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Abstract

Copulas, in particular Archimedean copulas are commonly viewed as analytically nice and regular
objects. Motivated by a recently established result stating that the first partial derivatives of bi-
variate copulas can exhibit surprisingly pathological behavior, we focus on the class of d-dimensional
Archimedean copulas denoted by CZ. and show that partial derivatives of order (d — 1) can be surpri-
singly irregular as well. In fact, we prove the existence of Archimedean copulas C' € C%, whose (d—1)-st
order partial derivatives are pathological in the sense that for almost every x € |0, l]d_1 the derivative
01...04-1C(x,y) does not exist on a dense set of y € (0,1).

Since the existence of mixed partial derivatives of order (d — 1) of a copula C is closely related to the
existence of a discrete component, we also study mass distributions of Archimedean copulas. Building
upon the interplay between Archimedean copulas and so-called Williamson measures we show that ab-
solute continuity, discreteness and singularity of the Williamson measure propagates to the associated
Archimedean copula and vice versa. Moreover, we prove the fact that the sub-family of C¢, consisting
of copulas whose absolutely continuous, discrete and singular component have full support is dense in
cd

Finally, viewing C¢. in the light of Baire categories, we show that, in contrast to the space of bivariate
copulas, a topologically typical d-dimensional Archimedean copula C is not absolutely continuous but
has degenerate discrete component, implying that pathological elements are rare in CZ..
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2020 MSC: 26A27, 26A30, 28A50, 54E52

1. Introduction

Due to their simple algebraic structure and their relevance in various applications, e.g., in finance
and hydrology [7, [I5, 22], Archimedean copulas gained increasing popularity over the last decades.
Considering a so-called Archimedean generator 1: [0, 00) — [0,1] =: I and its quasi-inverse function ¢
(and assuming that the generator v is sufficiently monotone/regular), setting

Cyp(@1, . xa) = P(p(21) + ... + @(2a)).
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defines a d-dimensional Archimedean copula Cy. Building upon the afore-mentioned regularity of the
generator 9 it is known (see, e.g., [I4, Theorem Al]) that for an arbitrary d-dimensional Archimedean
copula C and every y € (0,1) the partial derivative 0;...04—1C(x,y) exists for \j_j-almost every
X 1= (21,...,59_1) € [ (whereby A\g_; denotes the (d — 1)-dimensional Lebesgue measure and I the
unit interval). However, as pointed out in the bivariate setting in [3], derivatives of copulas have to be
handled with care - the main objective of this paper is to show that this statement remains true for
the class C%. of all d-dimensional Archimedean copulas.

Motivated by the results in [3], where it was shown that in the whole family C? of bivariate copulas as
well as in the family of bivariate extreme-value copulas there exist elements C' with the property that
the first partial derivative 0;C(-,-) does not exist on a dense set, we here establish a similar result for
the family of d-dimensional Archimedean copulas and show the existence of an Archimedean copula
C with the following property: there exists some Borel set A C 1971 with pgoia-1(A) > 0 (whereby
pon:a— is the (d — 1)-stochastic measure corresponding to the marginal copula Cl4=1 of the first d — 1
coordinates) such that for Ag_i-almost every x € 197! the mixed partial derivative 9...04_1C(x,y)
does not exist for a dense set of y € (0,1). More surprisingly, the family of all copulas exhibiting the
afore-mentioned pathological behavior is still comparably large in the sense that it is dense in C¢, with
respect to the standard uniform metric dy.

Building upon the fact that (for arbitrary dimension d > 2) multivariate Archimedean copulas C' can
be characterized in terms of so-called Williamson measures v (probability measures v on (0,00), see
[21]), we first derive various results on the interplay between the copula and its Williamson measure,
which provide the basis for constructing copulas with afore-mentioned pathological differentiability
properties. In particular, we show that the Williamson measure v has a non-degenerate absolutely
continuous/discrete/singular (singular in the sense that it has no point masses and its correspond-
ing distribution function F, has derivative 0 A-almost everywhere) component if, and only if the
corresponding Archimedean copula C' has non-degenerate absolutely continuous/discrete/singular
component (in a sense specified in Section . Moreover we prove that C' € Cgr has full support if,
and only if the corresponding Williamson measure + has full support and then show that the same
holds for the absolutely continuous, the discrete and the singular component. Building upon these
results we are able to prove the surprising fact that the subfamily of C%. consisting of copulas whose
absolutely continuous, discrete and singular component, respectively, have full support is dense in C%,.
One question that arises naturally is, whether the afore-mentioned subfamilies are considered topolog-
ically ‘small’ or ‘large’, indicating whether their elements represent atypical or typical elements of C%,.
Utilizing Baire categories (see, e.g., [23]), topology provides a natural framework for distinguishing
between ‘small’ and ‘large’ sets. A subset of a topological space (7, 7) is called nowhere dense if, and
only if the interior of the closure of that set is empty in (7, 7). Furthermore, a set in (7, 7) is called
meager /of first Baire category, if it can be covered by a countable union of nowhere dense sets. A set is
of second Baire category, if it is not of first Baire category and, finally, a set is called co-meager, if it is
the complement of a set of first Baire category. Following [2] and sticking to the concept of ‘small’ and
‘large’ sets, in a complete metric space, sets of first Baire category are the ‘small’ sets, sets of second
Baire category are referred to as ‘not small’ and co-meager sets are the ‘large’ sets. Moreover, given a
topological space (7, 7), we call an element of a co-meager set a typical element and an element of a
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meager set an atypical element of that space.

In the family C? of all bivariate copulas a typical copula is discrete (even mutually completely depen-
dent, see [3| [I7]), whereas a typical extreme-value copula has degenerate discrete component (again
see [3]). Following along these lines, using the afore-mentioned results on differentiability and mass
distributions, as main result on sizes of subclasses of C4, we finally show that a typical d-dimensional
Archimedean copula has non-degenerate discrete component, is not absolutely continuous and has full
support. As a direct consequence of this result we can provide a new, significantly simplified proof
of |5, Theorem 2.5|, stating that for dimension d = 2 a typical Archimedean copula is strict. For
a selection of further contributions viewing copulas from the Baire category perspective we refer to
[4, (5L 6, O] and the references therein.

The rest of this paper is organized as follows: Section [2] containing notations and definitions used
throughout this paper, is divided into two parts: the first subsection focuses on general notation used
throughout this paper while the second recalls relevant properties of Archimedean copulas and their
interplay with Williamson measures. Section [3|studies regularity and mass distributions of Archimedean
copulas. After showing how regularity and measure-theoretic properties of the Williamson measure
propagate to the corresponding Archimedean copula (and vice versa) we prove that the family of
Archimedean copulas whose discrete, absolutely continuous and singular component have full support
19 is dense in (CZ., ds). After deriving analogous results for the Kendall distribution function in Section
in Section We focus on (d—1)-st order partial derivatives 0y...041C of Archimedean copulas C' and
establish denseness of the subclass of all Archimedean copulas exibiting the pathological differentiability
behavior sketched at the beginning of the introduction. Finally, Section [6] provides the afore-mentioned
category results for subfamilies of CZ,.

To improve the flow and readability of the paper, the proofs of several technical lemmas are deferred
to the appendices.

2. Notation and Preliminaries

2.1. General notation and definitions

Throughout this contribution we will write I = [0, 1] and let bold symbols denote vectors. In what
follows C% with d > 2 denotes the family of all d-dimensional copulas, i.e., the family of distribution
functions (restricted to I?) of random vectors X = (X1,...,X,) fulfilling that each X; is uniformly
distributed on I. For a d-dimensional random vector X we will write X ~ C for some C' € C?% if C' is
the joint distribution function of X restricted to I¢. For every dimension d > 2, the minimum copula is
defined as M (x) := minj<;<qz; for every x € I¢ and the product (independence) copula is defined as
II(x) = ngl z; for every x € I?. Given C € C% we will let puc denote the corresponding d-stochastic
measure, i.e., the probability measure defined by uc([0,x]) := C(x) for all x = (21, ...,z4) € I¢ with
[0,x] := [0,21] x [0,22] X ... x [0,24] and extended to the Borel o-field B(I?) on I in the standard
measure-theoretic way.

For X ~ C the Kendall distribution function F& of C is the distribution function of the (univariate)
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random variable C(X), i.e., we have
Fi(t) = P(O(X) < 1)

for every t € L.

Simplifying notation, for every pair (i,j) € {1,...,d}? with i < j and x € I? we will write x;.; :=
(xi,...,xj). Moreover, for C € C? and 1 < m < d the marginal copula C*™ of the first m coordinates
of C is defined by CY™(z1,29,...,2m) = C(x1,22,...,Tm,1,...,1) for all x = (21,29, ..., Ty) € I™.
The uniform metric ds on C¢ is given by

doo (A, B) := sup |A(x) — B(x)|

x€ld

for all A, B € C?. Tt is well known (see, e.g., [8,22]) that (C?, ds) is a compact metric space. For more
background on copulas and d-stochastic measures we refer to [8] 22].

Given an arbitrary topological space (S,7) the Borel o-field on S will be denoted by B(S), the
family of all probability measures and of all (positive) finite measures on B(S) by P(S) and M(S),
respectively. Focusing on Polish spaces S the topology induced by weak convergence of elements in
P(S) will be denoted by 7, (see, e.g., [I]). For every v € M(S) the support supp(r) of v is the
complement of the union of all open sets U with the property that v(U) = 0. We say that v has full
support if supp(v) = S or, equivalentely, if v(U) > 0 holds for every open set U in S. In the sequel the
support of a copula C' € C% is (by definition) the support of its corresponding d-stochastic measure pc.
As a direct consequence, C' € C has full support if, and only if supp(uc) = I¢ holds.

The Lebesgue measure on B(I%) or B(R?) will be denoted by )y, if the dimension is equal to 1
we will drop the index and simply write A instead of A;. The Dirac measure at some point = € S is
denoted by ¢,. Letting (S, d) and (S’,d") denote two metric (or, more general, two topological) spaces,
T :S — S’ be a Borel-measurable transformation and v € P(S), then the push-forward (measure)
vl € P(S') of v via T is defined by vT(F) := v(T~1(F)) for all F € B(S").

In what follows conditional distributions and Markov kernels (regular conditional distributions) will
play an important role. Given some m € {1,...,d — 1} we call a map K : R™ x B(R¥™) — T an
m-Markov kernel from R™ to R~ if the function x +— K(x, E) is B(R™)-B(R¢"™)-measurable for
every fixed E € B(R?™) and the map E — K(x, E) is a probability measure on B(R?"™) for every
x € R™. If for every x € I the measure K (x,-) only fulfills K (x,197™) < 1 instead of K (x,197™) =1
then we call K an m-sub-Markov kernel.

Given a (d — m)-dimensional random vector Y and an m-dimensional random vector X on a joint
probability space (€2, .4,P), a Markov kernel K is called a regular conditional distribution of Y given
X, if (and only if) for every set £ € B(R~™) the identity

K(X(w), E) = E(1g o Y[X)(w)

holds for P-almost every w € Q. It is a well-known fact (see [12} [I8]) that for each pair (X,Y) of
random vectors such a regular conditional distribution K of Y given X exists and that it is unique for
PX-almost every x € R™. For (X,Y) ~ C we will let K¢ : I™ x B(I¢~™) — I denote (a version of)
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the corresponding conditional distribution of Y given X; K¢ will simply be referred to as (a version
of) the m-Markov kernel of the copula C.

For every G C 1% and x € I™ define the x-section Gx of G by Gy := {y € [¥"™ : (x,y) € G} € B(I¢™™).
Applying disintegration of uc into the marginal pcim and the m-Markov kernel K¢ of C (see [12
Section 5| and [I8] Section 8]) the following identity holds for all G € B(I%):

pe(@) = [ Ko(x.Gx) dnonn ). (1)

For more background on conditional expectation, conditional distributions and Markov kernels we refer
to [12, 18]

Throughout this article a measure v € M(S) with S =1¢ or S = [0, 00) is called singular (w.r.t. \g
or w.r.t. to A, respectively) if v does not have any point-masses and if there exists some G € B(.S) such
that A\g(G) = 0 and v(G) = v(S) hold. We will refer to such measures simply as ‘singular’ (instead of
the alternative ‘singular without point-masses’) for the sake of simplicity, for being in accordance with
singular distribution functions, and because of the subsequent simple observation: For arbitrary C' € C¢
the corresponding d-stochastic measure uc obviously has no point-masses, i.e., its discrete component in
the sense of Lebesgue decomposition is degenerate. Proceeding analogously to [15] and decomposing the
(d —1)-kernels K¢, however, allows to decompose C' into three not necessarily degenerate components:
in fact, denoting the absolutely continuous, the discrete and the singular (d — 1)-sub-kernels of K¢ by
Kgbs, Kgfs, KG": 1971 x B(I) — I, respectively, according to [19] we have that

Ko(x, F) = K& (x, F) + K& (x, F) + K& (x, F) (2)

holds for every x € 1~! and every F € B(I). Using this decomposition, assuming that the copula C € C?
is exchangeable (see |8, Definition 1.7.12] for a formal definition), and that the marginal measure pci:a—1

is absolutely continuous, disintegration allows us to decompose p¢ into the three measures ,u“cbs, udcis,

sin,

pg?, defined by

HE(E x F) = / K& (%, F)dpcra (x),
E
Hlis (B x F) = / K& (x, F)dpgra (x),
E
[ (B X F) = /EK;}'"%X, F)dpenas (), ®)

for all E € B(I%"!) and F' € B(I) and extended to full B(I¢) in the standard way. To avoid ambiguity
with concepts already discussed in the literature we will refer to these three measures as the absolutely
continuous, the discrete and the singular (sub-probability) measures induced by the (d — 1)-kernel K¢
and the marginal C¥9~1, respectively. Notice that the definition in equation (3] is directly applicable
to Archimedean copulas C' € Cgr, since these copulas are exchangeable and have absolutely continuous
(d — 1)-marginals pcoi:a—1.
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Considering a real function u, the left-hand and right-hand derivatives of u (assuming their ex-
istence) will be denoted by D~u and D%u, respectively; u(™ will denote the m-th derivative of u
(wherever it exists). A function u: (a,b) — R, whereby (a,b) C R denotes an open, not necessarily
finite interval, is called d-monotone with 2 < d € N, if (i) it is differentiable up to order d — 2, if (ii)

(-1 (2) > 0,

holds for all k € {0,....,d — 2} and z € (a,b), and if (iii) (—1)%2u(?=?) is non-increasing and convex
on (a,b). Finally, a real-valued function u defined on [0, 00) is called d-monotone, if it is continuous on
[0, 00) and d-monotone on (0, 00).

2.2. Multivariate Archimedean copulas

In what follows we will consistently use the conventions inf () := oo, é =0, % := 00. We call a non-
increasing and continuous function v: [0,00) — I which fulfills (0) = 1, lim,_,. ¥ (2) = 0 =: (oc0)
and which is strictly decreasing on [0,inf{x: ¢)(x) = 0}) an Archimedean generator; in the sequel we
will simply refer to Archimedean generators as generators. The pseudo inverse ¢: I — [0,00] of a
generator v is defined by ¢(y) := inf{z € [0,00]: ¥(z) = y} for every y € I. It is straightforward
to see that ¢ is strictly decreasing on (0, 1], right-continuous at 0 and fulfills ¢(1) = 0 (see [15]). A
generator v (or its pseudo-inverse ) is called strict if ¢(0) = oo (or equivalently if 1)(z) > 0 holds for
all z € [0,00)). A copula C € C? is called Archimedean if there exists an Archimedean generator

such that .
Cx):=1v (Z so(wi)) (4)
i=1

holds for all x € I¢. In order to stress the correspondence between generator 1 and copula C' in the sequel
we sometimes write Cy, instead of C. According to |21, Theorem 2.2|, C(x) := 1 (Zle cp(:rﬁ) is a d-

dimensional Archimedean copula if, and only if ¥ is d-monotone on [0, 00), which, in turn is equivalent to
the fact that (—1)42¢(4=2) exists on (0, 00), is non-negative, non-increasing and convex on (0, 00), see
|21}, Proposition 2.3]. Convexity of (—1)¢~24(@=2) implies that both D~9(4=2)(2) and D+1(@=2)(2) exist
on (0,00), that the one-sided derivatives coincide outside a countable set (see [13, Theorem 3.7.4| and
|26, Appendix C|) and that D~1(4=2)(2) = D*4(4=2)(2) holds for every continuity point z of D~ t)(@=2),
Furthermore (see [15]), every d-monotone generator ¢ fulfills 1(™) (c0) := lim,_,, 9™ (2) = 0 for every
m € {0,...,d — 2} as well as D~ 9472 (00) := lim, ;00 D~¥(4"2)(2) = 0. Note that the convexity of 1
implies that its pseudo-inverse ¢ is convex as well.

In order to have a one-to-one correspondence between generators and Archimedean copulas in what
follows we always assume the generator 1 to be normalized in the sense that (1) = % (or equivalently
cp(%) = 1) holds and denote the family of all normalized d-monotone generators by ¥,. The class of all
d-dimensional Archimedean copulas will be denoted by C%.. Moreover an Archimedean copula Cy € cd.
will be called strict (non-strict) if its corresponding generator v is strict (non-strict). Throughout
this contribution Cffm and Cg,n’n will denote the subclasses of all strict and non-strict d-dimensional
Archimedean copulas, respectively. According to [2I] C' € C% is absolutely continuous if, and only



152

153

154

155

156

157

158

159

160

161

162

163

164

if (=1 exists and is absolutely continuous on (0,00). Building upon this fact, in the absolutely
continuous case (a version of) the density ¢ of C is given by

d d
c(x) = 1o 1ye(x) [ [ ¢/ (i) - D79V (Z <P(ﬂ?z‘)> (5)
i=1

i=1

for all x € 9. As established in [2I, Proposition 4.1], every at most (d — 1)-dimensional marginal of
a d-dimensional Archimedean copula is absolutely continuous. This fact allows us to work with the
definition of the absolutely continuous, the discrete and the singular component of an Archimedean
copula C' € Cfllr according to equation ; the families of all absolutely continuous, of all discrete and
of all singular Archimedean copulas will be denoted by an abs? C((J,ir,dis and Cg,,,’ sing» Tespectively.

Defining the family PZ = of all d-normalized probability measures by

_ 1
Py = {r e P(0.0a) s [a- 0t a0 = 3,
it is straightforward to verify that P2, is weakly closed in P(]0,00)). Considering that P([0, 00)) is
a complete metric space (see [25]), P2, is (as closed subset of a complete metric space) complete as
well. Motivated by the results in [2I], characterizing Archimedean copulas via so-called Williamson

measures we define the family of all normalized d-Williamson measures Py, by

1

Py i= {5 € P0.56) 7 (10) =0 and [(1 -0 tar(0 = 3 | (©)

If the dimension d is clear from the context we simply speak of Williamson measures. Throughout this
article we use the convention that y({oco}) := 0. Following [15], 2] there is a one-to-one correspondence
between the family of normalized d-Williamson-measures Pyy, and the family ¥, of all normalized
d-monotone Archimedean generators. In fact, the mapping W, (usually referred to as the Williamson
d-transform), defined by

P(z) = Wav)(2) = / (1—t2)E dy(t), = €[0,00), (7)

[0,00)

maps (P, Tw) to (Va, || - [oo)-

Remark 2.1. Let (Uy,Us,...,Ug) ~ C € C% and v € Pw, denote the corresponding Williamson
measure. According to |21, Theorem 3.1|, the transformed vector

Z = ((p(Ul)a (P(UQ)’ s vSD(Ud))

follows an ¢;-norm symmetric distribution. Specifically, Z has the same distribution as RS;, where R
is a nonnegative random variable and S, is a random vector uniformly distributed on the unit simplex

Sg=1{x¢€ RY x|y = 1},
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with ||-||1 denoting the usual ¢;-norm. Moreover, the random variable R and the random vector S, are
independent.

Letting Fr denote the distribution function of R and pp, the associated probability measure, in view
of [21}, Definition 3.2|, it follows that the Williamson measure v corresponding to C' is given by ugR,
where the transformation T : [0, 00] — [0, o0] is given by T'(s) := 1.

We work with the Williamson measure  rather than the distribution function Fr of the radial com-
ponent R to assure consistency with the results presented in [15]. In particular, our approach relies on
the characterization of d-monotone functions as given in [28, Theorem 1.11], which in turn originates

from the foundational work [30].

Building upon the afore-mentioned one-to-one correspondence between normalized d-monotone
Archimedean generators ¢ € ¥, and d-dimensional Archimedean copulas C' € C¢, the map &; im-
plicitly defined by equation (4) maps (¥4, || - ||oc) t0 (Car,dso). It is straightforward to show that both
maps Wy and &; are homeomorphisms.

Lemma 2.2. The maps Wy, €4 and &g o Wy are homeomorphisms.

Proof. According to [15, Theorem 5.1.] the map Wy is a bijection, hence applying [15, Theorem 5.9.|
yields that both W; and its inverse are continuous. Working with normalized generators and again
following [15] implies that the map &y is bijective. Using [I5, Theorem 4.1] yields continuity of &4
and its inverse 551. Since compositions of homeomorphisms are homeomorphisms, this completes the
proof. O

It is straightforward to derive from equation (7)) that for every r € (0,00) we have v([0,7)) = 0 if,
and only if @ZJ(%) = 0. Moreover, from [I5, Lemma 5.5] stating that C' € CZ. is strict if, and only if the
support of the corresponding Williamson measure v € Py, contains the point 0, we may define the
family of all Williamson measures associated with strict d-dimensional Archimedean copulas by

Pyy, = {7 € Pw,: 7((0,7)) > 0 for every r > 0}
and the family of all Williamson measures associated with non-strict Archimedean copulas by
Py, = {7 € Pw,: Ir > 0 with v((0,7)) = 0}.

Finally, P{/C\fd will denote the set of all normalized d-Williamson measures having full support [0, o), the
families of all (purely) absolutely continuous, discrete and singular normalized d-Williamson measures
will be denoted by Pabj, P%Z and P%Z’g, respectively.

Throughout this article we will frequently work with the level sets of Archimedean copulas C), i.e.,
the sets of all points x € I¢ with C(x) = t for some predefined ¢ € I. For fixed ¢ € (0, 1] the t-level set
LEd =L, of C € CZ is given by

Li = {(x,y) e "t xI: C(x,y) =t}

d—1
= {(X,y) eI xT: Y (@) + ply) = @(t)} (8)

=1
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and for ¢ = 0 by
Lo :={(x,y) € I"" x I: C(x,y) = 0}

d—1
= {(X, y) 1N X T Y o(w:) + ¢(y) > 90(0)} - (9)

i=1

The t-level sets of the marginal copula C% ¢! are defined analogously and denoted by Ltl:d_1 for every
t € I. Moreover, the function f°: I%~1 — I, whose graph coincides with the upper boundary of Ly, is
defined by

0) i 1, if x € L™,
T (e - e@) . fxg Lyt

whereby we set ¢ (u) = 1 for all u < 0. Notice that equation holds both, in the strict and the
non-strict setting: In the strict case we have (0) = oo, so for x ¢ Li“~! we have Zf:_ll o(x;) € [0,00),
implying @(O)—Zgz_ll ¢(x;) = co and fO(x) = 1(c0) = 0; hence in the strict case we have f0(x) € {0, 1}
for every x € 197!, Contrary to that, in the non-strict case f° also attains values in (0, 1).

For ¢t € (0, 1] we will also use the upper t-cut [C]; of C, defined by

(10)

[C]; := {x e I: C(x) > t}.

The upper t-cuts of marginal copulas are defined analogously. The so-called t-level function
ft: [CY4=1, — T is given by

d—1

F1x) = v (wt) - 90(%')> (1)
i=1

for every x € [CV471];. Tt is straightforward to verify that for ¢ € (0,1] the graph of f* coincides with

L;. Moreover, as proved in the next section, the discrete component of an Archimedean copula (if any)

is always concentrated on the graphs of some f! with ¢ € [0,1]. According to [15, 21] the mass of the

t-level sets can be explicitly calculated - in fact, for every t € (0,1)

o d—1
et = CEOE (070D ple) - D0 D ple)4) (12)
holds and for t = 0 we have
_ d—1
peLo) = SO Do p(0) (13

in the non-strict case as well as puc(Lg) = 0 in the strict case. For ¢ = 1 we obviously have L; =
{(17 B 1)}7 lmplylng /’LC(LI) =0.
Given 0 < s < t < 1, define the set

Ligy = {(x,y) c 1% x1I: C(x,y) € [s,t]}.

9
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Extending the definition of f* to full I9~! by setting f*(x) = 1 for x € 1471\ [C¥9!], obviously the
set L4 may also be expressed as

Ligy = {(x, y) eI xI: ff(x)<y< ft(x)}

Considering a d-dimensional Archimedean copula C' with generator v, then according to [15], 21]
the Kendall distribution function F Id( of C can explicitly be calculated and is given by

d L (d—2) (DL e (k) (=D
Fie(t) = D™ e(t) - ) + D v () e(t)
k=0

for every ¢ € (0,1] and by

N d—1
Fit(0) = po(Lo) = %D‘W‘”(w(on

for t = 0. Throughout this contribution we denote the probability measure corresponding to the Kendall
distribution function Fj‘é by Kpd - As proved in [15, Theorem 5.6], the Kendall distribution function

ng and the mass of the t-level sets L; can be represented directly via the Williamson measure. The
following result is a compressed version of [I5], Theorem 5.6] using the conventions mentioned at the
beginning of Section 2.2. It also follows directly from [21], Proposition 4.5].

Theorem 2.3. Let C be a d-dimensional Archimedean copula with generator v and Williamson measure
~v. Then (in the strict and the non-strict case) we have that

pe(Le) =y <{¢;t)}> (14)

holds for every t € 1. Moreover, the Kendall distribution function Ffé of C fulfills
ri0 = ([0 ) (15)
. 0

We conclude this section with an explicit expression for the (d — 1)-Markov kernel of Archimedean
copulas as derived in [15, Theorem 3.1|; this expression will be key in the next sections. Suppose that
Ce Cffr and let ¢ and ¢ be its associated generator and pseudo-inverse, respectively. Then (a version
of) the Markov-kernel K¢ of C' is given by

for every t € 1.

1, M(x) =1orxe Ly%!
Ko(x,[0,9]) = ¢ 0 M) < Lx g Ly oy < f(x) (16)

D=ypd=2 (S0 () +o(y)) 1:d—1 0
Do (5T () M(x) <1,x¢ Ly" ",y > f7(x),

10



214

215

216

217

218

for every x € 197! and every y € I, see [I5, Theorem 3.1]. Notice that (again see [I5]) in the first
line of equation we could replace the constant 1 by F(y) for any univariate distribution function
F since LY fulfills puona (LY4™1) = 0 and the (d — 1)-kernel K¢ is only unique outside a set of

fora—1-measure 0.

2.8. Summary of Notation

Table 1: Summary of the main notation used throughout the

paper

Notation Description

I unit interval [0, 1]

d dimension

ce family of all d-dimensional copulas

M Fréchet—Hoeffding upper bound (minimum copula)

II independence copula

1%, d-stochastic measure associated with a copula C' € C?

F[Cé Kendall distribution function of a copula C' € C?

ctm marginal of the first m coordinates of a copula C' € C?

doo uniform (supremum) metric

B(S) Borel o-field on a topological space (.S, T)

P(S) set of all probability measures on S

supp(v) support of a measure v

Ad, A d-dimensional and one-dimensional Lebesgue measure, respectively

Oy Dirac measure at a point x

T push-forward measure of a measure v under a transformation T’

Ko Markov kernel associated with a copula C' € C¢

Gx x-section of a set G

,u‘ébs, ,udcis, uscmg absolutely continuous, discrete, and singular components of u¢

u(™) m-th derivative of a function u

D*u right- and left-hand derivatives of a function u

P generator of an Archimedean copula

%) pseudo-inverse of the generator ¥

Uy family of all normalized d-monotone generators

cd. family of all d-dimensional Archimedean copulas

C(‘fm, Cg,,,n families of strict and non-strict Archimedean copulas

Cffr’ abs C(‘fr’ dis® Cffh sing families of absolutely continuous, discrete, and singular
Archimedean copulas

Pl family of d-normalized probability measures

~y Williamson measure

Continued on next page

11



219

220

221
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223

224

225

226

227

228

229

230

231

Table 1 — continued from previous page

Notation Description

P, family of all Williamson measures

Pyy,: Py, families of strict and non-strict Williamson measures

Pljj\fd family of Williamson measures with full support

73{}63, 73%3, 73;\1,29 families of absolutely continuous, discrete, and singular Williamson
measures

Ly t-level set

ft function parameterizing the level set Ly

[Ce upper t-cut of a copula C

Il oo uniform (supremum) norm

3. Regularity and mass distributions of multivariate Archimedean copulas

Looking at the Williamson d-transform @ not surprisingly D~ (42 can also be directly expressed
in terms of the corresponding Williamson measure. In fact, following [I5, Lemma 5.4] for every d-
dimensional Archimedean copula C with generator ¢ and (normalized) Williamson measure 7 the
subsequent lemma holds:

Lemma 3.1. Let C € C2. be an Archimedean copula and v and vy € Pw, be its corresponding generator
and Willitamson measure, respectively. Then

0> G(z):= (-1)2D 42 (2) = —(d — 1)!/ t Ly (t) (17)
(0,7]

holds for every z > 0.

Building upon the previous lemma and fixing v € Pyy,, for the case M(x) < 1, x ¢ L(l):df1 and
fY(x) <y the Markov kernel K¢ of C € C%. according to equation can be expressed as

G wl@) + o) _ S, 17 O
G w(x2) Jr, 14 (1)

Ke(x,[0,9]) = (18)

with the notation I, := (O for every y € I. The last expression in equation |) is

1
T el e(y)
convenient insofar that (as proved in this section) it insinuates that the regularity of the measure 7y
directly propagates to the Markov kernel Kc. Considering the Lebesgue decomposition v = 5 +

12
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234

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

735 4 ~sing of 4 € Py, equation can be written as
d—1
Jr, 7 (1)
Jp, ti7tdy(t)
B f[y tdfld,.yabs (t) f[y tdfld,ydis (t) f[y tdfld,ysing (t)

KC(Xv [O’ y]) =

+ + 19
[ @@ L @i (19)
—cHgh(y) =i 1) 5 )

Notice that the definitions for HZs, Hds HE™ in equation are merely definitions, it is a priori
not clear that the chosen notation is meaningful, i.e., that the function H2* (if being non-degenerate)
is absolutely continuous, that HZ¥* (if being non-degenerate) is discrete and that Hyx "¢ (if being

non-degenerate) is singular. These points, however, will be established in the proofs of Lemma
Lemma [3.10] and in Remark B.111

It has already been established (see [15, Theorem 5.12|) that absolute continuity, discreteness
and singularity of the Williamson-measure v € Py, propagates to the corresponding Archimedean
copula C € C%. The goal of this section is to extend this result to the following equivalence (see
Theorem : the absolutely continuous/discrete/singular component of the Williamson measure
v is non-degenerate if, and only if the absolutely continuous/discrete/singular component of the
corresponding Archimedean copula C' is non-degenerate. Having this stronger result provides a simple
proof of the reverse implication in [I5, Theorem 5.12].

We start with some preliminary observations which will be key for proving the afore-mentioned
equivalence. The following Theorem is a consequence of Theorem

Theorem 3.2. Let C' be a d-dimensional Archimedean copula and v € Py, its corresponding
Williamson measure. Moreover, let s1,s9 € 1, with s1 < so. Then the following assertion holds:

o (Lis, 55]) = ([(p(lsl), SDSSZ)D : (20)

Proof. Setting M, := {(x,y) € I¢: C(x,y) <t} for every t € I we obviously have Fi(t) = uc(M;) for
every t € II. For s; < so considering
Lisy 590 = Ms, N [Clsy = M, \ [C]5,5 [CT, © M,

S17?

using Theorem [2.3] directly yields

pe(Lisy s5)) = pio (Mg, \ [C1S) = po(My,) — po([C1S,) = Fit(s2) — Fie(s1—)

- <Lo<il>’ @(i2)]> ‘

13




253 The next corollary states a close interrelation between the support of the Williamson measure
a4y € Py, and the support of the corresponding Archimedean copula C' € ca..

»5 Corollary 3.3. Suppose that C € C., let v € Py, be its associated Williamson measure, 1 its

ar’
1

6 generator, and ¢ the pseudo-inverse of ¥». Then for [a,b] C [W’OO) with a < b the following two
7 conditions are equivalent:

258 1. ¥([a,b]) =0
w2 pollypg) =0

20 Proof. Immediate consequence of Theorem [3.2] O
21 Remark 3.4. The condition [a,b] C [ﬁ, o0) can not be avoided. In fact, in the non-strict setting for

22 the situation b < ﬁ it follows that ~y([0,b]) = 0, implying ¥([a,b]) = 0. Nevertheless in this case we
s have (1) =¢(3) =0 but pc(Lpo) > 0 may hold.

2

S

264 The subsequent example illustrates Corollary [3-3]

265 Example 3.5. Consider the distribution function

0, if z € [0, i),
2 if z € [1,1),

() = éz + g, ?f z €11,2),
5 if z € [2,3),
2+ 4, ifze3,4),
1, if z>4

It is straightforward to verify that F, is the distribution function of a unique Williamson measure
v € Pw,, whose induced non-strict generator ¢ is given by

—%, ifze[O,%],

e, oy

o {2
— = 1fz€(%,1],

(1_§)a if z € (174}7

S win

, if z > 4.

266 The distribution function F, and the generator v are depicted in Figure [l Considering the support of
27 the corresponding Archimedean copula Cy, we obtain that

supp(uc,) = T(f°) U Ly U Lpz .

28 A sample of Cy is depicted in Figure .
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270

271
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273

274

275

276

277

278

1.00 1.00
0.75 0.75
1’ 0.50 > 0.50-
0.25 0.25
0.00{ — 0.00
0 i 2 3 4 5 0 i 2 3 4 5
z z

Figure 1: The distribution function F, (left panel) and the associated generator ¢ (right panel) considered in Example
0.0

According to [15, Lemma 5.5] strictness of an Archimedean copula C' can be characterized in terms
of the corresponding Williamson measure. Corollary allows to extend this result and show that an
Archimedean copula C' € C%, has full support if, and only if its corresponding Williamson measure
has full support.

Theorem 3.6. Let C € C. and v € Py, be its corresponding Williamson measure. Then v has full
support [0,00) if, and only if C has full support 1%.

Proof. Suppose that v € Py, has full support. Then its corresponding distribution function F, is
strictly increasing, so according to [I5, Lemma 5.5] the corresponding Archimedean copula C' € CZ, is
strict. Fix x ¢ L(l):d_1 with M(x) < 1 and suppose that yi,y2 € I fulfill fO(x) =0 <y < 92 < 1.
Using the fact that v has full support we have y(Iy, \ I, ) > 0, which implies

/Itdld’y(t)</l t1 Ly (1).

Y1 Y2

Having this, using equation Ko(x, (y1,y2]) > 0 follows and we have shown that the condi-
tional distribution function y — Kc(x,[0,y]) is strictly increasing. Considering peia—1 ((Ly*1)e N
M~1([0,1))) = 1 it follows that for pi1.a—1-almost every x € 1971 the conditional distribution function
y — Ko(x,[0,y]) is strictly increasing. Using the fact that 4 has full support and applying equation

15



12 1.00/
1.0
] count
30.8 075 250
% 200
30.6 > 0.50- 150
804 100
= 0.25- 50
0.2 :
oof —t-t bt bt L 11 L 0.00- | | : ‘
0.00 0.25 0.50 0.75 1.00 0.00 0.25 050 0.75 1.00
U U
1.00 1.00- |
|
|
|
0.75 0.751 | |
|
|
|
> 0.50 > 0.50- ||
|
|
|
0.25 0.25- ||
|
|
|
0.00 0.00- |
0.00 0.25 0.50 0.75 1.00 00 02 04 06 08 1.0 1.2
U frequency

Figure 2: Sample of size 10.000 of the Archimedean copula Cy, with ¢ being the generator from Example its histogram
and the two marginal histograms; sample generated via conditional inverse sampling.

yields that the density ¢t~ of ppoi.a—1 fulfills

d—1 d—1
Y s) = [T ¢/ (s)D w2 [ 3 e(si) | >0
i=1

i=1

29 for every s € (0,1)71. Let R = (2,%1) X (23,T2) X -+ X (Zg_1, Ta—1) X (¥, ¥) C I? denote an arbitrary
2 open rectangle with A\g(R) > 0. Writing RV~ := (21,71) x (29,T2) X --- X (24_1,ZT4_1) applying
251 disintegration yields

polR) = [ Kelx. (1.) dncras(x)

>0

= /R Kco(x, (y,7))e ™ (x) dAg-1(x) > 0.

>0
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In other words: Every open rectangle with positive volume has positive mass. This shows supp(uc) =
I¢ and completes the proof of the first implication.
Considering the reverse direction, suppose that v would not have full support. Then we could find

some a,b € [0,00) with a < b such that y([a,b]) = 0. If [a,b] C [ﬁ, 00), Corollary [3.3| directly yields

a contradiction. If a < ﬁ then ¢ has to be non-strict, implying that Ly has non-empty interior, so

supp(pc) # 1% O

As next step we prove that the discrete component (if any) of an Archimedean copula C' is always
concentrated on the graph of the t-level set functions f* for some ¢ € [0, 1).

Lemma 3.7. Let C € Cffr, Y be its generator, v € Py, its corresponding Williamson measure and
consider to € (0,1) in case that v is strict and to € [0,1) in case that ¢ is non-strict. Then the

following assertions are equivalent:

0 v ({z}) >0

(i1) @(to) is a point of discontinuity of D~(4=2),

(#ii) There exists some set A € B(I%1) with pena—1(A) > 0 such that for allx € A Ko(x, {f°(x)}) > 0
holds,

(v) pc(Ly,) > 0.
The previous lemma has the following direct corollary.

Corollary 3.8. Let C € C. and v € Py, be the corresponding Williamson measure. Then v has a
point mass if, and only if udcis(]ld) > 0.

As next step we tackle the one-sided versions of the previous corollary for the absolutely continuous
and the singular components of the Williamson measure.

Lemma 3.9. Let C € C4. and v € Py, be the corresponding Williamson measure. Then v***(]0,00)) >
0 implies p2*(I4) > 0.

As anext step, we prove the analogous assertion for the singular component of the measure v € Pyy, .

Lemma 3.10. Let C € ‘Cc‘fr and v € Py, be the corresponding Williamson measure. Then
v5i9([0, 00)) > 0 implies g (I%) > 0.

Remark 3.11. Notice that in the proofs of Lemma 3.9 and Lemma [3.10] the construction via zp and A

was key for showing that HZ* and Hyx ™ are non-degenerate, but not for showing absolute continuity

and singularity. The proofs showed that for x € A the functions H%* and HE™ are purely absolutely

continuous and singular, respectively. For the discrete case Corollary states that v%5([0,00)) > 0
abs

implies pu¢y (]Id) > 0 but it was not explicitly shown that H,‘fis is purely discrete. This observation,
however, can be shown analogously to the absolutely continuous and singular case. In fact, defining
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the set A in the same manner as in the proof of Lemma only replacing 7%** by 4%* in the definition
of zg we again have pc1.a-1(A) > 0. Moreover, for x € A considering the definition of HZ* it is

straightforward to show that for % = Z;; a;o; the function H%¥s corresponds to the discrete
-1

measure with point mass % at the point 1/1(% — Z?;ll o(z;)) for every j € N.
1

Combining the afore-mentioned lemmas and corollaries we obtain the main result of this section
stating that the absolutely continuous/discrete/singular component of « is non-degenerate if, and only
if the absolutely continuous/discrete/singular component of the corresponding Archimedean copula C'
is. Theorem will also be crucial for proving Theorem and Corollary [6.8] the main result of
Section [6] on topologically typical Archimedean copulas.

Theorem 3.12. Let C € C¢. and v € Py, be its corresponding Williamson measure. Then the following
three equivalences hold:

(i) v¥5([0,00)) > 0 if, and only if p&*(I%) > 0.
(i1) v*5([0,00)) > 0 if, and only if u*(1%) > 0.
(iii) v*"9([0,00)) > 0 if, and only if uscmg(]ld) > 0.

Proof. Equivalence (i) has already been stated in Corollary Moreover, for the assertions (ii) and
(ili) one implication has already been proved.

Assume now that 7% is degenerate. Then vy = 4%% 4+ ~+%"9 and at least one of the two components is
non-degenerate. Considering x € 19! \L(l)’d_1 with M (x) < 1, proceeding as in the (last parts of the)
proofs of Lemma and Lemma and considering equation ([19)) once more yields

Ke(x,[0,y]) = HS®(y) + HY™(y), yel,

with H%* being discrete and Hyx' ™ being singular. In other words, Ko (x, [0,%]) has degenerate abso-

lutely continuous component. The fact that ,u‘g’s(]ld) = 0 now follows immediately via disintegration.
The remaining implication in assertion (iii) can be proved in the same manner. O

Theorem allows to extend [I5, Theorem 5.12] to equivalences - the following result holds:

Corollary 3.13. Let C € C% and v € Pw, be the corresponding Williamson measure. Then the
following equivalences hold:

(i) 7 is absolutely continuous if, and only if u“cbs(}ld) =1.
(ii) ~y is discrete if, and only if pdis(I4) = 1.

sing

(i11) ~y is singular if, and only if i (I¢) = 1.
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Proof. The first assertion has already been established in [21I]. Furthermore, sufficiency concerning
assertions (ii) and (iii) is part of [I5, Theorem 5.12] and it remains to show necessity. Assume that
0 < 7%5([0,00)) < 1 holds. Then we have v2*%([0,00)) > 0 or 7*"9([0,0)) > 0, so applying Theorem
immediately yields that 0 < p&*(I1?) < 1. An analogous argument shows (iii). O

Viewing Theorem and again considering the Lebesgue decomposition of the Williamson measure
~ we can show the following stronger statement.

Theorem 3.14. Let C € C%. and let v € Py, be its corresponding Williamson measure. Then the
following assertions hold

(i) If ¥ has full support, then ,u“cbs has full support.

(i3) If v¥* has full support, then u&s has full support.

(iii) If v*™9 has full support, then ,uscmg has full support.

Proof. To prove the first assertion, let x ¢ L[l)‘d_1 with M (x) < 1 be arbitrary but fixed and suppose
that v** has full support, which, in particular implies that 1 is strict. It follows that the function
H defined according to equation is strictly increasing and absolutely continuous, so Kgf’s (x,-)
has support I. Since x ¢ Lézd_l with M (x) < 1 was arbitrary, disintegration directly yields that u‘g’s
has support I¢.

Considering the second assertion it might be worth noting that discrete Williamson measures v € Py,
with full support exist. For example, considering the probability measure 8 := > 7, 275, with
{q1,92,...} == QN (0, 00) and normalizing it in the sense of |15, Lemma Appendix B.1] yields a discrete
Williamson measure v € Py, with full support. In fact, every discrete Williamson measure v whose
point masses form a dense subset Q of [0,00) has full support. Taking this into consideration, fixing
x & Lé:dfl with M(x) < 1 and assuming that 7%* has full support yields that the function H®*
(defined as in equation ) is strictly increasing and discrete. Applying the same arguments as in the
previous case then implies that udcis has full support.

The third assertion can be proved analogously. ]

The previous results open the door to deriving some first (to a certain extent surprising) results -
we start with denseness of subclasses of Archimedean copulas with full support.

Theorem 3.15. The following assertions hold:

(i) The family {C € C¢ ., - supp(uc) = 19} is dense in (CY,,dw),

ar,abs *

(ii) The family {C € C¢ . : supp(uc) = 19} is dense in (CY,,ds),

ar,dis *

(7i1) The family {C € Cgmmg: supp(uc) = 14} is dense in (C2., ds).
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Proof. We fix C € C%. and let v € Py, , denote the corresponding Williamson measure. According
to Lemma there exists a sequence (7V,)nen of absolutely continuous/discrete/singular
Williamson measures with full support such that (7, ),en converges weakly to . Applying [15, Theorem
5.9] yields that the sequence (Cy,)nen of corresponding Archimedean copulas converges uniformly to
C. Since each v, € Py, has full support and is absolutely continuous/discrete/singular, applying
Theorem and Corollary shows that each (), is absolutely continuous/discrete/singular and
that supp(uc) = I¢ holds. This completes the proof since C' € C%. was arbitrary. O

Using a similar idea of proof the following even stronger version of Theorem [3.15] stating that even
the family of Archimedean copulas, whose absolutely continuous, discrete and singular components
(simultaneously) have full support, is dense, can be shown.

Corollary 3.16. The family

dis sing

{C e Cl,: supp(u*) = supp(ué*) = supp(p¢™?) = 1%}
is dense in (C%.,ds).

Proof. Fix C' € CfllT and let v € Py, denote the corresponding Williamson measure. According to

Lemma [Appendix B.1| there exist sequences (%(11))7161\;, (7,(12))716[\] and (%(13))”61\; of purely absolutely

continuous, discrete and singular Williamson measures having full support which all converge weakly
to . Considering

1
=5 (WD +92 +4)
for every n € N, using Theorem and proceeding as in the proof of Theorem the desired result
follows. O

4. Regularity of the Kendall distribution function of Archimedean copulas

In this short section we revisit the interplay between the Williamson measure v and the Kendall
distribution function F' ;‘l( of the corresponding copula C' € CZ. and show, loosely speaking, that regularity
of C' (and hence of ) goes hand in hand with regularity of F' }%. Note that in the full class of copulas
a similar behavior does not hold. In fact, considering d = 2 and the minimum copula M, the Kendall
distribution function is given by F(t) =t (see, e.g., |8, Example 3.9.6.]), so M is discrete although its
corresponding Kendall distribution function is absolutely continuous.

Theorem shows that the Kendall distribution function F j‘l( can nicely be represented in terms
of v (and the quasi-inverse ¢ of the generator 1)). The subsequent lemma provides an expression for
via FiL:

Lemma 4.1. Consider C € C%. and let ), v, and Fld( denote the corresponding generator, Willitamson
measure and Kendall distribution function, respectively. Then the following identity holds for all z €
[0, 00):

F@d), i 2 € [y, 0)

21
0, if z € [O,ﬁ). (1)

7([0,2]) = {

20



394

395

396

397

398

399

400

401

402

403

404

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

Moreover, the non-decreasing transformation h : [0,00] — I, defined by h(z) = ¢(2) fulfills h(0) = 0
and is non-singular in the sense that for every F' € B(]0,00)) we have that A\(F) = 0 implies \*(F) = 0,
where \* denotes the push-forward of X under h.

As a next step we characterize regularity of the Kendall distribution functions in terms of regularity
of the Williamson measure.
Consider (Uy,...,Uy) ~ C € C¢ with corresponding Williamson measure 7 (whose distribution function
is denoted by F,) and generator 1. As shown in [2I], Section 4.2, there exists a nonnegative random
variable R such that C(Uy,...,Uyy) has the same distribution as 1(R).
Taking into account the connection between R and the Williamson measure 7 mentioned in Section 2, it
follows that the transformed variable T'(R), with T(s) = % for s € (0, 00), has distribution function F,.
Consequently, C(Uy, ..., Uy) has the same distribution as (1) o T71)(T(R)). Using this and exploiting

the fact that v is non-increasing and d-monotone the following statements are not surprising.

Theorem 4.2. Let C € C, v € Py, be the corresponding Williamson measure, Fld( be the Kendall
distribution function of C and Kpd the probability measure corresponding to F;‘l(. Then the following
equivalences hold:

(i) 7 is absolutely continuous if, and only if Kpd is absolutely continuous.
(ii) ~ is discrete if, and only if Kpd 1s discrete.
(1i1) ~ is singular if, and only if Kpd s singular.
Applying the results from the previous section yields the following:

Corollary 4.3. Let C € C¢, and v and FI% denote the corresponding Williamson measure and Kendall
distribution function, respectively. Then the following equivalences hold:

(i) C is absolutely continuous if, and only if Kpd 1s absolutely continuous.
(i) C is discrete if, and only if Kpd is discrete.

(131) C is singular if, and only if Kpd is singular.

5. Derivatives of multivariate Archimedean copulas

In [3] it was shown that ‘derivatives of copulas have to be handled with care’, a statement that was
underlined by showing the existence of a dense class of bivariate copulas C of the following type: for
A-almost every = € (0,1) the partial derivative 9;C(x,y) does not exist on a dense subset of y € (0, 1).
Motivated by these results in this section we tackle the question if - in the sense of the derivative -
analogously pathological copulas also exist in the Archimedean family.

It is well known (and follows directly from the properties of generators) that every C € CZ is
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continuously differentiable up to order d — 2 (see [21I]). Moreover, as mentioned in the introduc-
tion, for every fixed y € (0,1) the partial derivative 0;...0;_1C(x,y) exists for A\y_i-almost every
X = (21,...,mq_1) € 1971,

We will prove in this section that it is not possible to go much further. As main result we will show
that CZ. contains copulas C of the following pathological type: there exists some set A € B(I?~!) with
Ad—1(A) = 1 such that for every x € A the (d — 1)-st order partial derivative 010s...04—1C(x,y) does
not exist on a dense set of y € (0,1). The family of all such d-dimensional Archimedean copulas will
be denoted by Cm, o Asin [3] we first study the class Cm.p of all d-dimensional Archimedean copulas
fulfilling that for every x from a set A € B(I%1) with p1.a-1(A) > 0 there exists some y := yx € (0, 1)
such that the (d — 1)-st order partial derivative 010...04—1C(x,y) does not exist.

Studying Archimedean copulas exhibiting this pathological behavior, we exploit the one-to-one corre-
spondence between Archimedean copulas and their associated Williamson measures. Using this corre-
spondence, it becomes apparent that point masses of the Williamson measure v € Py, lead to a lack
of differentiability of the corresponding Archimedean copula C,, € C%.. More precisely, the existence of
some zg € (0,00) with y({20}) > 0 implies C, € C,.,,. We explain this connection in more detail since
this observation will be crucial throughout thls section and start with the following lemma:

Lemma 5.1. Let v € Py, and let C' € CY. be the associated Archimedean copula. If the Williamson
measure v has a point mass, that is, if there exists some zy € (0,00) such that v({z0}) > 0, then for
every x € [Cly, N(0,1)4 1 and x ¢ LYY the partial derivative 9y - - - 93_1C(x,yx) does not exist, where
to := ¥(1/20) and y = f0(x).

In other words, whenever v has a point mass, the copula C fails to be differentiable on the set T'(f%)N
(0, 1)4.

The same result still holds for any ordering of the mized partial derivatives of order (d —1).

Proof. Applying d-monotonicity of i yields that the partial derivatives up to order d — 2 exist and
therefore the following identity holds for every x € (0,1)%! and y € (0,1):

03...04-1C(X1:4-1,Y HSO Jplt?) (Z%O (i) + ¢(y )) (22)

=1

Assume there exists some zy € (0,00) such that v({z0}) > 0, and define to := 9(1/29). Fix x €
[C14=1],, M (0,1)%! when tg > 0, and assume that x ¢ L%dil and M(x) < 1 when ¢ty = 0. We then
define

Y= yx= [0(x).
Substituting this choice of ¥ into equation and invoking the convexity of (—1)d_2¢1(d_2), we obtain

d—1
O D2+ 9a—1C(x,y) Hso ;) D=2 (Zw(xi)JrsO(y)Jr)
i=1

T D 64D (i) )
=1
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as well as
d—1
005041 Clx,y) = [[ ') D0 4D ((t0)).
i=1

Since zg was a point mass of v, according to Lemma the point % = ¢(tp) is a point of discontinuity
of D=9(4=2) This yields
8;82...651,10(& y) 7& 31_({“)2...801,10()(, y)

Applying similar arguments as above, the same result holds for any ordering of the mixed partial
derivatives of order (d —1). O

The next result extends the previous observations. Given the close relationship between the regu-
larity of the Williamson measure v € Py, and the regularity of Archimedean copulas, this result comes
as no surprise. In particular, we will show in the next section that elements of Cgr 0 (and indeed even

elements of anp

cal sizes of subsets of CZ, we first show that C(Czlr,p consists exclusively of Archimedean copulas whose

Williamson measures have a non-degenerate discrete component.

) are highly atypical in the sense of Baire categories. Before examining the topologi-

Theorem 5.2. For C € C%. the following three assertions are equivalent:

1. There ezists some zy € (0,00) such that v({zo}) > 0.
2. udcis(]ld) > 0, i.e., C has non degenerate discrete component.

3. C et

ar,p*

Proof. We consider the case d > 3, the case d = 2 is technically simpler and can be proved analogously.
The equivalence of the first and the second assertion has already been established in Corollary The
fact that the first assertion implies the third assertion has been proved in Lemma [5.1

We show that the third assertion implies the second assertion and proceed as follows. If C' € Cgr,p then
there exists some set A € B(I9"!) with jc1:a-1(A) > 0 such that for every point x € A there exists some
yx € (0,1) with 0] 0a...04-1C(x,yx) # 07 02...04-1C(x, yx). Explicitly calculating these derivatives as
before it follows that

d—1 -1
Dyl (Z (i) + w(yx)) # Dyl? (Z ) + ‘p(y">+> ’

i=1 =1

which, using equation yields Ko (x,{yx}) > 0. Applying disintegration and equation the
property u&s(I%) > 0 follows. O

3
ar,p

We start with the following simple example of an element in C illustrating the ideas for the

general setting.
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Example 5.3. Considering the Williamson measure v = % 01 + —}lg 02 the Williamson 3-transform 1}
8
yields the non-strict generator v : [0,00) — I, given by

137221522498 - 1

¢(Z): %(1_5)2a ifZE (538],
0, otherwise.

Theorem implies that the graphs of the functions f* with a =0 = ¢(8) and a = ¥(2) = % have

mass 22 and 17, respectively. According to Lemmawe obtain that for ever x € [C12],N(0,1)? with

x & L§? there exists a yx := f%(x) such that the mixed partial derivative 9;92C(x, yx) does not exist.

The graphs of the functions f* with a € {0, %} are depicted in Figure These contain the points

(x,y) € I? where the derivative 9;05C(x, %) does not exist.

1.00 —_— 1.00
0.75 0.75
L= 0.50 = 0.50
0.25 0.25
0.001 — 0.00

0 1 2 3 0.0 25 5.0 7.5

Figure 3: Plots of the distribution function F, (left panel) of the Williamson measure v considered in Example the

associated generator 1 (middle) and the graphs of the functions f* with a € {0, % of the corresponding Archimedean

copula C' (right panel).
We now focus on the class C4, o and show that it is non-empty.

Theorem 5.4 (Non-differentiability on dense subset). There are copulas C € CZ. with the following
property: there is some set A € B(I9™1) with A\g_1(A) = 1 such that for every x € A it holds that
01...04-1C(x,y) does not exist for a dense set of y € L.

The same result still holds for any ordering of the mized partial derivatives of order (d — 1).

Proof. We prove the result for d > 3, the case d = 2 can be proved similarly. Suppose that @ =
{q1,¢2,...} € (0,00) is dense in [0, 00), that aq, g, ... € (0,1) fulfill > 77, a; = 1, and that

v = Zaiéqi € Pw,.
i€N
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holds. For ways to construct Williamson measures of this type see, e.g., [I5, Lemma Appendix B.2].
1
Fix 2 € (0,1)%" with 2 € (0,1)\ {¥:(2) : j € N} for every k € {1,...,d— 1} and set y; = "%’ (2) for

all i € N with é > ZZ;% ¢(z1). Notice that in this case we have z € [CY471] | s0 y; is well-defined.

(3
Applying Lemma yields that s +— 0a...04-1C(s, Z2.q—1,¥;) is not differentiable in z;. Since the set

W) 1= .
Frul(z): — > p(z),j €N

CV ]

obviously is dense in I, the main result is proved.
Applying similar arguments and using Lemma the same result still holds for any ordering of the
mixed partial derivatives of order (d — 1). O

The next result shows that elements of Cgr,g can be found in every open ball of the compact metric
space (C,., duo).

ar?’

Corollary 5.5. The set C¢ o 18 dense in (€2 ds).

Proof. Fix C € C% and let v € Py , be its corresponding Williamson measure. Then according
to Lemma there exists a sequence (7Vy)nen of discrete Williamson measures with full
support which converges weakly to . Using Theorem every v, induces a copula C),, € Cfan, SO
applying [15, Theorem 5.9] or Lemma yields the desired result.

6. Baire category results for multivariate Archimedean copulas

Building upon the previous sections on mass distributions and derivatives, we now study which
regularity properties topologically typical Archimedean copulas exhibit. To this end, we establish
Baire category results for the family (Pyy,, 7,,) of all d-Williamson measures (see and then
transfer /translate these results to CZ., using the fact that homeomorphisms preserve Baire categories
(see, e.g., [3, Lemma A1]). Recall that the space of all Archimedean copulas (CZ,,ds) is not complete,
so it is a priori unclear whether CY, is not of first Baire category in itself. To facilitate readability,
all auxiliary lemmas on Baire categories on (Pyw,, ) are gathered and proved in As
mentioned in Section , the family P? = endowed with 7, is complete and hence closed. Translating

nor

results from Py, to C%. then implies that a topologically typical Archimedean copula has full support.

In the following we extend the result from [5], stating that a typical Archimedean copula is strict, to
arbitrary dimensions d > 2. Building upon the tools developed in the previous sections and in [15]
the proof provided below is much simpler than the one for the bivariate setting established in [5]. In
fact, we are even able to prove a stronger result: A typical multivariate Archimedean copula has full
support.

Theorem 6.1. The set {C € C%.: supp(uc) = 19} is co-meager in (CZ., dso).

ar?
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Proof. Immediate consequence of Lemma [2.:2] Theorem [3.6] and Lemma O
The subsequent corollary is an immediate consequence of Lemma

Corollary 6.2. The set Py, is co-meager in Py, w.r.t. the weak topology. Moreover, Cgm 1S co-meager
in (C4.,ds).

ar?

Proof. The first assertion follows from the facts that Pg\fd C Py, is co-meager in Py, and that super-
sets of co-meager sets are themselves co-meager. Having this, applying Lemma Theorem and
[15) Lemma 5.5] proves the second assertion. O

As mentioned at the beginning of this section, since the space of d-dimensional Archimedean copulas
is not complete, the fact that the families Cgr’s and {C € C% : supp(uc) = 1%} are of second Baire
category is not obvious.

However, using Lemma and translating Lemma |Appendix B.5|to (Cgr, d~o), the subsequent result

follows:

Corollary 6.3. The sets C%,  and {C € CY,: supp(uc) = 1%} are of second Baire category in (C%,.,ds).

ar,s

As next step we show that a typical d-dimensional Archimedean copula is not absolutely continuous.

Theorem 6.4. The family C¢ is of first Baire category in (CZ., dso).

ar,abs
Proof. Immediate consequence of the fact that homeomorphisms map meager sets to meager sets,

Lemma Corollary and Lemma, O
Using Lemma[2.2] Lemmal[Appendix B.7and Theorem we have shown that typical Archimedean

copulas have degenerate discrete component - the following result holds:

Theorem 6.5. The set .
{Cecg: ulr (1) =0}
is co-meager in (C%,., ds).
Proceeding analogously to the proof of Corollary yields the following:

Corollary 6.6. The set ‘
{Cech: (1) =0}
is of second Baire category in (C%., dso).
Remark 6.7. Considering Theorem and Theorem we conclude that topologically typical

Archimedean copulas do not exhibit pathological behavior, i.e., a typical d-dimensional Archimedean

copula C fulfills C ¢ C¢

ar,p*
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Combining Theorem Theorem [6.4 and Theorem [6.5] yields the following surprising main result
on topologically typical multivariate Archimedean copulas:

Corollary 6.8. A topologically typical d-dimensional Archimedean copula C' has full support, has de-
generate discrete component and is not absolutely continuous.

We conclude this section with an example of a topologically atypical bivariate Archimedean copula.

Example 6.9. Consider the 2-Williamson measure vy € Pyy,, defined via its distribution function by

(0, if z€[0,1),
%, if z € [1,1),

(0.2 = { BAVETTH2), ifze[12)
T(Wz=2+41), ifz€(2,3),
1, if 2> 3,

Ve

for every z € [0,00). Obviously (see Figure {4]) v has a non-degenerate discrete as well as a non-
degenerate absolutely continuous component. Straightforward calculations show that the corresponding
generator ¢ is given by

1—§§, if z €0,3),
27 3/(1-22)4—4 ¥z(382—63) 11
288f J fZ e (§7 5}7
— ! —3V284+/(1—2)3+12 .
¥(2) TG f if z € (1,1],
2(1-2), if z € (1,4],
0, it z > 4.

The induced Archimedean copula Cy has non-degenerate discrete component and is non-strict, so
according to Corollary the copula Cy is atypical. A sample of the copula Cy, is depicted in Figure
Bl
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Appendix A. Proofs for auxiliary results in Sections and

Appendix A contains the proofs of several technical lemmas, which have been moved here in order
to improve the readability of the paper.

Proof of Lemma[3.7] The equivalence of the first, second and fourth assertion is an immediate conse-
quence of Theorem and equations and , respectively. The fact that the second assertion
implies the third one is an immediate consequence of the form of the Markov kernel in equation .
Applying disintegration proves that the third assertion implies the fourth one, which completes the

proof.
Note that alternatively the equivalence between the first, the second and the fourth assertion also
follows from the results in Section 4.1 in [21]. O

Proof of Lemma[3.9. We assume that v%¢([0,00)) > 0 and prove that for all x in a set of positive
pon:a—1-measure the Markov kernel K¢ (x, -) has non-degenerate absolutely continuous component. Set-
ting 2o := sup{z € [0,00): v**([0, z]) = 0} we have zy € [0,00). Define the set A C I¢~! by

d—1
1
A=<I{x¢€ 0,1d_1:0< T) < — p.
{ 0.1) R ZO}

Then we obviously have Ag_1(A) > 0. Using the equivalence of ¥([0,7)) = 0 and ¢(1) = 0 for r € (0, 0),
it follows that % < ¢(0) holds. Hence for x € A the density ct@~1 of CH4=1 fulfills c!*¥~1(x) > 0,
which altogether implies that pici.a—1(A) > 0. Therefore, using equation it suffices to show that
for fixed x € A the function

f]y tdfld,yabs (t)

[y ()
is non-degenerate and absolutely continuous on I, which can be done as follows: For x € A the
construction of zp implies that for yo = f°(x) we have

1 1 1 1

ST o) o)~ PO = S S o) S o) + o)

31

y = HY(y) (A1)



https://doi.org/10.1016/j.fss.2021.04.011

626

627

628

629

630

631

632

633

634

635

636

637

638

639

which, using the fact that t2=* > 0 for every ¢t € (0,00), yields that HZ* is non-degenerate; H2% is
obviously non-negative, non-decreasing, and continuous on 1.

Moreover the function z +— f[07z} t4=1dys(t) is absolutely continuous and non-decreasing on every
compact interval of the form [0, a]. Considering that both, in the strict and in the non-strict case, we

have that the mappin = ———1 g absolutely continuous and non-decreasing on I, accordin
v PPIE Y = T ooy Y ! g ’ g

to [24, Proposition 129] the composition H2* is absolutely continuous too. Finally, equation
implies that K¢(x,-) has a non-degenerate absolutely continuous component, which completes the
proof. O

Proof of Lemma[3.10, We assume v*™9([0, 00)) > 0 and proceed in the same manner as for the abso-
lutely continuous component. Define the set A in the same manner as in the proof of Lemma only
replacing v by v*™9 in the definition of zg. It suffices to show that for fixed x € A the function

' f] td—ld,ysing(t)
HM () = = A2
Y My (y> f[l tdild’y(t) ( )

is non-degenerate and singular on I, which according to equation implies that the Markov kernel
Kc(x,-) has a non-degenerate singular component. A

The construction of A implies that Hy ¥ is non-degenerate. Moreover Hy ¥ is continuous since dis-
continuity points would correspond to point masses of %9 of which by assumption there are none.
In order to prove singularity of Hyx ¥ let x € A be arbitrary but fixed and proceed as follows: Define
the o-finite measure m on B([0, c0)) by

m(E) ::/Etd_ld’ysmg(t).

Then there exists some set O € B([0,00)) with m([0,00) \ O) = 0 and A\(O) = 0. Letting G,,: I1 —
[0,00) denote the induced measure-generating function (restricted to the set I1), defined by G, (2) :=
m([0, z]), singularity of m implies that G, (z) = 0 for A\-almost every z € I, i.e., setting

F:={z€l: G, exists and G,,(z) = 0}

we have A(F) = A(I1). The function g : I — ST @(;k)'ﬂO(o)’ Z‘;f;ilw(wk) =: Iy 1, defined by g(y) :=
ST oo obviously is strictly increasing, continuous and bijective. Let h denote its inverse and
set

T:={yel gy € F} =g '(F) € B().

Then for every z € Iy1 we have h(z) = (L — Zf;ll ©(x;)) as well as h(F) = Y. Using convexity of 1

z

yields that h is locally Lipschitz continuous and therefore locally absolutely continuous. Applying that
locally absolutely continuous functions map sets of A-measure 0 to sets of A-measure 0 |20, Theorem
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3.41] implies that A(I'\ T) = 0 holds. For fixed y € T N (0, 1), using equation (A.1)) and applying the
chain rule yields

sing\/ — li !
(H™)(y) = ~ dme (Zg_ll o(xi) + 90(?!))
1, 1 > —D+<P(y)

e m(Zf__fw(:viHsO(y) (X o) + o(y))?

with ¢ = [ t%~1dy(t). Since A(T N (0,1)) = 1 we have shown that HE™ has derivative zero A-almost
everywhere in I, which completes the proof. O

)

Proof of Lemma[/.1. As already mentioned in Section 2 for every r € (0,00) we have v([0,7)) = 0 if,
and only if 1(1) = 0. This directly yields ([0, z]) = 0 for every z € [0,
1

On the other hand, for z > (o) there exists a unique ¢ € I with o(t)

¥(1). Applying equation the desired identity ([0, 2]) = F(¢(2)) follows.
The second assertion is a direct consequence of the facts that (i) 1 is a generator and (ii) the mapping
z = % is Lipschitz continuous on every interval of the form [a, 1] with a > 0. O

—_

0)):
%, and this ¢ coincides with

s

Appendix B. Denseness and Baire category results for probability measures on [0, co)

In this appendix, we establish denseness and Baire category properties for probability measures on
the interval [0,00), with a particular focus on Williamson measures. These findings are essential for
the Baire category results regarding Archimedean copulas in Section [6]

In order to show that fully supported absolutely continuous, discrete and singular Williamson measures
are dense in (Pyy,, 7,) we make use of the subsequent lemma.

Lemma Appendix B.1. The following assertions hold:
(i) The family of discrete d-Williamson measures with full support is dense in (Pw,, Tw)-
(23) The family of singular d- Williamson measures with full support is dense in (Pw,, Tw)-
(i3i) The family of absolutely continuous d- Williamson measures with full support is dense in (Pyw,, Tw)-

Proof. Fix v € Pyy,. Then according to [I5, Theorem Appendix B.2| there exists a sequence (Vy,)nen of
absolutely continuous/discrete/singular Williamson measures converging weakly to . Considering an
absolutely continuous/discrete/singular Williamson measure 8 with full support (see, e.g., [15, Theorem
6.1] and [I5, Theorem 6.2] for examples of such measures) and setting 3, := (1 — 1)y, + 23 for every
n € N yields a sequence (5, )nen of absolutely continuous/discrete/singular Williamson measures with
full support which converges weakly to ~. O
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Next, we show that the family of all d-Williamson measures Pyy, is dense in (P2, 7).

Lemma Appendix B.2. The family of all d-Williamson-measures Pyy, is dense in (P2 Tw).

nor» 'w

Proof. First of all notice that every v € P4, fulfills v({0}) < 3. Since for v({0}) = 0 we have v € Py,
it suffices to consider the case y({0}) € (0, 3] and to show that there exists some sequence in Py,
converging weakly to ~.

(i) Suppose that 0 < v({0}) < % holds. Then we have y(I) > 1 and may proceed as follows: For
a € [0,1] and b € [a,1] define the transformation T, 4: I — [a,b] by T, 5(t) := a + (b — a)t. Choose
no € N sufficiently large so that ~v(I)(1 — nio)“l_1 > % holds and set a,, := % for every n > ng. Defining
the function ®,, : [ay, 1] = [0,00) by

D (s) := /11(1 —an — (s — an)t) " dy(t) = /[ }(1 — )3Ty Tans (1)

it follows that ®,, is strictly decreasing and continuous on |a,,1] and that ®,(a,) > 3 as well as
®,(1) < 1 hold. Hence there exists a unique b, € [ay, 1] fulfilling ®(b,) = 3. Letting &, denote the
unique probability measure on B([0, c0)) fulfilling &,([0, a,)) = 0 = &,((bn, 1]), coinciding with yZan.bn
on B([an,b,]) and with v on B((1,00)) we obviously have &, € Py, for every n > ny. Considering
an =30 it is straightforward to verify that b, "% 1. Hence, for every bounded continuous function

f:[0,00) = R using change of coordinates it follows that

/ F(O)dEn(t) = / F(6)dEn(t)
[0,00) [0,ar)U(br,1]
+ /[ambn] FOdn(t) + / F(Hden(t)

(1,00)

_ Tan,bn
_oq /[b fO@ T (o) + [ fde

(1,00)

:/foTambn(t)dv(t)+/ f@)dy(t)
I (1,00)

and the latter sum converges to f[O,oo) f(t)dv(t). In other words: the sequence (&, )nen converges weakly
to 7.

(ii) Suppose that v({0}) = % holds, in which case we have v(I) = 3. Letting F, denote the distribution
function of v and F.~ its quasi-inverse then we obviously have F.~ (% + %) > 1. For every n > 3 define
another distribution function Fy, by

1 1
Fe, (2) := <2 + n> 1oy F*(%Jrl))(z) + Fv(z)l[F;(%Jrl),oo)(z)

n+2°7 7 n n

for every z € [0,00). Then obviously the probability measures ¢, induced by F¢, is a d-Williamson
measure for every n > 3. If z € (0,00) fulfills F,(z) = %, then z < FJ(% + %), hence, using the facts
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that 41/t — %1 and 3 141 sy 1 shows convergence of (F¢, (2))nen to Fy(2). If 2 € (0, c0) fulfills
F,(z) > %, then we may choose K € N sufficiently large so that 1 + + < F,(z) and Fr G+4) <=z
hold. Then F¢, (2) = F,(z) for all n > K, which completes the proof. O

Building upon the previous lemma we prove that a typical element of P¢ _ is a Williamson measure.

nor
Lemma Appendix B.3. The family of d- Williamson-measures Py, is co-meager in (PgOT,Tw).

Proof. Tt suffices to show that the set

N := {7 € Pror: 7({0}) > 0} (B.1)

is of first Baire category in P%,,., which can be done as follows. For every k > 2 defining the set Py, by

Peim (e Phosaton 2 1)

we obviously have N C [ J;2, Pj. Portmanteau’s theorem implies that for every sequence 71,72, ... € Py
converging weakly to some v € Pd, we have that v({0}) > limsup,,_,o, 7 ({0}) > £ holds, so Py is

nor
weakly closed in P2, . Letting O C P2 denote a non-empty open set then denseness of Py, in Pd,

yields the existence of a measure ¥ € O N Py, with ¥ ¢ Pi. This shows that Py is nowhere dense in
P ., so the set N is of first Baire category, implying that Pyy, is co-meager in P2, . O]

The next lemma shows that a typical Williamson measure has full support.
Lemma Appendix B.4. The set P{\fd is co-meager in (Pw,, Tw).
Proof. Tt suffices to show that
W = {v € P, : there exists an interval (a,b) C [0, 00) with v((a,b)) = 0}

is of first Baire category in (P, , Tw). Let q1, g2, ... be an enumeration of (0,00) NQ, set gp := 0, and,
for (i, k) € Ng x N define the sets W, j, by

{{’Yelpwd:’}/((% kan“!‘*))_O} ifi>1,
{7 € Py 2((0. 1) = 0} if i = 0.

Then we obviously have W C ey, Ureny Wik- We show that for (i, k) € N? the set Wjy, is weakly
closed. If (yn)nen is a sequence in W, converging weakly to some v € Pyy,, then Portmanteau’s
theorem shows that

Wik :=

)

0 = lim inf ~¢((g; —5ai+7)>2v(gi— 1.4+ 7)) =0,

so v € W k. Proceeding analogously yields that the sets Wy ;. are weakly closed too. Considering that,
according to Lemma the set of Williamson measures with full support is dense in Py,
it follows that each set W, j is nowhere dense in P)y,, which implies that W is of first Baire category.

Hence, by definition P{:\fd is co-meager in (Pw,, Tw). O
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Next, we prove that the set of all Williamson measures with full support (and therefore also the set
of all strict Williamson measures) is of second Baire category in Pyy,.

Lemma Appendix B.5. The sets P{j\fd and Py, are of second Baire category in (Pwys Tw)-

Proof. Suppose that P,J/c\fd were of first Baire category in Py,. Then, considering that Pd . contains
Pyy,, it would be of first Baire category in P2, as well. Applying Lemma and Theorem
yields that P2, \ Py, and Py, \Pg\fd are both of first Baire category in P?, . Therefore,
writing P2, = (P4, \ Pw,) U (P{:\fd U (Pw, \P{:\fd)) and using the fact that finite unions of sets of first

nor
Baire category are themselves of first Baire category would yield that Pgor is of first Baire category in

itself. A contradiction. Therefore Pg\fd is of second Baire category in Pyy,. Considering P{\fd C Py, it
follows that Pyy, is of second Baire category in Pyy,, which completes the proof. O

The subsequent Lemma shows that typical Williamson measures are not absolutely continuous.

Lemma Appendix B.6. The set Pﬁ\l}j is of first Baire category in (Pw,, Tw).
Proof. Suppose that v € 73385 has density k.; for n € N define the sets M, € B([0, 00)) by
M) :={z€[0,00): ky(2) > n}

and set

M, ={y¢€ 771%’3: y(M7) < i}
Considering A((N;2; M, ) = 0, absolute continuity of v yields v((,2; M) = 0, so for sufficiently large
n we have y(M;) < ;. This shows that

Pivs € | M,

neN

it hence suffices to show that M,, is nowhere dense in (P, Tw), which can be done as follows: Let
B e 73%3 be an arbitrary discrete d-Williamson measure with only finitely many point masses, i.e.,
B = Zf\il @;0z,, whereby 0 < 21 < 29 < -+ < zny < o0 and aq, ...,an € (0, 1] fulfill Zf\;l a; =1. We
will show that it is not possible to construct a sequence in M,, converging weakly to 5. Set o = 0 and
define p by

p = gir min { min{|z; — z;|: 4,5 € {0,..., N}},1} > 0.

Then obviously we have A(UN.,(z; — p,zi + p)) < +. Letting f: [0,00) — R denote a continuous

function fulfilling f(z;) = 1 and f |(4,—p 2,40 € (0,1] for every i € {1,..., N}, and being identical to
0 on [0,00) \ Ufil(acz — p,x; + p). By construction, on the one hand we have f[o 00) fdB = 1. On the
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other hand, for arbitrary but fixed v € M,, it follows that

/ fd'V:/ fd7+/ Jdy
[0,00) My [0,00)\ M,
1
! / Jdy
[0,00)\ M,

<1= [ fds.
I

IN

N = >

<
Finally, using the fact that discrete Williamson-measures with finitely many point masses are dense in
(Pw,, Tw) (see [15]) it follows that M,, is nowhere dense in Pyy,, which proves the desired result. [

We now turn towards Williamson measures having non-degenerate discrete component and show
that these elements are topologically atypical.

Lemma Appendix B.7. The set
{v € Pw,: v has no point masses}
is co-meager in (Pw,, Tw).
Proof. It suffices to show that the set
ngd = {y € Pw,: 3z € (0,00) with v({z}) > 0}

is of first Baire category in Pyy,. For arbitrary £ € N and 2 < m € N defining the set W, ,,, by

Wim = {V € Pw,: Iz € [1,m] such that v({z}) > ;}
m

we obviously have ngd C Ui Upe—o Wi . We will show that W, , is closed in (Pyy,, 7y) and proceed
as follows: Suppose that (v,)nen is a sequence in Wy, ,,, converging weakly to some v € Pyy,. Then there
exists some sequence (zp)pen in [%,m} fulfilling v, ({zn}) > % for every n € N. Using compactness
of [%,m] there exists some subsequence (an)jeN with limit z* € [%,m] We want to prove that
v({z*}) > % holds. To simplify notation let F,; and F, denote the distribution functions of ~,; and
v, respectively. Choose an arbitrarily small A > 0 such that z* + h and z* — h are continuity points of
F.,. Then using weak convergence of (7, )nen to 7y yields that

lim F, (2" +h) = F,(2* + h) and lim F, (2" —h) = F,(z" — h).

J—00 J—00
Furthermore, convergence of (zy,) to z* implies the existence of some jo € N fulfilling that |z,; —2*| < h
holds for all j > jo. Finally, using monotonicity of distribution functions it follows that

-y ([, 1) = Py (2n) = By (2, =)  Foy (57 1) = By (5* = )
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holds for sufficiently large j, which implies

< F(z* +h) — F(z* — h).

| =

Since h > 0 can be chosen arbitrarily small we finally obtain that v({z*}) > , i.e., Wi, is closed in

(Pw,, Tw). According to LemmalAppendix B.1|the family of absolutely continuous Williamson measures
is dense in (P, T ), hence Wj, p, is nowhere dense in (Pyy,, 7). This shows that Pﬁvd is of first Baire

category in Pyy, and the proof is complete. O
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