Ah2n>)ie{L2’3’4} and C = ((, i’Ah>)ie{1,2,3,4} we have C,, € Cneq and C € Coq and
according to [9, Example 3.3] it is straightforward to verify that lim, . D1(Cp,C) = 0. As
next step we reorder the shrunk copulas to obtain maximal D;-asymmetry. Let f denote the A-
preserving interval exchange transformation f : [0, 1] — [0, 1] defined by f(z) := (x — %)]l& 1] (x)+

(x + %)]l[o l] () and, furthermore, let S;(Cp) € Cpmeqd and Sp(C) € Ceq denote the respective
2

shuffles (see Figure 3). Due to the fact that the metric D; is shuffle-invariant w.r.t. bijective
transformations (using the same arguments as in the proof of Lemma 2.1) yields

ILm D/ (S¢(Ch), S5 (C)) = lgm Dy(C,,C) =0.
Setting U := [0, ﬂ U [%, 1} and considering property (3) of Theorem 4.1 in [13] (see also Theorem
4.4 (i1) in the sequel) we directly obtain that S;(C,) and S¢(C) are maximal asymmetric w.r.t.
D1, which shows that Cﬁ;}l is not closed w.r.t. the metric D;.

1 1

3/4

3/4

2/4

2/4

4 14

Figure 3: The support of the copulas s, (c,) (black) for n = 4 (left panel) and n = 8 (right panel)
as well as the copula us, ) (magenta) as considered in Example 4.2.

Leaving the subclass of mutually completely dependent copulas we will now derive novel and
handy characterizations of copulas with maximal D;-asymmetry and then show some topological
properties. The following lemma, showing that the *-product can not increase the D,-distance,
will be useful in the sequel. The result has already been stated for D; in a slightly different context
in [28].

Lemma 4.3. For every A, B,C € C the following inequality holds for every p € [1,00):
DY (A B,AxC) < DNB,C).

Proof. Applying Lemma 2.2, Jensen’s inequality, disintegration and using the fact that p4 is doubly

11



stochastic we obtain

p
DP(A% B, A% C) = / / Kp(t,[0,y]) Ka(x,dt) — Ko(t,[0,y)) Ka(x,dt)| d\(x)d\(y)
[0,1] J[0,1] [0,1] [0,1]
< / / / K5t [0,9]) — Kot [0, ) K a(, de)dA(@)dAw)
[0,1] J[0,1] J[0,1]
- / / Kp(t, [0,9]) — Kot [0,9) dpa (. 1)dA(y)
[0,1] J[0,1]?
- / / K 5(,10,4)) — K (t, [0.9)]” dA()dA(y) = D2(B.C),
[0,1] J[0,1]
which completes the proof. O

The next theorem gathers several equivalent characterizations of copulas having maximal D-
asymmetry (see [13]), the novel ones established here are (v) and (vi).

Theorem 4.4. For every A € C the following statements are equivalent:
(i) n(4) =1,
(ii) ®a.a:(1) =1 (or equivalently, A has mazimal Do -asymmetry),
(#ii) there exists a Borel set U € B([0,1]) with the following properties:

AU N0, = AU A L) = & pua( x 0,3 = 3, a(l0. 2] x U) =0,

(v) there exist sets Uy, Uz € B([0,1]) with Uy C [0,1], Uy C (3,1], AMU1) = MUs) = 1 and
Vi:=[0,3]\ U and Vo := (3,1]\ Uz, and copulas Cy,C3, Cs,Cy € C such that the following

identity
Az, y) = i [C1(Fi(2), Gi(y)) + C2(Gi(x), Ga(y)) + C3(F2(x), F1(y)) + Ca(G2(x), Fa(y))]

holds, whereby F;(x) := 4\(U; N[0, z]) and G;(x) := 4A(V; N[0, z]) fori=1,2.
(v) (AxA)(3,5) =0,

202
(vi) Di(Ax A, AxAt) = 1.

Proof. The equivalences of (i), (i), (i) and (iv) have already been proved in [13]. Note that the
equivalence in property (%) directly follows from the facts that ® 4 4+ is Lipschitz continuous with
Lipschitz constant 2 and the function ®4 4+ : [0,1] — [0, 1] fulfills ® 4 a:(y) < min{2y,2(1 —y)}
for every y € [0, 1] (see Lemma 5 in [27]). To show that (i) and (v) are equivalent we may proceed
as follows: Suppose that x(A) = 1. Then according to property (i) there exists a Borel set
U € B([0,1]) with A(U) = 3 such that K4(z,[0,3]) =1 for every z € U. Applying Eq. (2) and
disintegration yields another Borel set V C U¢ with A(V) = 1 and K4(z,[0,1]) = 0 for every
x € V. Setting V=U*° \ V, then obviously )\(f/) = 0 holds, and applying Lemma 2.2 we obtain

paa© 31080 = [ [ Ka(o. 0. 1)K ds)idz)

_ /w ([ 18atas) + 0Kt + [ Kats 0. DKale.d5) ) arie)

12



< Ka(z, U)d\(z) + / K a(z,V)dA\(z)
[0.3) [0,3]

< 14 (10,51 % U) + gua (10,1] x V) =0+ A(V) = 0.
Suppose now that (4 * A)(3,4) = 0 holds. Then according to Eq. (5) we have

Kar(x,[0, 5))Ka(x, [0, 5])dA(x) = 0,
(0,1]

so there exists a set A € B([0, 1]) with A(A) = 1 such that K4:(z, [0, 1])Ka(z, [0, 3]) = 0 holds for
all z € A. Considering min{a,b} = 3 (a 4+ b — |a — b|) therefore yields
Pan®)= [ 1Ka 05D~ Kl 0N
= Ka(z,[0, 3])dA(z) + K¢ (2, [0, 3])dA(z)
[0,1] [0,1]

) / min{K (2, [0, 1]), K.a: (2, [0, 1]) }dA(z)
[0,1]
=3+3- 2/Amilﬂ{KA(x, [0,3]), Kat(z, [0, 3]) }dA(z) = % + % —2.0=1.

To show the equivalence of (i) and (vi) first assume that Dq(A x A, A x A?) = % Then applying
Lemma 4.3 directly yields Dy (A4, A") > 1, hence (A) = 1. On the other hand, if £(A) = 1 holds we
may proceed as follows: There exists a Borel set U € B([0,1]) with A(U) = 1 and K4(z,[0,1]) =1
as well as K 4¢(z, [0, 3]) = 0 for every x € U. Using disintegration and Eq. (2) there exists a Borel
set V C U® with A(V)) = § and K4(x, [0, 1]) = 0 and K 4«(z, [0, 3]) = 1 for every z € V. As before,
set V := U\ V. Applying Lemma 2.2 yields

Ax A" (5,3) = pacar ([0,3] x [0,3]) = /[0 1)

< /[071] / KA ds)iA@) = [ Ka(e, US)aA)
1

/[0 ; Ka: (8, [O, %D Ki(z,ds)d\(z)

3 [0,3]
1
= ([(0,3] xU) = 5 = pa ([0,3] x U) = 5

as well as

paese ([0:2] > 0:3]) = /[0 1 </UOKA(Ld8) * /V 1K a(w, ds) + /VKAt (s, [0,3]) KA(x,ds)) dX(x)
> /[O | Eam VING) = i ([0.4] % V) = § = a (03] % V)

=1 (a (0.3 < U) +pua ([0, x 7)) >

Together with property (v) there exist Borel sets A; C [0,
A(A2) = 1 such that

1
2
%] and AQ Q (%,1] with )\(Al) =
KA*A (xla [07 %]) = 07 KA*A (.’IIQ, [07 %]) =1 and KA*A‘ (xlu [07 %}) = 1u KA*At (.’L'Q, [07 %]) =0

13



for every x1 € A1 and xo € Ao, which gives
Dpon anar (3) = /[ | (K asa (z,[0,3]) = Kasar (2, ]0,3]) |dA(2) = M(A1) + A(As) = 1.
0,1

Since y — ®4 p(y) is Lipschitz continuous with Lipschitz constant 2 (see [27][Lemma 5]), the
property that Di(Ax A, A x At) = % follows immediately and the proof is complete. O

Remark 4.5. For mutually completely dependent copulas Ay, € Cpeq, property (vi) of Theorem 4.4
simplifies to

r(Ap) = 1if and only if Dy(Ap x Ap, M) = D1(Ap2, M) = |[h* —id||; = 3,

where the second equality of the right hand side directly follows from [27][Proposition 15 (ii)].

Furthermore, considering property (v) of Theorem 4.4 one might conjecture that (A*At)(%, %) =
also implies k(A) = 1. For the symmetric copula M, however, it is clear that M (%7 %) = % as well
as M+ M = M x M = M holds.

Not surprisingly, the following result holds.
Proposition 4.6. The set C*=" is closed in (C, Dp).

Proof. Let (Ay), oy be a sequence of maximal D;-asymmetric copulas fulfilling limy, oo Do(Ay, A) =
0 for some A € C. Then applying Theorem 4.4, the triangle inequality and the fact that Dg-
convergence implies both lim,, . ®4._ 4 (%) =0 and lim,,_, (I)AfmAt (%) = (0 we obtain

ny

1=, 4 (3) < Pa,a(z) +Paa (3) + Paray (3)
and hence

‘I)A’At (%) Z 1— lim (I)AmA (%) — lim (bAt’Ai (%) = 1.

n—oo n—oo

O

Remark 4.7. Proposition 4.6 certainly isn’t surprising, the following result, however, is. Key for
proving the statement is property (v) of Theorem 4.4.

Theorem 4.8. The set C*=! is closed in (C, Dy).

Proof. Suppose A, A1, Aa, ... are copulas, that k(A,,) = 1 for every n € N and that lim,,—, o D1(A,, A) =
0. Since the #-product is jointly continuous w.r.t. D; (see [29]) we have

lim D;i(A, x A,, Ax A) =0.

n—oo

Considering that D;-convergence implies doo-convergence, lim,, o (A4, * Ay,) (%, %) =AxA (%, %)
follows, and applying Theorem 4.4 the proof is complete. O
Analogous to the fact, that shuffles are dense in (C, dwo) the set C%=1 is dense in (C=!, doo).

C

Theorem 4.9. The set C=1 is dense in (C57', dwo).

14



Proof. Fixe > 0andlet A € C*=! be a copula with maximal D;-asymmetry. According to property
(iv) in Theorem 4.4 there exist sets Uy, Us, V1, Vo € B([0,1]) and copulas C1, Cs, C3,Cy € C such
that

Ar,y) = i |:01(F1(x)7 G1(y)) + C2(G1(2), G2(y)) + C3(Fa(x), F1(y)) + Ca(Ga(z), Fz(y))} ,

whereby F;(x) := 4\(U;N[0, z]) = 4f[0’m] 1y, (s)A(s) and G;(x) := 4A(V;N[0, z]) =4 f[O,:c] Ty, (s)dA(s)
for i € {1,2}. Tt is well known that Cp,eq (in fact even the family of straight shuffles) is dense in
(C,dwo) (see, e.g., [6][Corollary 4.1.16]), hence, we can find mutually completely dependent copulas
Chys Chys Chyy Chy € Conea With dog (Cy, Ch,) < € for every i € {1,2,3,4}. Defining A by

A(m>y) = i |:Ch1 (Fl(x)a Gl(y)) + Chz (Gl ($)7 G2(y)) + Chs (F2(x)7F1(y)) + Ch4(G2<x)’ F2(y)):| >

and applying Theorem 4.4 we conclude that A has maximal D;-asymmetry too. Furthermore,
using the triangle inequality we obtain

~ 1
sup [A(z,y) — Az, y)| < 7 sup |C1(F1(2), G1(y)) = O, (Fi(2), G (y))]
x,ye[O,l] xvye[ovl]

1

+— sup |C2(G1(x),G2(y)) — Cn,(Gi(z), G2(y))|
4 z,y€10,1]
1

+ sup |C3(Fa(), F1(y)) — Chy (Fa(z), F1(y))]

z,y€[0,1]

1

+— sup |Cy(Ga(z), F2(y)) — Cn,(Ga(), Fa(y))|
4 z,y€[0,1]

3 € 3 g
doo(ci,chi)<1+1+1+1—€.

IA
=
'M%

N
Il
-

As final step we have to show A € Cyeq, which can be done as follows: Fix y € [0,1], then by
applying Lemma 1 in [20] using the fact that K¢, (. [0,y]) is given by K¢, (2, [0,y]) = L 4 (hi(z))
for M-a.e. x € [0,1] and every i € {1,...,4}, the Markov kernel K ;(z, [0,y]) of A can be expressed
by

H[O,Gl(y)] (hl o F1 (.1‘)) for z € U1

]]‘[O,Gz(y)] (hg o Gl(a:)) for x € V4

]1[07F1(y)] (hg o FQ(I)) for x € Uy

Lo, 7y (y)] (ha 0 Ga(x)) for z € Vs

for \-a.e. x € [0,1]. Since {Uy, Us, V1, Va} form a partition of [0, 1], for each y € [0, 1] we have that
K ;(z,[0,y]) € {0,1} for A-a.e. x € [0,1], which is equivalent to A being completely dependent
(see [3]). Using the same arguments we also obtain for every y € [0,1] that K ;. (z,[0,y]) =
(1A (z,y) = (024)(y,z) € {0,1} for Mae. =z € [0,1], i.e., A" is completely dependent too.
Altogether, we have shown that A € C,.q, which completes the proof. O

K4(,[0,9]) =

5 Maximal Dy -asymmetry

Since the metrics D, p € [1, 00] induce the same topology on C one could conjecture that maximal
Dp-asymmetry might be the same as maximal D;-asymmetry. We will falsify this idea and start
with 3 simple lemmata.

15



Lemma 5.1 ([27]). Suppose that hi,he are A-preserving transformations on [0,1] and let Ap,,
Ap, denote the corresponding completely dependent copulas. Then

Dy (Any, Any) = D1(Any, An,) = [[h1 — hallx
holds for every p € (1,00).
Lemma 5.2. The metric space (C, D) has the following diameter:
1. diamp,(C) = 275 forp € [1,00)
2. diamp_ (C) = 1.

Proof. According to Lemma 5 in [27] we have

diamp, (C) = min{2y, 2(1 — y)}dA(y) = %
[0,1]

Since |K a(z, [0,y]) — Kp(z,[0,y])| € [0,1] it is straightforward to verify that

~—

holds for every A,B € C and p € [1,00). As direct consequence we get D,(A, B) < Dy(A, B)% <
27%. On the other hand, there exist copulas A, B € C with D,(4, B) = 277, Considering A = M
and B = W and applying Lemma 5.1 yields

1
DY(M,W) = Di(M,W) = 5.

The assertion for p = oo is a direct consequence of Lemma 5 in [27]. O

Slightly adapting the notation of the previous section we will now focus on the family C*»=" of all
bivariate copulas with maximal D,-asymmetry, i.e., C*»=! := {4 € C : k,(A) := 2%Dp(A, Aty =1}.
Building upon Lemma 5.1 and Theorem 3.5 in [13] there are mutually completely dependent copulas
A € Cpyeq such that k,(A) = 1 is attained for every p € [1,00]. In fact, the copula Aj defined in
Example 3.4 in [13] has maximal Dy-asymmetry for every p € [1,00]. The following lemma shows
that a copula with maximal D,-asymmetry for p € (1, 00) also has maximal D;-asymmetry.

Lemma 5.3. If A € C satisfies kp(A) =1 for some p € (1,00) then k1(A) =1 holds.

Proof. Using the inequality Db(A, B) < Di(A, B) as well as the fact that Dy(A4, B) < 1 holds for
all A, B € C we get

1= 27D, (A, A% < (2 Dy(4, AY))? <1,
which yields D; (4, A") = 1. O

The following example, however, shows that the reverse implication does not hold in general.

Ezample 5.4. Suppose that A € C corresponds to the uniform distribution on the union of the four
squares (see Figure 4)

(0.3) > (3:3)

W=
=1
SN—
X
—~
N[N
[[SY
SN—
—
[N
(S
SN—
X
~—~
N[
—
SN—
~—~
N[
—
S—
X
—~
o
Ll
SN—
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Since A (and A') is a checkerboard copula (see, for instance, [11, 19]) a version of the Markov
kernel of A is piecewise linear in y for fixed z € [0, 1] and does not depend on the choice of the

point x € (51, £) for every i € {1,...,4}, (a version of) the corresponding Markov kernel is given
by
(4y = DLy 2)(y) + 12 4y (v) for z € (0, )
dy —2)1 /2 571(y) + 1,5 1(y for z € (1,2
Kam ) = oGO o
(4y = 3)1(3 1 (v) for z € (3, )
(4y)]l[07%](y + 1(%71] (y) for x € (%, 1) )

It is straightforward to verify x1(A) = 1 (e.g., by using property (iv) or property (v) in Theorem

Figure 4: Density of the copula A (left panel) and the copula A’ (right panel) considered in
Example 5.4. The copula A has maximal Dq-asymmetry, i.e., k1(A) = 1, nevertheless x,(A4) < 1
holds for p € (1, 00).

4.4). On the other hand, simple calculations (see Appendix 6) yield
1 2

1
DP(A AN == 42 dz)P .
PAAY = 1+ Aﬂ(@dxw e

for every p € [1,00). As a direct consequence we get DE(A, A') < 27! for every p € (1,00), i.e.,
although A has maximal D;-asymmetry, it fails to have maximal D,-asymmetry.

Contrary to D, the class C*»=! p € (1,00) only contains mutually completely dependent
copulas.

Theorem 5.5. If A € C has mazimal D,-asymmetry for p € (1,00), then A is a mutually com-
pletely dependent copula.

Proof. If r,(A) =1 we have k1(A) =1 and D, (A, A") = 277, which implies

: P
2 - /[071] /[0’1] | K (x, [O,ZU]) — Kt (l‘, [07 y])| d)\(l’)d)\(y)
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1
< [, L a0~ Koo 0Dl M) = 5
Therefore we obtain
[Ka(z,[0,y]) — Kat (2, [0,y])|” = [Ka(z,[0,y]) — Kar (2, [0, 9])],
or equivalently, that
|Ka(z,[0,y]) — Ka(z,[0,y])] € {0,1} (9)

holds for A%-a.e. (z,y) € [0,1]2. According to Lemma 5.3 and property (i) in Theorem 4.4 there
exist sets U € B([0,1]) and V € B([0,1]) such that UNV =0, A{U) = A(V) = } and

<1 for every y € [0, 1

1 for every y € (%, ]

]
.

0 for every y € [O,

—_ N

Ky (.%', [073/]) = {

<1 for every y € (%,
for every x € U as well as

0 for every y € [0,

]
} )
for every x € V. Fix x € U such that Eq. (9) holds and suppose that Ka(z,[0,y]) = yo € (0,1)
for some y € [0, 3]. Then due to Eq. (9) the Markov kernel of A® must satisfy K a:(z,[0,y]) = o,
which is a contradiction to the fact that K 4:(z, [0,y]) = 0 for every y € [0, %] . Hence we obtain that
Ka(z,[0,y]) € {0,1} for every y € [0,1]. In an analogous way we obtain that K 4¢(z, [0,y]) € {0,1}
holds for every y € [0, 1]. Proceeding in the exactly same manner for © € V we get that for A-a.e.
z € [0,1] and every y € [0,1] the Markov kernels of A and A’ satisfy Ka(z,[0,9]) € {0,1} and
K a¢(x,[0,y]) € {0,1}. By Theorem 7.1 in [3] and Lemma 3.4 in [10] it follows that A and A’ are
completely dependent, implying that A is mutually completely dependent. O

1
21]] Kar(z,]0,y]) = {< L forevayyelo

1 for every y € (%,

—_ N

Ka(z,[0,9]) = {

<1 for every y € (%,

Altogether we have shown the following results:
Corollary 5.6. The following properties hold:

1. Crr=t = Cree=t,

2. C"=1 2 C=1 for every p € (1,00).

3. Cr=l ==L for every p € (1,00).

m

6 Maximal D,-asymmetric copulas and their values for (;
and ¢

In Section 3 we have shown that copulas A € C with maximal d.-asymmetry have very high
dependence scores with respect to (; and . Here we now focus on the range of these dependence
measures to maximal D,-asymmetric copulas.

Theorem 6.1. If A € C satisfies k,(A) =1 for some p € (1,00) then (1(A) =§(A) =1.
Proof. Since (1(A) and £(A) are 1 if and only if A is completely dependent, the assertion directly

follows from Theorem 5.5. O
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For the case p = 1 different values for £ and (; are possible.
Theorem 6.2. If A € C satisfies k1(A) =1 then £(A) € (5, 1] holds.

Proof. Proceeding analogously to the proof of Theorem 4.4 we obtain (A x A) (27 2) = % if
r1(A) =1 (see Appendix 6). Since A"+ A is a cppula we find copulas A1, Ay € C with (A x A) =
(<Z 1,;,A >)i€{172} =: A. Setting Cp := (<Z’ ,;,H>)ie{172}, tatea 7 oy follows. In fact,
according to Theorem 4.4 there exists a set U € B([0, 1]) such that A (U N [0, 3]) = A(UN([3,1]) =
1 and 0 = pa([0,3] x U) = f[o 1 KA(a: U)dA(z). Hence, we can find Borel sets A; C [0, 3],

4 3]
Ay C (3,1] such that A(A;) = )\(Ag) 2 and Ku(z,U) =0 for all z € Ay and K4(x,U) =1 for

all z € Ag. The set A3 defined by [0, 1] \ (A1 U Az) obviously fulfils A\(A3) = 0. Hence, we have

parea(U x U) :/U - Ka(s, U)K ae(z, ds)dA(z)
:/ KAt(x,Ag)d)\(x)Jr/ Ka(s,U)K g¢(z,ds)dA(z)
U U JAs

> / Kat(z,Ag)dA(x) = pat(U X Ag) = pa(Ae x U) = Ka(z,U)d\(z)
U A

- /l Ka(z,U)dN(z) = pa ((3,1] x U) = XU) — pa ([0, 1] x U)
=\U) = %
On the other hand

,uCH(UxU):/UKCH(:c, U)d)\(:c):/

Ko (2, U)dA(z) + / Koy (2,U)dA(z)
Un[o,3] Un(3 1]

:/ AU N[0, %])dA(x)—i—/ AU N (L, 1])dA(x) = ©
Un(o.3] U]

holds, implying A; # II for ¢ = 1,2, hence, considering that according to Lemma 4.3 we have
D3(A,T1) > D3(A! x A, A* xTI) = D3(A' x A,1I) and applying Corollary 3.2 finally yields

JE(A) + 1E(42) +

1> €(4) > £(A) = 2>

Theorem 6.3. If A € C satisfies k1(A) =1, then (1(A) € [3,1] holds.

Proof. Using the same arguments as in the proof of Theorem 6.2 we find copulas Ay, Ay € C such
that (A’ xA) = ({5, £, A, >)ze{1 o) = A holds. Since A is an ordinal sum it is clear that the (SI)-

rearrangement AT of A satisfies AT = (<%, %, AT>) oy As stochastically increasing copula,
S

AT fulfills Al (z,y) > T(z,y) for all (z,y) € [0,1]% and i € {1, 2}, implying Al (z,y) > Cr(z,y) for

every (x,y) € [0,1]2, whereby Cfy is defined as Cpy := (<Z 1 H>)16{1 2y Hence, using Lemma

)92
4.3 we get

> Dy (A1) > Dy (At « A, A « II) = Dy (A « A, 1) = Dy (A", 11) > Dy (Cyy, I0),

W =
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whereby we used the fact that D; (A, II) is monotone with respect to the pointwise order in CT (see
[26]). Using Lemma 3.1 we obtain

G1(Cn) = 3D1(Cn, 11

/ / ‘ A (z)dA(y / /
[0,1] /o, 1] [0,1] J[0,1]
3.3 _3

‘ dA(z)d\(y) + =
3 6

)

3
16+8 16+8_8 4

which completes the proof. O

The following example demonstrates that it is possible to find copulas A € C*1=! such that

¢1(A) (or &£(A), respectively) is arbitrarily close to the lower bound derived in Theorem 6.2 and
Theorem 6.3.

Example 6.4. Let n € N be a natural number with n > 3, set N := 2™ and define the sets

N
2j—2 25 —1 ¢ 2]—1 2]
(5 50) WUl

N
1 2j-21 2j—1 el 2;—21 2j — 1
(2+ SaRER ) L_J<2 BTN )

Obviously, we have A(UY) = AMU%) = A(Vy) = A(VR) = 3 and AU UUZ UV UVR) = 1.
Letting A denoting the copula corresponding to the uniform distribution on the union of the four
sets Uy, x Vi, Uy x Uy, Vi x V2 and V2 x U3, (see Figure 5), then by Theorem 4.4 Ay has
maximal Dj-asymmetry. As next step we calculate the dependence measure ¢ (A ).

Applying Lemma 6.3 in [10] and using the fact that for every y € [0, 1] the identity of K 4, (x1,[0,9]) =
K 4y (w2,]0,y]) holds for A-a.e. z1,29 € X, whereby X € {Uy,UZ%, V3, V2}, we obtain

IR R ST MU G 3 RS

=5+ Z % /X‘KAN (L[O,KID—]{}PA(@.

Xe{UpUR VA, VY J=t

!
Il
o

<
Il
—_
<.
Il
—

=
Il
C

<.
Il
—_

Considering X = U}, and z € U}, a version of the Markov kernel K 4, (:U, [0, i]) is given by

N
; QNJ forj6{2747...7%}
KAN(x,{O,ND: 2(]—1;” for j€{1,3,.... 5 -1}
1 forj>%

which yields
T
1 _

Jj=1

o (b)) 4
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4G-1) 21| X[(1 j
N N 2 2 N

In a similar manner we obtain m(U%) = & + g, m(Vy) = 15 + g and m(V3) < 15 + 533
Together with Theorem 6.3 it follows that

3 3 27 3
- < A < —
4_C1( N)_4+

N TN

which shows that for sufficiently large N € N the dependence value (3(Ay) is arbitrarily close to
3

s.
Using similar calculations (see Appendix 6) yields

1 1
hl < =
5 <&(An) < 5 +ap,

whereby limy_ . any = 0.

Remark 6.5. Slightly modifying the construction from Example 6.4 (which corresponds to copying
shrunk versions of the product copula IT in the small squares) we now construct the copula By by
copying shrunk versions of M in every square of the ‘diagonal’ of each of the four sets Uy x V3,
U% x Uk, Vi x V2 and VE x U% as depicted in Figure 5 (magenta lines). The shuffle By is
obviously maximal D;-asymmetric and, being completely dependent, fulfills (1 (By) = 1 = £(By).

/]
| |
|4
| |
14
|4
304 314 ™ 14
/ %
14
| 4
“ 14
H
2/4 2/4
% | |
| |
/ | ]
|4
| |
14 14 / /
14
|4
% H
H
0 0 i B BN EEEN

Figure 5: Density of the copula Ay (gray) as considered in Example 6.4 and support of the
mutually completely dependent copula By (magenta) according to Remark 6.5 for N = 8 (left
panel) and N = 32 (right panel).
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Hence, setting CS := aAn + (1 — a)By for every « € [0, 1] (with Ay according to Example 6.4)
obviously yields a maximal D;-asymmetric copula C%. Due to the fact that (1 (C%) and £(C) is
continuous in « the intermediate value theorem implies that that for every s € [(1(An), 1] we can
find a copula C§ with ¢;(CS) = s and the same result holds for (; replaced by £. In other words,
each point in the intervals mentioned in Theorem 6.2 and Theorem 6.3 is attained.

Remark 6.6. We have neither been able to find a copula A € €= fulfilling (1(A) = 2, nor to
prove that such a copula does not exist.
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Appendix

Calculations for the proof of Theorem 3.5:
To calculate (;(Crr) we apply Lemma 3.1 and obtain

¢(Crr) = 3D; (Cry, I //‘ ‘d/\ YaA(y //
2

‘d/\( YA (y)+

2 — 1 2 -2y 10
d\ - d\ —
‘ (y) + 3 /[071} 3 (y) + 3

3
2,12 10 15 5
18 18 18 18 18 6’

whereby Cf is the ordinal sum

3]

Let A, be the ordinal sum of Cs, i.e., Ag := ((kgl, I;,C >)ke{1 23}

considered in Example 3.3. Then for the integrals considered in Lemma 3.1 we obtain for s € [0

1—s
11:/ / ly — ys| dzedy = 5
[0,1] J[0,1]

I, = / / ’]I[O,y]( (S + y ‘ d:z:dy
[0,1] J[0,1]
- / y(1— (s +y(k — )y + / (1= y)(s +y(} — ))dy
[O 1] [0,1]

(7 3s) + 8(65+1) 8(35+8)

// )|_952712s+5
[0,1] J[0,1] 18 — 18s
1 1
— (3 +s+y3 —s)|dedy = 18( 3s)+18(6s+) 18(3s+8)

1= o Jog 0ot

[0,1] J[0,1]

/ / )|79$2—63+5
[0,1] J[0,1] 18 — 18s

1 1 1
16:/ / Lo (@) = (3 + 5+ y(§ = 5))| dady = < (1~ 35) + (65 +7) = (35 +8).
onJon ! 18 18 18

Applying Lemma 3.1 again we get

2

2 2
5
(AS,H)—SQIl—F <3—8) 12+82[3+ (3—8) I4+S2I5+ (3—5) 16+5Z<2+95_2782)

95 — 45> —3s+3 il
9—9s 1873

for s € [0,3]. Since f(s) := D1(As,1I) is a continuous and decreasing function on s € [0, 3] and

f(0) =% and f(3) = &, we have shown that (;(A,) attains every value in [2,1].
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Calculations for Example 5.4: Partitioning the integration area and using the fact that (a Ve_r—
sion of) the Markov kernel of A and A? does not depend on the choice of the point x € (Z , fl)
we obtain

ppa A= [ e 0.]) — Ko 0P
2

=3 </[1,z] (4y = 1) d\(w) + /[ g /[
2

oo

2

(1—4y + 3)pd)\(y)>

il
’4

1d\(y) + /2 . (1—-4y+ 2)Pd)\(y)>

1 2
14 14 4>

Calculations for the proof of Theorem 6.2: To show that A x A(2, 2) = 1 follows from x1(A) =1
we can proceed as follows: According to Theorem 4.4 property (i) and using disintegration there
exists a Borel set U € B([0,1]) with A(U) = % and K4(z,[0,1]) =1 as well as K¢(,[0,3]) = 0
for every x € U. Using disintegration and Eq. (2) again yields the existence of a Borel set V' C U*¢
with A(V) = 1 and Ka(z,[0,3]) = 0 and Ka¢(z,[0,1]) = 1 for every z € V. Set Vi=U\V,
then applying Lemma 2.2 yields

At*A(%7%) :,UJAt*A([O,%} X [O,%}) _/[0 o Ky (S [O,ﬁ)KAt(JC ds)d)\( )

/ /1KArxds YdA(x / /1KAtl'dS d\(x)

= o ([0, 2] < U) + e ([0,4] = v) < pa (U [0,4]) + A7) = 5,

as well as

parea ([0, 5] x [0,3]) :/[O ]</UlKAt(ac,ds)+/V0KAt(x,ds)—|—/VKA (s, [0, ;])Km(x,ds)> d\(x)

> [ Ko 00N = i (0.4] ) = (U [0.4]) = &
0,5

Altogether we have shown A’ x A(%,1) =

N

Additional calculations for Example 6.4: First of all we derive a result similar to that of Lemma
6.3 in [10] for D2(A,II). Using Eq. (2) we obtain

‘/0 ; OI]KA( . [0,y])%d\(z)d(y /0 W ZKA 1)2dA(x)
<Z/ 0,1] /l 11 |KA( [0, y]) — Ka(z,[0 a%])2|d/\(y)d/\(x)
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A
\
=
=
&
=

Z])Q - KA(:m [07 ﬂ])2d>‘($)

n

=70
:*Z/O T, i])*KA(.T, [0, Tl])) (KA( .0, %DJFKA(IE, [0’%})) d\(z)
S*Z K 17:;]>dx<x>:izgx((i;1,;]):2.

Proceeding analogously to Example 6.4 and applying the previous inequality yields

E(An)+2  6D3(An,II) +2
6 B 6

:/[071] o Kay (2,10, y])2dA(z)dA(y) < 7+ NZ o Kay (w { ,f\,D2dA(a¢)

:%Jr 3 }Jifﬁ:l/xKAN (;v [oﬂ) () .

Xe{UL, U,V V2

1 11
=D3av 4y = [ [ Kaum 0 @ - 5+
0,1] /[0,1]

=m(X)

Considering X = Uy and z € Uy we obtain

= e (o)) < (B B (52 2

j=1 j=1
1 (N—|—2)(N+4)+N2—6N+8+N 1 1
T 4N 12N 12N 2 /)76 3N2
In an analogous manner we get
1 1 1 1 1 1 1
Ux s mVy) =+ =5 mV) ==+ —+ —
m(Uy) = +4N+3N2’m( N =51t sy VN =5+ It 3N

which altogether yields £ < £(An) < 1+ L2+ 5.

References

[1] M. Azadkia and S. Chatterjee. A simple measure of conditional dependence. The Annals of
Statistics, 49(6):3070 — 3102, 2021.

[2] S. Chatterjee. A new coeflicient of correlation. Journal of the American Statistical Association,
116(536):2009-2022, 2021.

[3] W. F. Darsow, B. Nguyen, and E. T. Olsen. Copulas and markov processes. Illinois Journal
of Mathematics, 36(4):600 — 642, 1992.

[4] H. Dette, K. F. Siburg, and P. A. Stoimenov. A copula-based non-parametric measure of
regression dependence. Scandinavian Journal of Statistics, 40(1):21-41, 2013.

[5] F. Durante, P. Sarkoci, and C. Sempi. Shuffles of copulas. Journal of Mathematical Analysis
and Applications, 352(2):914-921, 2009.

25



[6]
[7]

F. Durante and C. Sempi. Principles of copula theory. CRC Press, Hoboken, NJ, 2015.

J. Ferndandez-Sanchez and W. Trutschnig. Conditioning-based metrics on the space of mul-
tivariate copulas and their interrelation with uniform and levelwise convergence and iterated
function systems. Journal of Theoretical Probability, 28:1311-1336, 11 2015.

J. Galambos. Exchangeability. John Wiley & Sons, Ltd, 2014.

F. Griessenberger, J. Fernandez Sanchez, and W. Trutschnig. Some properties of double
shuffles of bivariate copulas and (extreme) copulas invariant with respect to Hiroth double
shuffles. Fuzzy Sets and Systems, 428:102—120, 2022.

F. Griessenberger, R. R. Junker, and W. Trutschnig. On a multivariate copula-based de-
pendence measure and its estimation. Flectronic Journal of Statistics, 16(1):2206 — 2251,
2022.

R. R. Junker, F. Griessenberger, and W. Trutschnig. Estimating scale-invariant directed
dependence of bivariate distributions. Computational Statistics & Data Analysis, 153:107058,
2021.

O. Kallenberg. Foundations of modern probability. Probability and its Applications (New
York). Springer-Verlag, New York, second edition, 2002.

N. Kamnitui, J. Fernandez-Sanchez, and W. Trutschnig. Maximum asymmetry of copulas
revisited. Dependence Modeling, 6(1):47-62, 2018.

T. M. Kasper, S. Fuchs, and W. Trutschnig. On weak conditional convergence of bivari-
ate Archimedean and extreme value copulas, and consequences to nonparametric estimation.
Bernoulli, 27(4):2217 — 2240, 2021.

E. P. Klement and R. Mesiar. How non-symmetric can a copula be?  Commentationes
Mathematicae Universitatis Carolinae, 47, 01 2006.

A. Klenke. Wahrscheinlichkeitstheorie. Springer-Lehrbuch Masterclass Series. Springer, Berlin
Heidelberg, 2008.

D. Kokol Bukovsek, T. Kosir, B. Mojskerc, and M. Omladic. Relation between non-
exchangeability and measures of concordance of copulas. Journal of Mathematical Analysis
and Applications, 487(1):123951, 2020.

P. Mikusinski and M. D. Taylor. Markov operators and n-copulas. Annales Polonici Mathe-
matici, 96:75-95, 2009.

P. Mikusinski and M. Taylor. Some approximations of n-copulas. Metrika, 72:385-414, 11
2010.

T. Mroz, J. F. Sanchez, S. Fuchs, and W. Trutschnig. On distributions with fixed
marginals maximizing the joint or the prior default probability, estimation, and related results.
arXiw:1602.05807v2, 2021.

R. Nelsen. Extremes of nonexchangeability. Statistical Papers, 48:329-336, 2007.

R. B. Nelsen. An Introduction to Copulas (Springer Series in Statistics). Springer-Verlag,
Berlin, Heidelberg, 2006.

26



[23]

[24]

[25]

[26]

[27]

[28]

J. V. Ryff. Measure preserving transformations and rearrangements. Journal of Mathematical
Analysis and Applications, 31:449-458, 1970.

H. Shi, M. Drton, and F. Han. On the power of Chatterjee’s rank correlation. Biometrika, 10
2021. asab028.

K. F. Siburg and P. A. Stoimenov. Symmetry of functions and exchangeability of random
variables. Statistical Papers, 52:1-15, 2011.

C. Strothmann, H. Dette, and K. F. Siburg. Rearranged dependence measures.
arXiw:2201.03329v2, 2022.

W. Trutschnig. On a strong metric on the space of copulas and its induced dependence
measure. Journal of Mathematical Analysis and Applications, 384(2):690 — 705, 2011.

W. Trutschnig. Some smoothing properties of the star product of copulas. In R. Kruse, M. R.
Berthold, C. Moewes, M. A. Gil, P. Grzegorzewski, and O. Hryniewicz, editors, Synergies of
Soft Computing and Statistics for Intelligent Data Analysis, pages 349-357, Berlin, Heidelberg,
2013. Springer Berlin Heidelberg.

W. Trutschnig and J. Fernandez Sanchez. Idempotent and multivariate copulas with fractal
support. Journal of Statistical Planning and Inference, 142(12):3086-3096, 2012.

27



	Introduction
	Notation & preliminaries
	Maximal d-asymmetric copulas and their extent of dependence with respect to 1 and 
	Maximal D1-asymmetry of copulas revisited
	Maximal Dp-asymmetry
	Maximal Dp-asymmetric copulas and their values for 1 and 

