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Abstract

Motivated by a recently established result saying that within the class of bivariate Archime-
dean copulas standard pointwise convergence implies weak convergence of almost all condi-
tional distributions this contribution studies the class C%. of all d-dimensional Archimedean
copulas with d > 3 and proves the afore-mentioned implication with respect to conditioning
on the first d — 1 coordinates. Several properties equivalent to pointwise convergence in C¢,
are established and - as by-product of working with conditional distributions (Markov ker-
nels) - alternative simple proofs for the well-known formulas for the level set masses pc (L)
and the Kendall distribution function Fi& as well as a novel geometrical interpretation of
the latter are provided. Viewing normalized generators 1 of d-dimensional Archimedean
copulas from the perspective of their so-called Williamson measures v on (0, 00) is then
shown to allow not only to derive surprisingly simple expressions for uc(L;) and F in
terms of v and to characterize pointwise convergence in C¢ by weak convergence of the
Williamson measures but also to prove that regularity/singularity properties of ~ directly
carry over to the corresponding copula C., € C2.. These results are finally used to prove the
fact that the family of all absolutely continuous and the family of all singular d-dimensional
copulas is dense in C¢ and to underline that despite of their simple algebraic structure
Archimedean copulas may exhibit surprisingly singular behavior in the sense of irregularity
of their conditional distribution functions.
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1. Introduction

Archimedean copulas are a well-known family of dependence models whose popularity is
mainly due to their simple algebraic structure: given a so-called (Archimedean, sufficiently
monotone) generator ¢ : [0,00) — [0,1] =: I and letting ¢ denote its pseudo-inverse the
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Archimedean copula Cy is defined by

Cy(x1,.. ., 2a) = P(p(z1) + - + @©(2a)).

As a consequence, analytic, dependence, and convergence properties of Archimedean cop-
ulas can be characterized in terms of the corresponding generators (see, e.g., [2, 4, 13, 20]
and [21, Chapter 4]). In particular, it was recently shown in [13] that within the class of
bivariate Archimedean copulas pointwise convergence is equivalent to uniform convergence
of the corresponding generators and, more importantly, even implies weak convergence of
almost all conditional distributions (a.k.a weak conditional convergence, a concept generally
much stronger than pointwise convergence). This result is surprising insofar that given
samples (X1,Y1), (X2, Y2),... from some bivariate copula C' the corresponding sequence of
empirical copulas (En)neN does not necessarily converge weakly conditional to C.

The focus of the current paper is twofold: on the one hand we study convergence in the
class C2_ of all d-dimensional Archimedean copulas, d > 3, and show that most results from
the bivariate setting as established in [13] also hold in C¢., including the surprising fact
that pointwise convergence implies weak conditional convergence (whereby we consider
conditioning on the first d — 1 coordinates). As a nice by-product of working with Markov
kernels (conditional distributions) we obtain simple, alternative proofs of the well-known
formulas for the Kendall distribution function F'¢ and the level set masses of Archimedean
copulas. To the best of the authors’ knowledge, working with so-called ¢;-norm symmetric
distributions (as studied in [20]) nowadays seems to be the standard approach for deriving
these formulas in the multivariate setting - we show that working with Markov kernels
constitutes an interesting alternative and may provide additional insight. Additionally,
motivated by [21, Chapter 4.3] and [4, Section 3] we offer a seemingly novel geometric
interpretation of the level set masses in terms of .

And, on the other hand, we revisit the close interrelation between Archimedean copulas
and probability measures v on (0,00) via the so-called Williamson transform as studied in
[20] (also see [24, Theorem 1.11]), characterize properties of the generator ¢ in terms of
normalized v (to which we will refer to as Williamson measure) and then prove the fact
that pointwise convergence in C¢, is equivalent to weak convergence of the corresponding
probability measures on (0,00). Moreover, we derive surprisingly simple expressions
for the level set masses and the Kendall distribution functions in terms of v and then
show that singularity /regularity properties of 7 directly carry over to the corresponding
Archimedean copula C, € C¢. This very property is then used, firstly, to show that the
family of absolutely continuous as well as two disjoint subclasses of the family of all singular
Archimedean copulas are dense in C¢ and, secondly, to illustrate the fact that despite
their simple and handy algebraic structure Archimedean copulas may exhibit surprisingly
irregular behavior by constructing elements of C¢, which have full support although being
singular (see [4] for the already established bivariate results).

The rest of this contribution is organized as follows: Section 2 contains notation and
preliminaries (in particular on Markov kernels) that are used throughout the text. Sec-
tion 3 starts with deriving an explicit expression for the Markov kernel of d-dimensional
Archimedean copulas, then restates the well-known formulas for the masses of level sets



as well as the Kendall distribution function, and provides a geometric interpretation for
the latter in terms of the generator . In Section 4 we derive various characterizations
of pointwise convergence in C? in several steps and prove the main result saying that
pointwise convergence implies weak conditional convergence (with respect to the first d — 1
coordinates). Turning to the Williamson transform, in Section 5 we first establish some
complementing results on the interrelation of the generator ¢/ and the Williamson mea-
sure v, then characterize pointwise convergence in C% in terms of weak convergence of the
Williamson measures, and finally show how regularity /singularity properties of 7 carry over
to C,. These properties are then used to prove the afore-mentioned denseness results and
to construct singular Archimedean copulas with full support. The Clayton and the Gumbel
families of Archimedean copulas will serve as simple accompanying examples underlining
the obtained results. Notice, however, that the real strength of the obtained results consists
in their validity outside parametric classes of Archimedean copulas (for which the results are
much more straightforward to derive). Several additional examples and graphics illustrate
the chosen procedures and some underlying ideas.

2. Notation and preliminaries

In the sequel we will let C? denote the family of all d-dimensional copulas for some
fixed integer d > 3 and write vectors in bold symbols. For each copula C' € C¢ the corre-
sponding d-stochastic measure will be denoted by p¢, i.e., uc([0,x]) = C(x) for all x € 1%,
whereby [0,x] := [0,21] X [0,25] X ... X [0,24] and I := [0,1]. To keep notation as simple
as possible we will frequently write X1, = (z1,...,2,,) for x € I and m < d. Con-
sidering 1 < i < j < d, the i-j-marginal of C' will be denoted by C¥, i.e., we have
C(z;x;) = C(1,...,1,x;,1,...,1,2;,1,...,1). In order to keep notation as simple as
possible for every m < d the marginal copula of the first m coordinates will be denoted
by Ct™ ie., CY¥™(xy,29,...,0p) = C(x1,T2,...,Zm,1,...,1). Considering the uniform
metric do, on C? it is well-known that (C¢, d.) is a compact metric space and that in C¢
pointwise and uniform convergence are equivalent. For more background on copulas and
d-stochastic measures we refer to [3, 21].

For every metric space (5, d) the Borel o-field on S will be denoted by B(S) and P(S)
denotes the family of all probability measures on B(S). The Lebesgue measure on B(I¢) will
be denoted by A or (whenever particular emphasis to the dimension d is required) by A,.
Furthermore 6, denotes the Dirac measure in z € S. Given another metric space (S’,d'), a
Borel-measurable transformation 7" : S — S” and some ¥ € P(S) the push-forward of ¥ via
T will be denoted by 97, i.e., 9T (F) = 9(T~Y(F)) for all F € B(S").

In what follows Markov kernels will play a prominent role. Markov kernels are well
known from the context of Markov chains in discrete time, but they are also key for
describing the extent of dependence of a random vector Y on another random vector
X. More precisely, given a (d — m)-dimensional random vector Y and an m-dimensional
random vector X on a probability space (£2,.A4,P) we are interested in the conditional
distributions PYX= of Y given X = x even if P(X = x) = 0 holds since - intuitively
speaking - the more ‘different’ the marginal distribution PY of Y and the conditional
distributions PYX=* of Y given X = x (for ‘many’ x € R™) the more information on Y
is gained by knowing X. If Y and X are independent then X provides no information



on Y and we have PY = PYX=X_ The direct opposite is the case of so-called complete
dependence describing the situation in which PYX=* is degenerated for PX-almost every
x, implying that P(Y = h o X) = 1 holds for some measurable function h : R™ — R¢™
i.e., knowing X means knowing Y. Considering that the afore-mentioned conditional
distributions are formally Markov kernels triggered the seemingly natural idea introduced
in [25] and extended in [9] (and the references therein) to quantify dependence as average
distance of the conditional distributions to the marginal distribution.

Formally speaking, an m-Markov kernel from R™ to R*™ is a mapping K : R™ x
B(R4™) — T fulfilling that for every fixed £ € B(RY ™) the mapping x — K(x, E) is
B(R™)-B(R4™)-measurable and for every fixed x € R™ the mapping E — K(x, F) is a
probability measure on B(R?~™). Given Y and X as above we call a Markov kernel K (-, -)
a regular conditional distribution of Y given X if for every fixed E € B(R4™™) the identity

K(X(w), B) = E(1g 0 Y[X)(w)

holds for P-almost every w € €. In this case we have K(x,E) = P(Y € F|X = x)
for every E € B(R¥™) and PX-almost every x € R™. It is well-known that for each
pair of random vectors (X,Y) as above, a regular conditional distribution K(-,-) of Y
given X exists and is unique for PX-almost all x € R™. In case (X,Y) has C' € C? as
distribution function (restricted to I?) we let K¢ : I™ x B(I¢™™) — T denote (a version
of) the regular conditional distribution of Y given X and simply refer to it as m-Markov
kernel of C. Defining the x-section Gy of a set G € B(I¢) w.r.t. the first m coordinates by
Gy ={y €l"™: (x,y) € G} € B(I*"™) the well-known disintegration theorem implies

pe(G) = : Ko(x,Gy) dpcrm (x). (2.1)
It is well-known that the disintegration theorem also holds for general finite measures in
which case the conditional measures K (-,-) are not necessarily probability measures but
general finite measures (sub- or super Markov kernels). For more background on conditional
expectation and disintegration we refer to [11, Section 5] and [16, Section §].

An Archimedean generator 1) is a continuous, non-increasing function v : [0, 00) — [0, 1]
fulfilling ¢(0) = 1, lim, o 1(2) = 0 =: ¥(c0) and being strictly decreasing on the interval
[0,inf{z € [0,00] : 1(z) = 0}] (with the convention inf () := o0). For every Archimedean
generator ¥ we will let ¢ : [0,1] — [0, 00] denote its pseudo-inverse defined by ¢(y) :=
inf{z € [0,00] : ¥(z) > y} = inf{z € [0,00] : ¢¥(z) = y} for every y € [0, 1], where
the second equality holds since v is decreasing and continuous. Obviously ¢ is strictly
decreasing on [0, 1] and fulfills (1) = 0, moreover it is straightforward to verify that ¢
is right-continuous at 0 (for a short discussion of this property see Section 4 in [13]). If
©(0+) = oo (or, equivalently, if ¥(z) > 0 for every z > 0), we refer to ¢ (and ¢) as strict
and as non-strict otherwise. A copula C' € C%is called Archimedean (in which case we write
C € C2) if there exists some Archimedean generator ¢ with

Cyp(x) = (1) + - + p(24))



for every x € I¢. Following [20], Cy(x) = ¥(p(z1) + - - - + ¢(x4)) is a d-dimensional copula
if, and only if, ¢ is a d-monotone Archimedean generator on [0, 00), i.e., if, and only if, 9
is an Archimedean generator fulfilling that (—1)?~2¢(4=2) exists on (0, 00), is non-negative,
non-increasing and convex on (0, 00), whereby, as usual, g™ denotes the m-th derivative
of a function g. Moreover (again see [20]) it is straightforward to verify that in the latter
case (—1)™(™ exists on (0, 00), is non-negative, non-increasing and convex on (0, 0c0) for
every m € {0,...,d — 2}. In the following we will sometimes simply write C' instead of Cy,
when no confusion may arise. Furthermore we will simply refer to Archimedean generators
as ‘generators’ and refer to Cy, as strict if 1) is strict.

Letting D~¢g and D%g denote the left- and right- hand derivative of a function g, re-
spectively, convexity of (—1)%2¢(@=2) implies that both, D™1(@~2)(2) and DT(?~2)(2) exist
for every z € (0,00) and that the two derivatives coincide outside an at most countable set
(see [12, Theorem 3.7.4] and [22, Appendix C]) - in fact, for every continuity point z of
D72 we have D~942)(2) = D=2 (). Moreover, every d-monotone generator 1
fulfills lim, ., ™ (z) = 0 for every m € {0,...,d — 2} as well as lim,_,o, D"¢"2(2) = 0.
Indeed, lim, o, ¢’'(2) = 0 directly follows from monotonicity and convexity of ¢ since d-
monotonicity implies that —1’ is decreasing and convex too; proceeding iteratively yields
the assertion. Notice that Lemma 5.4 yields an even simpler direct proof of this assertion.
In the sequel we will also use the fact that (again by convexity, see [12, Theorem 3.7.4] and
[22, Appendix C]) we can reconstruct the generator ¢ from its derivatives in the sense that
(me{l,...,d—2})

I (z) = /[ )—w)(s) dA(s), D (z) = /[ —D I (s) dA(s).  (2.2)

’m)

In order to have a one-to-one correspondence between copulas and their generator we follow
[13] and from now on implicitly assume that all generators are normalized in the sense that
¢(3) = 1, or equivalently, ¢(1) = 3 holds. Notice that this can always be achieved by
choosing a constant b > 0 with b¢(3) = 1 (or, equivalently) ¢(b) = 1 and considering
P(2) = bp(z) and QZJ(Z) = 1(bz), respectively.

According to [20], an Archimedean copula C' € CZ is absolutely continuous if, and only
if, 9471 exists and is absolutely continuous on (0, 00). In this case a version of the density

c of C'is given by

d
c(x) = 11)a(x) H ¢ () - DD (QO(%) +oeee go(xd)). (2.3)

=1

In the sequel we will use the handy consequence that lower dimensional marginals of
d-dimensional Archimedean copulas are absolutely continuous (|20, Proposition 4.1]).

In the following we will use the Clayton and the Gumbel families of Archimedean copulas
as accompanying examples illustrating the obtained theoretical results in a simple paramet-
ric setting. Recall that the class of all d-dimensional Clayton copulas C&; consists of all
Archimedean copulas with generators 1(z) = (z + 1)7¢, implying o(t) = (7% —1), for

1

¢ > 0 and z € [0,00). Considering the afore-mentioned normalization property (1) = 3
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(to assure a one-to-one correspondence between the copula and its generator) we work with
the normalized generators 1h(z) = ((2 — 1)z +1)"# and @(t) = t;:__ll in the following.

The family of all d-dimensional Gumbel copulas Cl;; contains all Archimedean copulas with
generators 1(z) = exp(—za) (hence ¢(t) = (—logt)® ) for & > 1 and z € [0, 00). According

to our normalization assumption we will therefore work with ¥ (z) = exp(—log(2)z=) and

o(t) = (_lolgé(?a)a in the sequel. Notice that both, generators of Clayton as well as generators

of Gumbel copulas are strict.

3. Markov kernel, mass distribution and Kendall distribution function of mul-
tivariate Archimedean copulas

In the proceedings contribution [14] the authors derive an explicit expression for (a
version of) the (d — 1)-Markov kernel of d-variate Archimedean copulas which, in turn,
allows to derive the well-known formulas for level-set mass and the Kendall distribution
function of d-variate Archimedean copulas in an alternative way. Considering that Markov
kernels are key for the rest of this paper we introduce a (slightly modified) version of the
Markov kernel considered in [14] and prove its properties in detail. Furthermore, we restate
the already known formulas for the Kendall distribution function and level-set mass, add a
new geometric interpretation, and, for the sake of completeness, include the corresponding
purely Markov kernel-based proofs in the Appendix.

For every t € (0, 1] define the t-level set of C' € CZ by

L= {(x,y) €' xI: C(x,y) =t}

— {(x, y) €17 x 1 2_: plei) + o(y) = w(t)} (3.1)

i=1
and for ¢ = 0 set

Lo = {(x,y) e "' xI: C(x,y) =0}

= {(x, y) €147 x 1 iw(%) +oy) = 90(0)} : (3.2)

i=1
Subsequently we will work with the level sets of the (d — 1)-dimensional marginal of C'
defined analogously and denote them by L ?~! and L(l):d_l, respectively. As in the bivariate
setting (see [13]) we can define functions f* whose graph coincides with L for ¢ € (0, 1] and
with the boundary of L° for t = 0: In fact, for ¢ = 0 defining the function f°: 147! — I by

) = 1 if x € Lyo!
T (p0 -2 ew) fx g Ly

with the conventions ¢ (oc) = 0 as well as ¢(u) = 1 for all u < 0 and for ¢ € (0, 1], defining
the upper t-cut of C4=1 by [C141], = {x € I¢7! : Cl¥1(x) > t} and considering the
function f!: [CY471], — T given by

flx) = <90(t) - iw(@) :

i=1



yields the above-mentioned property. It is straightforward to verify that for x ¢ L(l):d_1 and
y < f°(x) we have (x,y) € Lo and that for strict Archimedean copulas x € L§%™! if, and
only if, M(x) = 0 where M denotes the d-dimensional minimum copula.

Theorem 3.1. Suppose that C € C¢ has generator 1. Then setting

(1, M(x)=1orx e L§!
0, M(x) <1,x ¢ L5y < fO(x)
Keo(x,[0,9]) == § p-ya-2 <d§ sé,(:,;i)ﬂ,(y)> (3.3)
Dw(d—;)<1d21 go(z)) | M(X) ) 1’ ) ¢ Lé:dil, ' fO(X>
{ =

yields (a version of) the (d — 1)-Markov kernel of C.

Proof. First notice that absolute continuity of C*4~! implies
0= peras (L) = pe (L x ).

s0 piera-1 (LE™1 U M~ ({1})) = 0, so the first condition on the right hand side of equation
(3.3) only holds for a set of pgi.a—1-measure 0.

We start by showing that K¢ defined according to equation (3.3) is indeed a (d — 1)-

Markov kernel and then prove that it is a Markov kernel of C'. Fix y € 1. Since measurability
of fO and D~ 942 are a direct consequence of the properties of 1, using continuity of
¢ yields measurability of the mapping x — Kg(x,[0,y]). Building upon that, applying
a standard Dynkin System argument (see [4, Theorem 2|) yields measurability of x
Ko(x, E) for every Borel set E € B(I).
For x = 1 or fixed x € L{%™! the map y — K¢(x, [0,%]) is obviously a univariate distribution
function. Considering x ¢ L5*"!, monotonicity and left-continuity of (—1)4"2D~¢(4=2)
implies that y — Kco(x,[0,y]) is increasing and right-continuous. Moreover we obviously
have Ko(x,[0,1]) = 1, so y — Kc(x,[0,y]) is a univariate distribution function and it
remains to show that it is a (d — 1)-Markov kernel of C, i.e., that

Clx,y)= | Kels,[0,y])dpcras(s) (3.4)

[0,x]

holds for all x € 197! and every y € L.

The case y = 1 is trivial and for y = 0 we have that Kc(x,{0}) = 0 for pc1.a-1-almost every
X, implying that equation (3.4) holds. For y € (0, 1) considering that Ly* " is a pic1.a-1-null
set and using absolute continuity of pcra—1 yields (Y := 141\ LI4)



/- / Bl [0t (5) = / e 0 ) )

/ DY (S (o) oly)
TrfteO1)i-1y> oo D Y DT els)

d—1 d—1

: H ¢ (s))D™pl*?) (Z 90<5i)> dA(s)
i=1 i=1

d-1
= / D2 (Z p(si) + so(y))

{£€(0,1)=1\Ly" " 1 y> fO(8)}N[0,x] i=1
d—1

: H ¢'(s;) dA(s
i=1

Notice that on the one hand, for s ¢ L4 we have y < f°(s) if, and only if, >-% ! ¢ (s;) +

©(y) > (0), implying D42 (2?2—11 o(s;) —|—g0(y)> = 0, and, on the other hand, s €
Ly also yields D~1(@=2) (Zf:_ll o(s:) + go(y)) = 0. Therefore in the strict and the non-

strict case we get

d—1 e
- Doyt i ] ¥ (si) dA
/(o,x]\Lg;dl v (; p(si) + @(y)) E ©'(s:) (s)
d—1 d1
B / Dyt (Z p(si) + @(y)> e (s0) dA(s
(0,x]N(0,1)d-1 c— 11

d—2
- / 1+ / o (502)
(0,x1:4-2] 51 (0,24—1]

D2 (ZSO )d)\(sd 1)dA(s1.4-2)-

Hence, using change of coordinates together with the fact that (™ (cc) = 0 holds for
m=1,2,...,d— 2 it follows that

- /(0 ] 1:[ #(s:) gg%{w(dm (Z p(si) + plza-) + <P(y)>

— g2 <2_: p(si) + (D) + w(y)> }dk(shd—z)
:/(0 }1:[@ P2 <Z<P ) + @(za-1) + oy )) dA(s1.d-2)-



Proceeding analogously d — 3 times finally yields

I = /(0 ] ¢ (51U (p(s1) + @(x2) + - + p(za_1) + ©(y)) dA(s1)

=1 (i p(x;) + w(y)> = C(x,y)

as desired. O

Remark 3.2. Note that our Markov kernel in equation (3.3) is a slightly modified version
of the one considered in [14] and constructed in order to keep notation as simple as possible.
Contrary to [14] we merged the cases where the Markov-kernel is equal to 1 and directly
work with the full level set LI~! instead of considering the interior intLZ*.

Remark 3.3. As mentioned in the proof above pcia-1(L5%™") = 0, implying that in the
first line in equation (3.3) we could substitute the univariate distribution function y +— 1 by
any other univariate distribution function F fulfilling F'(1) = 1.

Remark 3.4. It also seems feasible to consider m-kernels for m € {2,...,d — 2} instead
of (d — 1)-kernels, i.e., to condition on m instead of d — 1 coordinates. As shown by the
subsequent results, however, although (d-1)-kernels involve the highest derivatives of the
generator they are easy to handle and provide various new results, particularly with respect
to the interplay with the Williamson transform as discussed in Section 5.

Example 3.5 (Clayton and Gumbel families, cont.). We first derive the Markov-kernel of
a three-dimensional Clayton copula C' € C2; with parameter § > 0. Strictness implies
that the zero level set of the marginal copula C'? is given by L)% = ({0} x I) U (T x {0})
and that f°(zy, 7o) = 0 holds for all (z1,z2) ¢ L§?. Calculating the derivatives of ¢ and
applying Theorem 3.1 yields that (we will write K¢ (x1,xo,-) instead of Ko ((x1,22),+) to
keep notation simple)

1, M(z1,29) =1 or (z1,29) € L
Ko(z1,22,(0,y]) = 0 _—0. 9 _on—L-2 .
c(@1, 22, (0,y)) (o Ty Ty 0 -2)70 M (21, 22) <1, (21, 22) ¢ Ly

-2 Y

1
(a7 42;%-1)" 70

Turning towards the Gumbel family consider that C' € C2;; with parameter o > 1. Calcu-
lating the second derivative yields

1 1 1 1

V() = ((— — —) + e log(2)> log(2)za 2 exp(— log(2)z#)

a o

for z > 0 and we get

1, M(z1,29) = 1 or (z1,79) € L

KC(x17x27[07y]) = A(x1,x :
ALl M (y,0) < 1, (21,22) ¢ LE2,




where A is given by
Aoz = (5 = ) + o (= o)+ (- loglan)” + (- log)")

((—Tlog(1))" + (— log(22))" + (— log(y))*)*
exp (= ((—log(w1))" + (~ log(z2))" + (= log(y))")

Figure 1 depicts the conditional distribution functions y — K¢o(z1, 22, [0,y]) and (21, x2) =
(0.3,0.7) for some Clayton and some Gumbel copulas.

Q=

)

Q=

1.00 1.00

0.75 0.75

Cl a
— 05 -1
0.50 -1 0.50 -2
—5 -5
— 10 — 10
7
/
0.25 0.25
0.00 0.00
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Clayton Gumbel

Figure 1: Conditional distribution functions y — K¢ (21, 22, [0,y]) for 1 = 0.3 and z2 = 0.7 of the Clayton
copula with parameter 6§ = %7 6=1,0=5, 60 =10 (left panel) and of the Gumbel copula with parameter
a=1,a=2,a=5, a =10 (right panel) as considered in Example 3.5.

Utilizing Theorem 3.1 allows to derive the well-known formulas (see [20]) for the level
set masses and the Kendall distribution function of multivariate Archimedean copulas easily
via Markov kernels and disintegration (see Propositions Appendix A.1 and Appendix A.2
in the Appendix). In fact, for ¢ € (0,1] the identity

(—e®)*

pe(l) = 7O (D70 (1) = DU (1)), (35)
can be shown. Moreover, if C' is strict then puc(Lg) = 0 and for non-strict C'
_ d—1
po(Le) =S40 — - D=@2((0)) (3.6)
holds. Letting F¢& denote the Kendall distribution function of C, for ¢ > 0 we have
’ 200 D it 1 S 0@ e D
Fr(t) =D v\ t)——p(t)" t t)". 3.7
(0 = DU ) Gyl + 3 0 e0) ) (37)
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Moreover for ¢t = 0 and strict C' we have F&(0) = 0, and for non-strict C

Fie(0) = D=9 ((0)) - ~p(0)". (3.8)

holds.

Example 3.6 (Clayton and Gumbel families, cont.). We calculate the level set masses
and the Kendall distribution function for the Clayton and Gumbel families. Obviously
generators ¢ of Clayton/Gumbel copula are twice continuously differentiable on (0, c0), so

po(Le) =0
holds for every C € C,; UCZ,, and arbitrary ¢ € (0,1]. Furthermore, strictness implies
pc(Lo) = 0.

Having that, for C' € C2,; the Kendall distribution function F} is given by

Fie(t) = ¥(p(t) — /(o)) (t) + %w”(w(t))w(tf
=t+ (DL A1+ (1 -7 +1]

for ¢ > 0 and for ¢ = 0 we have F2(0) = 0. Analogously, for C' € C¢,; we obtain

Fie(t) = v(p(t)) — ¢'((t)e(t) + %iﬁ”(so(t))w(t)2

tlog(t)(log(t) + 1 — 3a)

—t 4+
202

as well as F3-(0) = 0. Figure 2 depicts some Kendall distribution functions of Clayton and
Gumbel copulas.

Remark 3.7. In the bivariate setting it is well-known that the formula for the level set
masses can nicely be interpreted geometrically (see [4] and [21, Chapter 4.3]). In fact,
following [4], given a discontinuity b of D*¢ we have

1 1
pc(Ly) = o(b) - (D—gp(b) a D+<P(b)) 7

i.e., po(Ly) corresponds to the length of the line segment on the z-axis generated by the
left-hand and right-hand tangents of ¢ at b (see Figure 1 in [4]). Translating from ¢ and
z-axis to ¢ and y-axis yields as special case of equation (3.5)

pe(Le) = @(b) - (D™¥(p(b)) — D™ (p(b-))) -

To establish the multivariate geometric analogue, rather than tangent lines we can con-
sider the left and right hand Taylor polynomials of 1 of order d — 1 at a € [0, 0), i.e.,

+ P (d=2) _(Z_a>d_1 — () _(Z—a>k
TEwW(a) = DR a) - Ty 4 ) v 0a) -

11
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Figure 2: Kendall distribution function F}- of a Clayton copula for parameters 6 = %, f=1,0=5,60=10
(left panel) and of a Gumbel copula for parameters a =1, @« = 2, a = 5, @ = 10 (right panel).

Having that yields

d—1 d—1 d—2 1k k
T 0 0) = D0 G 4 S e
k=0

and (3.5) reduces to

po(Le) = Ty (0, 9(1) = T v (0, ¢(1) = Fie(t) — Fie(t-),

i.e., the t-level set mass corresponds to the difference of y-intercepts of the left and right
hand Taylor polynomials of 1 of order d — 1 at ¢(t). Panel 2 of Figure 3 in Example 3.8
illustrates this interpretation for d = 3.

Example 3.8. We construct an Archimedean generator ¢ inducing some Cy, € C3 with zy =
1 being a discontinuity point of (D~¢’) and provide a geometric interpretation of puc(L,,)
in terms of ¢». As depicted in the left panel of Figure 3 we start with some non-negative,
convex and decreasing function (—1)¢’ (gray) with D¢ (z0) # D~ 9’(z). Considering

J(z) = /[ (D) A

as well as setting 1)(z) = 1(2)/4(0) yields a generator of a three-dimensional Archimedean
copula Cy, (gray curve in the right panel). The length of the vertical red line segment formed
by the left and right hand Taylor polynomials of order 2 at zy (right panel) coincides with

MC(LZO)'

12



30— -0 ST

Figure 3: Stepwise construction of a non-strict 3-monotone Archimedean generator and geometric interpre-
tation of the zg-level set mass in terms of the vertical red line segment formed by the two Taylor parabolas
in zg as considered in Example 3.8.

4. Characterizing pointwise convergence in Cgr and the interrelation with weak
conditional convergence

In [2, Section 6] it was shown that within the class of bivariate Archimedean copulas
pointwise convergence and weak conditional convergence (defined as weak conditional con-
vergence of A-almost all conditional distributions) are equivalent. Moreover, it was shown
that in the general bivariate setting, weak conditional convergence implies pointwise con-
vergence not necessarily vice versa. We now tackle the question whether analogous results
hold in the general d > 3-dimensional setting. Considering that - contrary to the bivariate
case d = 2 - for two copulas A, B € C? we do not necessarily have AU?~1 = Bld=1 we first
need to discuss potential extensions of the notion of weak conditional convergence to C%.

The seemingly most natural approach would be to say that a sequence (A, )nen of d-
dimensional copulas converges weakly conditional to A € C% if, and only if, there exists a set
A with pg1a-1(A) = 1 such that for every x € A the sequence (K4, (x,)),cy of probability
measures on B(I) converges weakly to the probability measure K4(x,-). As pointed out in
9], however, for A, B € C? we might even have that AU4~! BY4=! (or more precisely, the
measures i 1a-1, figra—1) are singular with respect to each other, making it unreasonable
to compare K4(x,-) and Kp(x,-) since they are only defined uniquely fpiq1.4-1-a.e. and
lpra-1-a.e., respectively (see [9, Example 4.10] for an illustration of this scenario).

As a consequence, the afore-mentioned natural concept of weak conditional convergence
does not yield a reasonable notion in full generality. For certain families of copulas such as
classes of copulas with identical marginals, or for Archimedean copulas, however, considering
weak conditional convergence does make sense. In fact, given C;, Cy € C4 we already know
that Ci**! and C34~! are both not only absolutely continuous but according to equation
(2.3) the corresponding densities ¢}, e3¢~ fulfill ¢**~*(x) > 0 for every x outside of the
respective zero set L(l):d_l, so it can not happen that Cf:d_l and C’%Zd_l are singular w.r.t.

13



each other.

In what follows we will therefore work with the afore-mentioned notion of weak con-
ditional convergence in C¢ and prove the following main result of this section in several
steps:

Theorem 4.1. Suppose that C,C1,Cs, ... are d-dimensional Archimedean copulas with gen-
erators 1, 11,1s, ..., respectively. Then the following assertions are equivalent (Cont(g)
denotes the set of continuity points of a function g):

1. (Ch)nen converges uniformly to C.

(CE9),en converges uniformly to CI for all 1,5 € {1,...,d} withi # j.
(@n)nen converges pointwise to ¢ on (0, 1].

(wn)nEN converges uniformly to 1 on [0,00).

(¢n

(

AN

i )neN converges pointwise to Y™ on (0,00) for every m € {1,2,. — 2} and
D=y )neN converges pointwise to D™= on the set Cont(D~ z/J(d 2))
6. (ck™),en converges to c'™ \,,-almost everywhere in I™ for everym € {2,3,...,d—1}.

Furthermore, any of the siz assertions implies weak conditional convergence of (C’n)neN to

C.

Obviously, assuming uniform convergence of (C,),en to C yields convergence of all
marginal copulas and, in particular, of the bivariate marginals. Thus, the equivalence of
(1), (2) and (3) follows directly from the results in the two-dimensional setting established
in [13].

Remark 4.2. Theorem 4.1 constitutes the natural extension of [13, Theorem 4.2] char-
acterizing uniform convergence within the space of bivariate Archimedean copulas. In the
multivariate setting, however, the afore-mentioned notion of weak conditional convergence
in C¢_ is a consequence of rather than an equivalence to uniform convergence. Slightly mod-
ifying the notion and incorporating the marginal densities, however, an equivalence can be
established, see point (5) in Theorem 4.9 at the end of this section.

In what follows, we show the equivalence of the assertions (4), (5) and (6) and then
conclude the section by deriving weak conditional convergence in several steps. We start
with the following lemma clarifying the relationship between convergence of the generators
and their pseudo-inverses. The proof of an analogous result in the context of t-norms with
multiplicative generators can be found in [15, Theorem 8.14].

Lemma 4.3. Suppose that 1,11,1, ... are Archimedean generators with pseudo-inverses
©, 01, P2, - - ., Tespectively. Then (n)nen converges pointwise to ¢ on (0, 1] if, and only if,
(¥n)nen converges to ¥ uniformly on [0, 00).

Proof. Defining

~ o Y(—w) ifw<0
Plw) = {1 otherwise
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yields a univariate distribution function 1) on R whose pseudo-inverse (¢)~ : (0,1] — R
coincides with —p. Considering that weak convergence of distribution functions is equivalent
to weak convergence of their pseudo-inverses (see [26, Lemma 21.2]), using continuity of
the involved functions it directly follows that pointwise convergence of 1, to ¥ on R is
equivalent to pointwise convergence of —¢, to —p on (0,1] for n — oo. In other words:
¥, — 1 pointwise on [0,00) if, and only if, ¢, — ¢ pointwise on (0,1]. Finally, uniform
convergence of 1, to ¥ on R is a direct consequence of the fact that pointwise convergence of
a sequence of univariate distribution functions to a continuous distribution function implies
uniform convergence. Having that, obviously uniform convergence of (¢, )nen to 1 on [0, 00)
follows. O

The next lemma focuses on convergence of the derivatives of the Archimedean generators.
Thereby we say that a sequence (f,,)nen of real functions (f,),en converges continuously to
[ if for every sequence (x,)nen converging to € Cont(f) we have lim, oo fu(xn) = f(2)
(cf. [17, Definition 3.18.1]).

Lemma 4.4. Suppose that C,Cy,Cs, ... are d-dimensional Archimedean copulas with gen-
erators 1, 1,s, ..., respectively. If (Cp)nen converges pointwise to C' then for every
m € {0,1,2,...,d — 2} we have

lim ("™ (2) =™ (2).

n—oo
for every z € (0,00) and lim,,_, D—wﬁf‘”(z) = D=2 (2) for every z € Cont(D~¢(4=2).
Moreover, in both situations the convergence is continuous, i.e., for every sequence (2, )nen in
(0, 00) converging to z € Cont(D ™ @=2) it holds that lim,, waﬁbd_m(zn) = D=2 (2).
Vice versa, if (1[1,(1”1))”61\] converges pointwise to ™ on (0,00) for somem € {1,2,...,d—2}

then (Cy)nen converges pointwise to C' and the same holds in case lim,,_, D*ﬂ)ﬁbd_Z)(z) =
D=2 (2) for every z € Cont(D~¢(4=2).

Proof. We already know that pointwise convergence of (Cy,)nen to C'is equivalent to uniform
convergence of (¢, )nen to ¥ on [0,00). Convexity of generators implies that the sequence
() )nen converges pointwise to ¢’ on Cont(¢)') = (0,00) (see, e.g., [23, Theorem 25.7]).
Considering that (—1)™g™) (—1)mp{™ (=1)mp{™. .. are convex functions for every m €
{1,...,d — 2} too, applying [23, Theorem 25.7], continuous convergence follows. The fact
that (D~% ™) ,en converges continuously to D~ on Cont(D~ (%) is a consequence
of Lemma Appendix A.3 in the Appendix.

We prove the reverse implication only for the case d = 3 and assume that (D’¢£Ld_2))neN
converges to D@2 on Cont(D_w(d_Q)) since the analogous statement for m € {1,...,d—
2} follows in the same manner and the extension to arbitrary d > 3 is obvious. For z € [0, 00)
according to equation (2.2) we have

z) = —'(s)d\(s) = — — D= (t)dX(t)d (s
b(2) /W) ¥/(5)dA(s) /{m /[m) H(HANE)AN(s)

_ / Do/ (#) dA(t)dA(s)
[z,00) [spo)T
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and the same holds for every v,,. Using 1(0) = 1,,(0) = 1 we can interpret the functions
lnyt 2 A — [0,00), defined by

tn(t,s) := D7 (s), (t,s):= D7 Y'(s)

as probability densities on the measure space (A, B(A), A2) with A denoting the closed set
A :={(z,y) € [0,00)? : y > z}. By assumption, the sequence (i,)nen converges Ag-almost
everywhere on A to ¢, so applying Scheffe’s theorem (or Riesz’ theorem, see [18]) yields

n—o0

lm [ |e(t,s) — u(t,s)]dNa(t, s) = 0.
A
Hence, for an arbitrary z € (0, 00) using the triangle inequality it follows that

[¥n(2) —¥(2)] =

/[ [ P - D@ ana)

< / ltn(t, s) — u(t, s)|dNa(t, s) < / |tn — t|dAy — 0
AN[z,00)? A

for n — oo, which completes the proof. n

Altogether we have already established the equivalence of the first five assertions in
Theorem 4.1 and it remains to show the equivalence of the sixth assertion, which is tackled
in the following lemma:

Lemma 4.5. Suppose that C,C1,Cs, ... are d-dimensional Archimedean copulas with gen-
erators 1,1, 1s, . .., respectively. Then pointwise convergence of (Cp)nen to C is equiv-
alent to pointwise convergence of (c:™) to c"™ almost everywhere in I™ for some
me{2,3,...,d—1}.

neN

Proof. We only prove the equivalence for m = d — 1 since considering the fact that
Cont (™) = (0, 00) holds for m = 1,2,...,d — 2 all other cases follow analogously.
First observe that the set

= {x € (0,1)4 1 i:go(xl) € Cont(D_w(d_Q))} € BI* )

has full Lebesgue measure in 1971, In fact, considering I'* := (0,1)471 \ ", applying disinte-
gration and writing x1.4_o = (21,22, ..., T4 2) yields

AT = [ A )sa) Dhaaloias). (4.1
(071)(172

For arbitrary X;.4_o € (0,1)%2 obviously the x;.q_o-cut (I'¢) of T fulfills

X1:d—2

Ty = {xdl € (0,1): icp(mi) & Cont(DW?))} .

=1
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Considering the fact that D~1(?=?) has at most countably infinitely many discontinuities
and that ¢ is strictly decreasing it follows that (I'°), , , is at most countably infinite and
therefore has A-measure 0. Applying equation (4.1) therefore directly yields Ag_1(I'*) = 0,
implying A\y_1(I") = 1.

In case lim,, o, doo(Cy, C') = 0 holds, for x € T applying Lemma 4.4 yields

d—1 d—1
. 1:d—1 1 I (o) . )=o), (d—2) 4
lim ¢ (x) = lim H%(%) D™y (Zl %(%))

= 1:[90/(%.) . D_¢<d_2) (i 80($z)> _ Cl:d—l(x).

i=1 i=1

Conversely, almost everywhere convergence of (c}™),en to ¢ implies almost everywhere
convergence of (c-?),en to 2. Using Scheffé’s theorem we get that (C)2),cn converges
pointwise to C'*2. Since convergence of bivariate Archimedean copulas is equivalent to
pointwise convergence of (p,)nen to ¢ applying Lemma 4.3 yields uniform convergence of
(¥n)nen to ¥ and the assertion follows from the already established equivalence of the first

four assertions of Theorem 4.1. O

Having proved the equivalence of the six conditions in Theorem 4.1 we now show that any
of these properties implies weak conditional convergence. Notice that for the case that the
(Archimedean) limit copula C' is non-strict for every z > ¢(0) we obviously have

lim (—1)42D =42 (2) = 0.

n—o0

We now focus on ‘good’ x € 197! and y > f°(x) and show convergence of the Markov kernels.
Notice that the subsequent lemma already establishes weak conditional convergence for the
case of a strict d-dimensional limit copula C.

Lemma 4.6. Suppose that C,C1,Cs, . .. are d-dimensional Archimedean copulas with gener-
ators 1,1, s, ... and Markov kernels Ko, K¢, , Kcy, - - ., respectively. If (Cy,)nen converges
uniformly to C then there exists a set A € B(I™Y) with pecaa—1(A) = 1 such that for every
x € A the following assertion holds: there is some set U* C [f°(x),1] which is dense in

[f°(x),1] and which fulfills that for every y € U*

lim KCH(X, [O,y]) - KC(X> [O7y])

n—oo

holds.
Proof. As shown in Lemma 4.5 the set
d—1
I= {X € (0,1)4t: ng(azz) € Cont(D_zp(d_z))}
i=1

satisfies Aq_1(I') = 1. Considering pcra-1(T) = [ "1 dAg_y = 1 it follows that A :=
I\ Ly fulfills pera-1(A)=1. For fixed x € A it follows by the same reasoning as in 4.5
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that

=1

U = {y e [f°(x),1] : iw(l’i) +o(y) € Cont(D‘w(d‘”)}

is of full A-measure in [f°(x),1]. Fixing x € A, y € U* and considering z, = Zf;ll on(T;)
and z = Zf:_ll ¢(z;) as in Lemma 4.4, we have z, > z. Moreover, using x € T, it follows
that z = Zf:_ll ¢(x;) € Cont(D~@2), so applying Lemma 4.4 directly yields

d—1 d—1
Dy (Z ¢n<xi>> =¥ Dyl (Z som)) .
=1 =1

Analogously, using Zf;ll o(x;) +¢(y) € Cont(D~ @ ?)) and applying Lemma 4.4 it follows

that
d—1 d—1
Dy (Z onlx) + %(?A) =3 Dl (Z () + sO(y))

i=1
which altogether shows

. - D (Zf;f %(%H%(@/))
Mim Ke, (x,10,9)) = lim ———2 57—
D=4n <Zi:1 ‘PH(%))
DU (S ) + o)
Dt (T ()

= Ko(x,[0,9]).

]

It remains to show that we also have convergence for ‘good’ x and y < f%(x) (only
relevant in the case of non-strict limit C.)

Lemma 4.7. Suppose that C,C1,Cs, . .. are d-dimensional Archimedean copulas with gener-
ators 1,1, 0s, ... and Markov kernels Ko, K¢y, Key, - . ., respectively. If (Cp,)nen converges
uniformly to C then there exists a set A € B(IY) with pera(A) = 1 such that for all
x € A we have

lim K¢, (x,[0,9]) = 0 = Ko(x, [0,9])

n—oo

for every y € [0, f0(x)).

Proof. Obviously it suffices to consider non-strict C'. Let A be as in the proof of Lemma
4.6 and fix x € A and y € (0, f°(x)). Then, using the fact that ¢ is invertible in (0) —

Sy pla) and 0 < y < fO(x) = ((0) = i) (), yields that Y1) @(a:)+e(y) > ©(0)
and we have

d—1 d—1

g&z%(agi) +on(y) = ela:) + ely) > ¢(0).

=1
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Since D~4(@? is left continuous, considering 3% o(z;) + ¢(y) > (0) yield 3! p(x;) +
¢(y) € Cont(D~@2), so applying Lemma 4.4 (continuous convergence),

lim D7y (Z on(2:) + n(y )) =D ypl? (Z o(;) +90(y)) =0

=1

as well as o
(d—2) — ), (d=2) .
Tim D™y (Z% ; ) = D79 (29@(%)) # 0

follows. Having this, according to equation (3.3) the desired identity lim,, . K¢, (x,[0,y]) =
0 follows. Analogous arguments (or, simply using the fact that - by disintegration (2.1) -
for every d-dimensional copula C' we have K¢(x,{0}) = 0 for pc1a-1-almost every x € T471)
also apply in the case y = 0, so the proof is complete. O

Remark 4.8. The proof of Lemma 4.7 is also applicable in dimension d = 2 and therefore
provides an alternative simpler version of the rather involved approach followed in [13].

Theorem 4.1 has the following straightforward consequence (analogous to the bivariate
statement considered in Theorem 4.2 in [13]):

Corollary 4.9. Suppose that C,C4,Cy,... are d-dimensional Archimedean copulas with
generators 1,1, s, . . ., respectively. Then the following assertions are equivalent:

1. (Cp)nen converges uniformly to C.

2. (¢n)nen converges pointwise to ¢ on (0, 1].

3. Wn)neN converges uniformly to 1 on [0,00).

4. (i )neN converges pointwise to ™ on (() oo) for every m € {1,2,. — 2} and
(DY~ )neN converges pointwise to D~ on the set Cont(D w(d 2)).

5. (Cp)nen converges weakly conditional to C and (ck91),en converges to 471 Ny ;-

almost everywhere in 1971,

Proof. We already know that the first four conditions are equivalent and that each of them
implies the fifth assertion. On the other hand, if the conditions in (5) hold, then we also
have \,-almost everywhere convergence of (c}™),cn to ¢t for every m € {2,...,d — 2}

and applying Theorem 4.1 completes the proof.

The next example illustrates that convergences of the parameters of Clayton or Gum-
bel copulas implies assertions (1) — (6) in Theorem 4.1 and hence also weak conditional
convergence.

Example 4.10 (Clayton and Gumbel families, cont.). It is straightforward to see that both,
in the Clayton and in the Gumbel family, convergence of a sequence of parameters implies
uniform convergence of the corresponding generators on [0, 00) and pointwise convergence
of the corresponding pseudo-inverses. Considering, e.g., # = 0.3 and 6,, = W for every
n € N as parameters of 3-dimensional Clayton copulas with normalized pseudo-inverses

on(t) = t;:,%_ll and ¢(t) = g: =, then obviously lim, o 0, = lim, o 0'3Z+5 = 0.3 =4,
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50 ¢n =3  on (0,1] and all assertions (1) — (6) in Theorem 4.1 and weak conditional
convergence follow. Convergence of the respective ¢,, and v, is illustrated in Figure 4.
Turning towards the Gumbel family and considering, e.g., a,, = /n for n € N and a = 1
as parameters we obviously have lim,, .o @, = lim,,_,o {/n = 1 = « implying ¢, ey ®.
Thus assertions (1) — (6) in Theorem 4.1 and weak conditional convergence hold. Figure 5
illustrates the corresponding functions ¢,, and ,,.

200

— b5 - Us
= de o = gl
— 1000 — Wio00

® [

100

\
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0.00 0.25 0.50 0.75 1.00 10 15 20

o
o

Figure 4: Generators of Clayton copulas; ¢ (black) and ¢,, (left panel), ¢ (black) and v, (right panel) for
n =>5,n=10, n = 100 and n = 1000 as considered in Example 4.10.
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Figure 5: Generators of Gumbel copulas; ¢ (black) and ¢,, (left panel) ;3 (black) and v, (right panel) for
n=>5,n =10, n = 100 and n = 1000 according to Example 4.10.
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5. Archimedean copulas and the Williamson transform

Following [24, Theorem 1.11], every d-monotone function can be represented via
the so-called Williamson transform of a unique probability measure on [0,00). As a
consequence, we may describe and handle d-dimensional Archimedean copulas C' = C),
in terms of their corresponding probability measure 7 on [0,00). In what follows we
first establish some complementary useful results describing the interrelation between
generator 1 and probability measures 7, express masses of level sets as well as the
Kendall distribution function handily in terms of v, show that regularity properties of the
corresponding measure v carry over to the Archimedean copula and prove the fact that
pointwise convergence of Archimedean copulas C7,Cs, ... to an Archimedean copula C' is
equivalent to weak convergence of the corresponding probability measures 7,7z, ... to the
probability measure . Based on these facts we then finally show that both, the family
of absolutely continuous and the family of singular Archimedian copulas is dense in (C% , d.).

We start with recalling the following result (see [20] and [24, Theorem 1.11]) where we
write f7* for the m-th power of the positive part f} of a function f, ie., f7* := (fy)™

Theorem 5.1. Let ¢: [0,00) — I be a function and d > 2. Then the following two condi-
tions are equivalent:

(1) 1 is the generator of a d-dimensional Archimedean copula Cy.

(2) There exists a unique probability measure vy on B([0,00)) with v({0}) = 0 such that
6= [ - anw = o)), 6.1)
0,00

holds for every z > 0. In other words, ¥ is the Williamson transform Wy of .

Obviously our assumed normalization property (1) = % translates to

Ja-ntan =3 (5:2)

In what follows we therefore only consider measures ~ fulfilling equation (5.2), let Py,
denote the family of all these measures, i.e.,

P = {r e P0.00) n) —0and [u-0 =3 53)

and refer to Py, as the family of all d-Williamson measures.
Again following [20] next we derive an explicit representation for the cumulative distri-
bution function of v in terms of the Archimedean generator :

Lemma 5.2. Let ¢ be the generator of a d-dimensional Archimedean copula and v € Py,
its corresponding Williamson measure. Then
=2 1 _1)d-1p—pd-2)(1
(DM 1 (D)D) 1

k=0

holds for every z > 0.
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Proof. Defining F': (0,00) — I by F(2) :=~([0, z]) = 7((0, z]) according to [27]
Flz)=Y 2~z (5.5)

holds for every continuity point z of F, i.e., for every continuity point z of D=t(@=2) Set
Cont(D~9(42) and define the function G : (0,00) — I by

L2 ()W) 1 (DDA
R d—1) T

G(z) =
k=0
Then the distribution function F' and the right-continuous function G coincide on the set

Cont(D~44=2)) and since the latter is dense in (0, c0) equality F' = G follows and the proof
is complete. O

Example 5.3 (Clayton and Gumbel families, cont.). For the Clayton copulas we obtain
the following cumulative distribution function of the Williamson measure v of C' € C2,; with
parameter 6 > 0 (see left panel in Figure 6):

V() Y(3)

z * 222

20 1 (29 —1)%(5 +1) 1
6(20 — 1+ 2) 2«9(29—1+z)2} (%;1+1)%

1(0,2]) = (1) -

_{H

Y

Proceeding analogously, calculating the required derivatives of 1 yields the following
Williamson measure v of C' € C2; with parameter a > 1 (see right panel in Figure 6):

(102D =) - Y2 4 20
= |1+ log(i?,z_flx + 10g2<2) ((é _ %) " loi(ZQ) z_i) Z_;] ol log@)z_é)‘

The following lemma expresses D~ ¢(4~2? (appearing both in the numerator and the
denominator of the Markov kernel K¢(+,+) in Theorem 3.1) in terms of v and will be useful
in the sequel:

Lemma 5.4. Let ¢ be the generator of a d-dimensional Archimedean copula and v € Py,
be the corresponding Williamson measure. Then

0>G(2):= (=)D Y42 (2) = —(d — 1)!/ t1dy (1)

(0,1]

holds for every z > 0.
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Figure 6: Cumulative distribution function of the Williamson measure « of the Clayton copula with the

parameter 6 = %, 0=1,0=5,6=10 (left panel) and of the Gumbel copula with parameter a = 1, o = 2,

a =5, a =10 (right panel).
Proof. According to [24, Theorem 1.11] we already know that for every z > 0 we have

(D) = @1 [ s

[0,00)

—(d—1) /(0 =20 (0)

Since (—1)?2¢%2 is convex, the left hand derivative exists everywhere in (0,00) and is
left-continuous. For fixed z > 0 considering the left-hand difference quotient

Qn(z) == (d—1)! /(0 )tdQ(l sE h))h+ = tz}+d7(t)
for h € (—2,0) we get
hz:(d_l)' d721_ 4+ hNd
Q) = 1= /(;zih)t (1—t(z + h))dy(1)
(d—1)! =271 _ (5 1+ ) — (1 — t2)1d
— /(o,i}t [(1—=t(z+R)) — (1 —t2)]dy(t)
_ (dil)!/@ Zih)td‘z(l—t(wh))dv(t) —(d—1)! /M ¢y (1),
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and it suffices to show that [, converges to 0. Using the monotonicity and non-negativity

of the functions t — t*~2 and t — 1 — t(z + h) on (2, Z%h) it follows that

ol |i(z1+1h)“ (l_jzh) ! (Gzih))
T 7((E’Hh))

from which the assertion follows immediately. O

As first application of the previous lemma we characterize strictness in terms of the
Williamson measure ~:

Lemma 5.5. Suppose that C' is an Archimedean copula with Williamson measure v € Py, .
Then C' is strict if, and only if the support of v contains 0, i.e., if v([0,7)) > 0 for every
r > 0.

Proof. If the support of 7 contains 0 then obviously f(o " t4=1dy(t) > 0 for every r > 0,

hence applying Lemma 5.4 directly yields (—1)4"*D=(?=2)(z) > 0 for every z > 0. Having
this, strictness of ¢ follows immediately.

On the other hand, if there exists some r > 0 with 7(][0,7)) = 0 then considering 2z, =
+ and again using Lemma 5.4 we have (—1)*'D~4@ 2 (z) = 0. Since the function
2+ (—=1) 1D~ 9(@=2)(2) is non-negative, non-increasing and left-continuous it follows that

(—=1)*'D=94=2)(2) = 0 holds for every z > z,. Hence ¥)(2) = 0 and ¢ is non-strict. [

We now return to the formulas for the level set masses and the Kendall distribution
function of Archimedean copulas as already mentioned in Section 3 and reformulate them
elegantly in terms of the Williamson measure 7. Although surprising, to the best of the
authors’ knowledge these formulas seem to be new:

Theorem 5.6. Let C be a d-dimensional Archimedean copula with generator ) and William-
son measure 7. Then (compare with equations (3.5) - (3.7)):

po(L) =1({FH: t € 0.1 (5.

holds for every t € (0,1] and every C. Furthermore, for strict C' we have uc(Ly) = 0, and
for non-strict C'

pe(Lo) = v{zH- (5.7)
holds. Finally, the Kendall distribution function FE of C' fulfills
F(t) = ([0, 5i5) (5.8)

for every t € (0,1].
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Proof. First of all notice that the expression for the Kendall distribution function follows
immediately from equation (5.4). Furthermore for ¢ € (0, 1] considering

pe(Le) = Fie(t) — Fie(t-)

equation (5.6) follows immediately from equation (5.8). Finally, using equation (3.6) and
incorporating Lemma 5.4 yields

(=1 (p(0)*
(d—1)!

o (Lo) — D 52((0)) = (0)" /( #1dn ().

0]

Since equation (5.1) implies that for every zy > 0 we have that ¢(zy) = 0 is equivalent to
7((0, %)) = 0, the right-hand side of the last equation simplifies to fy({ﬁ}) and the proof
is complete. O
Remark 5.7. Notice that equation (5.8) implies Fj-(3) = ([0, 1]). More importantly, the
(probably most) famous conjecture in the context of Archimedean copulas, saying that for
every fixed d > 3 two Archimedean copulas C, D € C? are identical if, and only if their
Kendall distribution functions coincide (see [7] and [8]) would follow if it could be shown
that the mapping assigning each Williamson measure v the function F, : I — I, defined by

-1l

is injective, where ¢, denotes the pseudo-inverse of the generator 1 = Wy .

Example 5.8. The probability measure v = %51 /4t % d3/4 obviously fulfills v € Pyy,. The
induced generator 1 is given by

2

1—%2—1-% if z < %
V(z) = %(1—%)2 if z € [3,4]
0 otherwise

and it is straightforward to verify that gp(%) = ‘51 and ¢(0) = 4 holds. Using Theorem 5.6
therefore yields puc(Lo) = g as well as puc(L7qs) = %- Figure 7 depicts the distribution
function z — ([0, 2]) of v

00~

left panel), the induced generator ¥ (middle) and the sets Lg
and Lz1s carrying the mass (right panel).

The next result complements Theorem 4.1 and adds a seventh equivalent condition
in terms of the corresponding Williamson measures. During the process of preparing this
manuscript it has been brought to our attention that this very result was already established
in [1]. Considering that the result is key especially for the subsequent regularity results and
that the subsequent proof is simpler and less technical than the one given in [1] we include
it for the sake of completeness.

Theorem 5.9. Suppose that C,C1, Cs, . .. are d-dimensional Archimedean copulas with gen-
erators ¥, q,vs, ... and let v,v1,%2,... denote the corresponding Williamson measures.
Then the following assertions are equivalent:
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Figure 7: Distribution function of ~ (left panel), induced generator ¢ (middle) and the sets Lo and L7/5
(right panel) as considered in Example 5.8.

(1) (Cp)nen converges uniformly to C.
(2) (Yn)nen converges weakly on [0, 00) to .

Proof. According to Theorem 4.1 the first assertion is equivalent to uniform convergence of
(Vn)nen to . (i) If (74,)nen converges weakly to «y, then applying Theorem 5.1 and using
the fact that the function ¢ +— (1 — ¢2)%" is continuous and bounded

. i d—1 n—o0 — itz d—1 — P
Ynl2) = /[ RN / =t =)

follows for every fixed but arbitrary z € [0, 00). (ii) Vice versa, using Lemma 5.2 and Lemma
4.4 and considering z € (0,00) with 1 € Cont(D~¢(*"?) yields

()™ D Py

nh_{goﬁ)/n([oa Z]) = JE&Z%Z + (d— 1)| <
d—2 e (e
_ (—1)%(’“)6) —k (_1>d 'D w(d 2)(%) —d+1
L T e
= ([0, 2])

This completes the proof since, firstly, (0,1) \ Cont(D~%(?=?) is at most countably infinite
and, secondly, convergence of distribution functions on a dense set implies weak convergence.
m

Example 5.10 (Clayton and Gumbel families, cont.). We illustrate Theorem 5.9 by consid-
ering the special situation of three-dimensional Gumbel and Clayton copulas: Considering
0 = 0.3 as well as 0, = 235 for every n € N, and using that §, "= 6 yields that the
induced three-dimensional Clayton copulas C,, converge uniformly to C'. Therefore, accord-
ing to Theorem 5.9 we have weak convergence of the corresponding Williamson measures
Yn t0 7y (see right panel of Figure 8). Analogously, for o, = {/n and @ = 1 we have uniform
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convergence of the associated three-dimensional Gumbel copulas C),, to C' and thus weak
convergence of the corresponding Williamson measures 7, to v (see right panel in Figure

1.00 1.00 F

0.75 0.75
— waS - %

050 — Wi o50 — Yo
— W0 — Y100
— Wio00 — Y1000
Ty _

0.25 0.25

0.00 0.00

Figure 8: Generators and cumulative distribution functions of the Williamson measures of Clayton copulas;
1 (black) and v, (left panel) and v (black) and -, (right panel) for n = 5, n = 10, n = 100 and n = 1000
as considered in Example 5.10.

We now focus on studying how regularity /singularity properties of the Williamson mea-
sure carries over to regularity/singularity properties of the corresponding copula C., € CZ
and first recall some basic notation. For every m € {1,...,d} we say that a finite mea-
sure ¥ on B(I") is singular (with respect to A,,) if there exists some G € B(I™) fulfilling
Y(G) = 9(I™) and A\y(G) = 0. A copula C' € C™ is called singular if the corresponding
m-stochastic measure ¢ is singular.

For the bivariate setting singularity of a copula C' is equivalent to singularity of A-almost
all conditional distributions K¢(z, -) (see Lemma 1 in [5]). A a fully analogous statement can
not hold in general for arbitrary d > 3 - in fact, for example the copula C' of a random vector
(X, X,Y) with X|Y being independent and uniformly distributed on [0, 1] is obviously
singular but pci2 = pp-almost every conditional distribution K¢ (x,z,+) coincides with A
and therefore is absolutely continuous. Assuming, however, absolute continuity of C*¢~! as
it is the case for every C' € C? | an analogue of the bivariate result remains valid:

ar?

Lemma 5.11. Let C be a d-dimensional copula such that CY 9! is absolutely continuous.
Then C is singular if, and only if there exists some set A € B(171) fulfilling prer:a(A) = 1
such that Ko(x,+) is singular for every x € A.

Proof. If C' € C% is singular then by definition there exists some set G € B(I¢) fulfilling
uc(G) = 1 as well as \y(G) = 0. Disintegration (see equation (2.1)) therefore yields the
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Figure 9: Generators and cumulative distribution functions of the Williamson measures of Gumbel copulas;
¥ (black) and v, (left panel) and v (black) and ~, (right panel) for n =5, n = 10, n = 100 and n = 1000
according to Example 5.10.

existence of some set A; € B(I¢™!) with pcia—1(A;) = 1 such that Kco(x,Gx) = 1 holds for
all x € Ay. Moreover, again by applying disintegration, we have

0= \(G) = / M (G)dA ()

so there exists some set Ay, € B(I471) fulfilling with Ag_;(As) = 1 such that for all x € Ay
we have \(Gx) = 0. Since for every set G € B(I?!) with \;_1(G) = 1 we also have
a1 (G) = 1, setting A := Ay N Ay yields peia-1(A) = 1 and it follows that for every
x € A the x-cut Gy of G fulfills K¢(x,Gx) = 1 as well as A(Gx) = 0. In other words,
Ko(x,+) is singular and the first implication is proved.

The reverse implication can be proved as follows. We show the contraposition and assume
that pc is not singular with respect to )y, i.e., the absolutely continuous part u&® of the

Lebesgue decomposition pc = u® + pscmg of ue with respect to \; is non-degenerated in

the sense that u&*(1?) > 0 holds. Let G' € B(I1?71) with A\y_1(G) = 0 be arbitrary but fixed.
Then obviously

(Msgng)lzd—l(G) _ Mug'ﬂg(G % ]I) < ,U«C(G X ]I) = ,ulcid_l(G) = /Gcl:d_l(X)dAd_ﬂX) =0,

so there exists a Radon-Nikodym derivative f: 1471 — [0, 00) of (&™) 4~ with respect to
Aa_1. Letting k: I¢ — [0,00) denote the Radon-Nikodym derivative of u&* with respect to
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A4, for arbitrary E € B(I™!), F € B(I) we get

/Kc x, F)e 1 (x)dAq s /KC x, F)djicnos (x)

= po(E x F) = jig"(B % F) + g™ (B x F)

- [| ] rxmar >} Do)+ [ Hc F)A) 4 )
_ / /F k(x, 5)dA(y }d)\d 1 / H ™ (x, F) f (x)d A1 (%)
— /E /F k(x,y)d\(y) + H*(x, F) f(x)] dAg-1(x),

where in the third line we used the disintegration theorem for arbitrary finite measures and
H#™I(x, -) denotes the conditional measure (sub- or super Markov kernel) of ug"Y given x.
Since E € B(I4!) it follows that

Ke(x, F)ct 1 (x) = / k(x, 5)dA(y) + H9(x, F) f(x)

holds for \;_;-almost every x € I¢71. Using the fact that ug =1 is absolutely continuous
and that obviously peia({x € I971: ¢l471(x) = 0}) = 0 yields the identity

k(x,9) ~ f(x)
K Fy= [ 259 g\(y) + B9 (x, F) -1
cloe.P) = [ ST + )
for pea—1-almost every x € 1971, Since u&*® is non-degenerated by assumption, there exists
aset T € B(I%1) with ¢"4~1(x) > 0 for every x € T and jic1.a-1(T) > 0 such that for every
x € T the absolutely continuous measure F' — [, cﬁﬁ’_‘—f’({()dA(y) is non-degenerated. This
shows that for such x the measure K¢ (X, -) can not be singular and the proof is complete. [

Following [19] every Markov kernel Ko(-,+): 197! x B(I) — I can be decomposed into
the sum of three sub- Markov kernels from I to B(I) as

Kc(x,) = Kg(x, ) + K& (x, ) + K& (x, ), (5.9)

whereby each measure K&*(x,-) is discrete, each Kgmg (x,-) is singular and has no point
masses and K3 (x, -) is absolutely continuous on B(I). Again assuming absolute continuity
of Ct4=1 and letting c'*¥~! denote the corresponding density in what follows we will refer

to the three measures &, ,uéf”g, pds . defined via disintegration by

PG = | K& (x, G (x) AN (%)
[d—1

pE(G) = | KMk, G (x)dA g (x) (5.10)
[é—-1

PG = [ RS G () (x)
[d—1
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for every G € B(I) as the discrete, the singular, and the absolutely continuous component
of Mo

We now show how singularity/regularity of - carries over to the corresponding
Archimedean copula.

Theorem 5.12. Suppose that C' € C%. has generator ¢ and Williamson measure v € Py, .
Then the following assertions hold:

abs

(1) If 7 is absolutely continuous then u%*(14) =1, i.e., C is absolutely continuous.
(2) If v is discrete then pdis(14) = 1.
(3) If v is singular without point masses then pg"?(I%) = 1.

Proof. (i) The first assertion has already been established in [20] and can alternatively be
proved easily as follows: Suppose that v is absolutely continuous with density f. Then
using Lemma 5.4 we have

(=) 2D 2 (2) = —(d — 1)! / tLF() A (2).

(0,4]

z

Considering that the right-hand side is obviously continuous in z it follows that (4~ exists
on the full interval (0,00). Moreover, the right-hand side is easily seen to be absolutely
continuous, hence Proposition 4.2 in [20] yields absolute continuity of C.

For the proof of the remaining two assertions first notice that it suffices to consider x fulfilling
M(x) < 1and x ¢ L. Additionally, in this case it holds that 0 < 327 o(z;) < ¢(0) €

(0, 00] as well as (1)1 D=¢(d=2) (27;11 gp(mz)> > 0. Moreover, assuming y > f°(x) using
Lemma 5.4 the Markov kernel K¢ (+,-) according to equation (3.3) can be expressed as
G (Zf;f o(x:) + w(y)) Sy, 14y (D)

Keo(x,[0,9]) = G(Z?jcp(m)) G0 (5.11)

. a1 _
with [, = <0, s lﬁ(mi)-‘v‘(ﬁ(y)] for every y € I and G as in Lemma 5.4.
(ii) Suppose now that ~ is discrete. Then there exist aj,as,... € (0,00) and constants

ap,ag,... € T with 3777 a; = 1 such that v = 377, a;d,, holds, and equation (5.11)
simplifies to

d—1
Zj:ajely aj a;

d—1 :
Zj:ajeh aj a]

Notice that we do not assume all ; to be greater than zero, so the case of finitely many point
masses is covered as well. Considering, firstly, that Kc(x, [0,y]) = 0 for y < f°(x) and that
the condition a; € I, is equivalent to y > (L — S o(a)) the function y — Ke(x, [0,y])
can be written as ’

Ko(x,[0,y]) = (5.12)

Ko(x,[0.4]) = ) Bl s v V)

j:rajel
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d—1
a; g

with 8; = ZJ—‘H and therefore it
liaj €1y a S

is easily seen to be the distribution function of the discrete probability measure on I

having point mass Za’—aj_l in (+ — Zf;ll ¢(x;)) for every j with a; € I;. In other
l:alefl a; ay aj )

words, K¢(x,-) is a discrete probability measure, so Ko(x, ) = K&*(x,-) holds for all x
fulfilling M(x) < 1 and x ¢ L{*"!. Having this and using equation (5.10) p*(1?) = 1
follows.
(iii) Finally suppose that v is singular without point masses and again consider some x
fulfilling M (x) < 1 and x ¢ Ly* . To show that p8"(I) = 1, we prove that the dis-
tribution function y — FC(y) = Kc(x,[0,y]) is continuous and has derivative 0 A-almost
everywhere which is equivalent to singularity of the Markov-kernel K¢(x,-) with respect to

A. According to Theorem 5.6 we have pc(L:) = 7({%}) = 0 for every ¢ € I, hence the
conditional distribution function F¢ has no point masses and therefore F is continuous.
It now suffices to show that the derivative (FC) fulfills (FS) (y) = 0 for A-almost every
y > fY(x), which can be done as follows: As already mentioned before, our choice of x
implies that 0 < Zf;ll o(x;) < ¢(0) € (0,00], so in particular

1 - 1
S )~ @ (0)
and vy(I1) = v((0, m]) > ~((0, ﬁ}) > 0. Defining the measure m : B((0,00)) —

[0, 00] by
m(B) ::/Btdld”y(t)

it follows that m is o-finite (in fact, finite for every finite interval), singular with respect to
A, has no point masses and fulfills 0 < m(l;) < co. Letting G, : I; — [0,00) denote the
measure-generating function induced by m via G,,(z) := m([0, z]) singularity of m implies
that G/, = 0 A-almost everywhere on (0, 00), hence considering

AN={zel,:G (2) =0}
yields A(A) = A({1). Defining T by

1
T := 0(x),1] : : A B(I),
{ye(f( b1 S () + o(y) © }E W

using the fact that ¢ is differentiable and strictly decreasing on (0, 1) with derivative bounded
away from 0 on any compact interval [a,b] C (0,1) it follows (see [12, Lemma 7.1.29]) that
AMT) = M(f°(x),1]). For every y € Y, however, the chain rule together with (5.11),
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Gm (Z:d—+> = fIy t4=tdy and m(I,) = fh t4=1dy(t) yields that

oy 1o d 1

B = my ay & (Zf:f w(mi)ﬂo(y))
i i) & ()
mh) "A\SE ) +ely) ) O\ S e@) +ew))

-0

Altogether we have shown that for arbitrary x fulfilling M(x) < 1 and x ¢ Ly the
measure K¢(x,-) is singular without point masses, i.e., Ko(x,-) = K;™(x,-) holds and
considering equation (5.10) again pg"(I?) = 1 follows. O
Remark 5.13. The second assertion of Theorem 5.12 can be proved in the following alter-
native way (the afore-mentioned version was chosen in order to underline the similarity of
the discrete and the singular case): Let v =3, ; a;d,, for some finite or countably infinite
index set J C N where o; > 0 for every j € J, and )| jes =1 (without loss of generality
we assume a; # a; for ¢ # j). Then for every j € J there exists a unique ¢; € [0,1) with
ﬁtj) = a; and according to Theorem 5.6 we have

e (U Ltj> = pe(ly)=> v ({ﬁ])}) =1

jeJ jeJ jeJ

The set L := {J,c; Ly, is as at most countable union of Borel sets itself an element of B (I).
Applying disintegration (2.1) we have

1=po(l) = | Keo(x, Lo)duora (x),

[é—1

from which Ko(x,Lx) = 1 for pcia-1-almost every x follows. Considering that the x-cut
Ly of L is at most countably infinite we get K&*(x, Ly) = 1 for pic1:a-1-almost every x from
which the desired result follows.

Theorem 5.12 has the following consequence, whereby we will let Cffmbs

denote the family
of all absolutely continuous d-dimensional Archimedean copulas, Cg, 4, the family of all

C € ¢ with pdis(1?) = 1, and C2 the family of all C' € C%, with 2" (I%) = 1.

ar,sing

Corollary 5.14. C¢ Ce and C¢

; d
ar,dis’ “~ar,abs ar,sing are dense in (C dOO)

ar?

Proof. Let C be an arbitrary Archimedean copula and v denote its corresponding
Williamson measure on B([0,00)). The stated results now follow from the fact (see Theorem
Appendix B.2) that ~ is the weak limit of a sequence of discrete, of a sequence of absolutely
continuous and of a sequence of singular Williamson measures in combination with Theorem
5.9 and Theorem 5.12. O

32



6. Singular Archimedean copulas with full support

The results established in the previous section allow to prove the existence of multivariate
Archimedean copulas which, considering their handy analytic form, exhibit a surprisingly
irregular behavior. In fact, we will construct singular d-dimensional Archimedean copulas
with full support I¢ and thereby extend the examples given in [4] to the multivariate setting.
As in the previous section the representation in terms of Williamson measures will play a
crucial role. We first focus on the construction of some C' € CZ fulfilling that C has full
support although pc1.a-1-almost every conditional distribution K¢ (x, -) is a singular measure
without point masses and then discuss the discrete analogue.

Theorem 6.1. There exists a copula C € C¢. with the following properties:

(1) p2"(14) = 1 and C has full support.

(2) For pcra-i-almost every x € 1971 the conditional distribution function y +

Ko(x,[0,y]) is continuous, strictly increasing and singular.
(3) All level sets Ly of C fulfill ue(Ly) = 0.

(4) The Kendall distribution function F¢ of C is continuous, strictly increasing and sin-
qular.

Proof. Suppose that h is a strictly increasing singular homeomorphism of I, i.e., a strictly
increasing bijective transformation mapping I to itself fulfilling A’'(z) = 0 for A-almost every
x €1 (see, e.g., [6, 10] for several well-known examples). Defining F' : [0,00) — [0, 1] by

1 /x > 1 1 r— 2
F(Z') = 5 h (5) 1[0,2)($) + Z (1 — E + i1 h ( 9 )) 1[2i72i+1)($)
=1

obviously yields a strictly increasing continuous function F' which, by construction, fulfills
F’ = 0 M-almost everywhere. Letting 8 denote the corresponding probability measure on
B([0,00)) it follows that S is singular without point masses. Furthermore, the support of
contains 0 but in general does not need to be an element of P)y,, we only know that

Ja-otas € 0.0)
1
Proceeding, however, like in the proof of Lemma Appendix B.1 we can find some con-
stant a € (0,00) such that the push-forward v = g% with T,(z) = ax fulfills v € Pyy,.
Considering that ~ is obviously singular (without point masses) too and that the support
of v coincides with [0,00) using Lemma 5.5 as well as Theorem 5.12 it follows that the
corresponding d-dimensional Archimedean copula C' = C is strict and fulfills /ﬁcijg (I¢) = 1.
Furthermore, according to the proof of Theorem 5.12 for jic1.a-1-almost every x € I97! the
conditional distribution function y — K¢ (x,[0,y]) is continuous and singular. Hence, con-
sidering that ~ has full support using equation (5.11) yields that y — Kc(x,[0,y]) is also
strictly increasing on 1.

Having that, showing that C' has full support is straightforward: In fact, for every
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(x,y) € (0,1)471 x (0,1) and every open rectangle U = U; x --- x Uy with open non-
empty intervals Uy,...,Uy; C (0,1) fulfilling (x,y) € U and U C (0,1)% we can proceed as
follows: Considering that C14~! is absolutely continuous strictness of v/ implies that the
density ct 41 of CH4-1 fulfills ¢t~ > 0 \y_;-almost everywhere in (0,1)¢"! using disin-
tegration and the fact that Ko (x,-) has full support and hence fulfills K¢ (x,U;) > 0 for
fora-1-almost every x € 1971 it follows that

,uc(U) = /d Kc(X, Ud) dﬂcl:d—l(x) > 0.
X-_lU]’

This shows that (x,y) is contained in the support of pc, since supports are closed the the
support of s is I and the first two assertions are proved. Since v has no point masses the
third assertion is an immediate consequence of Theorem 5.6 and it remains to prove the last
assertion. Again according to Theorem 5.6

Fie(t) = 7((0, 55)) = (0, 55])

holds for every t € (0,1], implying that F& is continuous and strictly increasing. Finally,
using a chain rule argument similar to the one at the end of the proof of Theorem 5.12
shows that (Fi&)'(z) = 0 holds for A-almost every x € I and the proof is complete. O

Starting with the probability measure 8 := > 77, 27%9,, with {q1, 2, .. .} denoting an enu-
meration of the rationals in (0, 00) and proceeding analogously to the proof of the previous
theorem yields the following discrete version of it:

Theorem 6.2. There exists a copula C € C2 with the following properties:
(1) pdis(14) =1 and C has full support.

(2) For jicra-i-almost every x € 1971 the conditional distribution function y +
Ko(x,[0,y]) is a strictly increasing step function.

(3) There exists a dense countable subset Q of (0,1) such that uc(Ly) > 0 if, and only if,
te Q.

(4) The Kendall distribution function F of C is a strictly increasing step function.

Appendix A. Level set mass and Kendall distribution function: Calculations

Recall from Section 3 that the t¢-level hypersurfaces f! are defined on the upper t-cuts
[C1471], of the (d — 1)-marginal. Using the notation x,, = (21,72, ...,2Z,), m € N, for x €

[Clzd—l]t we have z1 > t,x9 > ¥(p(t) — ¢(x1)) =: ft(flrl),wg > b (0(t) — p(a1) — pl2)) =:
ft(x2) and iteratively,

d—2

Ta-1 > (e Z‘P ) =t ff(xa-2).

=1
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Proposition Appendix A.1. Suppose that C € C% has generator v and let puc denote
the corresponding d-stochastic measure. Then for every t > 0 we have

Iy — (—p(t)*! D (d-2) DD Al
If C is strict then pc(Lo) = 0 and for non-strict C,
d—1
pe(Lo) = CEO . Doyt (4(0)). (A2
Proof. We start with ¢ > 0. Using disintegration (2.1), the definition of f* and the fact that
C1:4=1 i5 absolutely continuous with density ¢4~ we get
pe (L) =  Kols, (Lt)s) dpcra-i(s)
Td-1
-/ Kols, {1} ducroni(s)
[t A]x [ (1) 1] % x [f¥(sa-2),1]

d—1

/[tl] /t( ] HSO Si)- [D7¢(d72)(g0(t)) _ D*Qp(de)(gp(t_))} d)\(S)

d—1

_ [p-p@-2 D@2 s:) dA
(P2t = D et)] [ [ TT ) o)

Letting (/1) denote the iterated integrals in the previous line we have

I1) = T (s s (1) Lot — S s | dre
o /[t,u/[t(sl),u g@( )/[ft(5d2),1}90(d =y [w(t) ; . )] ©

and the chain rule directly yields

d 3

(1) / / ¢ (si) / ¢ (84-2)
[t,1] t(sq—4),1] 71 [ft(sa—3),1]

d—1-1 !
) (_1) . [ Z © 5@] d)\(Sd Q)d)\(sd 3)

1

Proceeding analogously for s;_o gives

d—3 d—1-2 2
[ .. (s, .<—1> | (s
(H)—/M /[t(Sd_d,”gsa( i) T [ - > ols ] dA(sq—3)

=1

and after finitely many steps we obtain

(1) = [ o) gy o0 = stonl” ) = ot

as desired. For ¢t = 0 and strict C' we obviously have pc(Lg) = 0. For non-strict C' we have
Ko(s,{f°(s)}) = Kc(s, [0, f(s)]) and calculations as those above yield the result. O
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Proposition Appendix A.2. Suppose that C € C¢ has generator 1. Then fort >0

RO = D00 T e - o) S ewn

PO, (A4
Proof. Applying disintegration (2.1) and decomposing I97* = [C14~1], U [CT471¢ yields
Fif) = ne((CF) = [ Ko (101120 diorans ()
= [l Kot () dpnrGo+ [ K0 (0T dpensca()

Denoting by (/1) and (IV) the first and the second of the above summands, respectively,
analogously as in Proposition Appendix A.1 we obtain

(I11) = D=2 (p(0)) - =7
Regarding (IV), we have x € [C*471¢ if, and only if, ([C]¢)x = I and hence
V)= [, 1o s) = ons (O = F )

Proceeding iteratively finally yields

d 1\ — 1—(d=2) _(—1)d_1_ a-1 = (k) (=1)* k
F ) = D0 o(0) - gy - o0+ S 0 ole) et +

For t = 0 we have Fi(t) = [y, s 1 sn <o) 205 ([Cl5)x) dpigra-i(x) and the result

follows in the same manner. O

Lemma Appendix A.3. Suppose that f, fi1, fo, ... are convex functions such that (f,)nen
converges to f pointwise on (0,00). Then lim, .. D™ fo(x) = D~ f(x) holds for every
x € Cont(D~f). Moreover, the sequence (D~ f,)nen converges continuously to D~ f on
Cont(D~f), i.e., for every sequence (zp)nen with limit z € Cont(D~ f) we have

lim D f, (=) = D (2).

n—oo

Proof. Convexity implies that for every h > 0 we have

limsup D* f,,(z) < limsup ful® + 1) = ful2) _ fl+h)— fz)

Y
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which, considering h | 0, yields limsup,,_,.. D f,(z) < DT f(x). The other inequality
liminf, ,. D~ f.(z) > D~ f(z) follows in the same manner, so altogether we get

D™ f(z) < liminf D™ f,(z) < limsup D" f,(z) < D* f(x)

n—oo n—oo

from which the fist assertion follows since for z € Cont(D~ f) we have DT f(z) = D~ f(z).

For the second part let (z,).eny be a sequence in (0, 00) converging to some point z €
Cont(D~f) C (0,00). We can find two strictly decreasing sequences (ag)ken, (bk)ren in
(0, 00) converging to 0 with z — ag, z + b, € Cont(D~ f) for every k € N. Fix k € N. Then
there exists some index ny € N such that for all n > ng we have that z — a, < z, < z + by,
holds. Monotonicity of D~ f,, implies

D™ fu(z — ar) < D fulzn) < D™ fa(z + by)
for every such n > ng. Having this we get

lim D™ f,(z — ax) < liminf D™ f,,(z,)

n—oo n—
< limsup D~ f,(s2) < lim D (s + by,
n—00 n—o0

from which the result follows since z € Cont(D~ f) and therefore

lim lim D™ f,(z —a;) = D™ f(z) = lim lim D~ f,(z + by)

k—o00 n—00 k—o00 n—o00

holds. O

Appendix B. Approximations by discrete, absolutely continuous and singular
Williamson measures

We now tackle Theorem Appendix B.2 already used in the proof of Corollary 5.14 and
start with the following simple lemma simplifying the approximation procedure. Thereby,
for every a € (0,00) we will let T, : (0,00) — (0,00) denote the linear transformation
T.(z) = az.

Lemma Appendix B.1. Suppose that v € Pyy,, that (Bn)nen S a sequence of probability
measures on B([0,00) satisfying 5,({0}) = 0 for every n € N but not necessarily fulfilling
equation (5.2), and that (B,)nen converges weakly to ~y. Then there exists a sequence (an,)nen
in (0,00) converging to % such that the following properties hold:

e Fach probability measure ~y, = 65‘1",n e N, fulfills v, € Pw,.
e (Yu)nen converges weakly on [0,00) to 7.

Proof. Let 1, denote the normalized Archimedean generator corresponding to v and v,
the (not necessarily normalized) generator induced via 15, = W,(3,). Then proceeding as
in the first part of the proof of Theorem 5.9 it follows that (13, )nen converges uniformly to
.. Letting a,, denote the unique element in (0, co) fulfilling ¢3, (a,,) = % using monotonicity
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of generators and the fact that 1, is normalized it is straightforward to verify that (a,)nen
converges to 1.

The probability measure 7, := S obviously fulfills 7 ({0}) = 0, moreover using change
of coordinates yields

3=t = [ 0t 0 = [ 0T a0
= —5)T 1 dy,(t) = — )" dya(t),
/(O,oo)a 4 dy (1) /((mu 1 dya(t)

SO Y, € Py, and it remains to show weak convergence. Applying Lemma 5.2 and Lemma
4.4 (continuous convergence) yields

Jim 4,([0, 2]) = lim 3, ([O aiD

n

- 3 () E () <

z

for every point z € (0, 00) with v({z}) = 0 which completes the proof. O

Theorem Appendix B.2. Suppose that v € Pyy,. Then there exists a sequence (V,))nen
of discrete measures in Py, a sequence (72)nen of singular measures without point masses
in Pyy,, and a sequence (73 )nen of absolutely continuous measures Pyy, that all converge
weakly to v on [0, 00).

Proof. Let F' denote the distribution function corresponding to v, i.e., F'(z) = v((0,z]) =
7([0, 2]) for every z € [0,00) and let Q := {qo, ¢1, G2, - . .} denote a countably infinite subset
of Cont(F') which is dense in [0,00). Without loss of generality we assume that ¢y = 0.
Furthermore let the function f : 1 — [0, 1] be right-continuous, non-decreasing with f(0) =
0, f(1) =1and g: [0,00) — I be right-continuous, non-decreasing with ¢g(0) = 0, g(c0) = 1.
For every non-degenerated compact interval [a,b] C [0,00) and compact interval [c,d] C
[0, 1] define the rescaled version f[f:g} 2 la,b] — [¢,d] of f to [a,b],]c,d] by

FEd@) = e+ (d—of (jf:j) |

N [a,00) — [e,d] of g to

and for every interval [a,00) C [0,00) and [¢,d] C T define g%s
[a7 OO)? [67 d] by

gl (x) = c+ (d = c)g(z — a).
Using this notation define the distribution function Fj : [0,00) — [0, 1] by

0,F F(q1),1
Fy(z) = figm ™ (@) - Lpg(2) + g (@) - 1(g, ) (@)

0,q1] [q1,00)
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and notice that Fy fulfills Fi(¢;) = F(q;) for i € {0,1}. In the second step define the
distribution function F3 : [0, 00) — [0, 1] by

[07F(q(21))] [F(qfl))vF(Q(Zg))]
F2<I> - f[07q(21)} (m) : l[O,q?l)}(x) + f[q<21>’q(22)} (.T) ’ 1(q(21),q(22)]<x>
[F(q(22>),1]
+ g[q(22>700) ($> ) 1(q(22),oo)(x)a

whereby 0 < q(21) < q(22) denotes the order statistics of 0, ¢, go (the exponent denotes the
‘sample size’). Obviously Fy fulfills F5(q;) = F(¢;) for i € {0, 1,2}. Proceeding analogously
yields a sequence (F},)nen of distribution functions on [0, 0o) fulfilling that for every ¢ € N
we have F,(q;) = F(g;) for every n > 4. In other words, the sequence (F},),en converges on
a dense set to the distribution function F', implying that (F),),en converges to F' weakly.

Notice that the just discussed construction works for arbitrary f,¢ fulfilling the afore-
mentioned requirements. If we chose both f and ¢ absolutely continuous then obviously
each Fj, is absolutely continuous, if we chose both f and g as step functions then F}, is a step
function, and if we choose f, g to be continuous with f/ = 0 and ¢’ = 0 almost everywhere
(one could use, for instance, the Cantor function or work with any other strictly increasing
singular continuous distribution function, see [10]) then each F,, is continuous and obvi-
ously fulfills F/ = 0 almost everywhere. The desired result now follows by considering the
probability measures 3, corresponding to F; and applying Lemma Appendix B.1. O
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