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Abstract4

Copulas, in particular Archimedean copulas are commonly viewed as analytically nice and regular
objects. Motivated by a recently established result stating that the first partial derivatives of bi-
variate copulas can exhibit surprisingly pathological behavior, we focus on the class of d-dimensional
Archimedean copulas denoted by Cdar and show that partial derivatives of order (d− 1) can be surpri-
singly irregular as well. In fact, we prove the existence of Archimedean copulas C ∈ Cdar whose (d−1)-st
order partial derivatives are pathological in the sense that for almost every x ∈ [0, 1]d−1 the derivative
∂1...∂d−1C(x, y) does not exist on a dense set of y ∈ (0, 1).
Since the existence of mixed partial derivatives of order (d− 1) of a copula C is closely related to the
existence of a discrete component, we also study mass distributions of Archimedean copulas. Building
upon the interplay between Archimedean copulas and so-called Williamson measures we show that ab-
solute continuity, discreteness and singularity of the Williamson measure propagates to the associated
Archimedean copula and vice versa. Moreover, we prove the fact that the sub-family of Cdar consisting
of copulas whose absolutely continuous, discrete and singular component have full support is dense in
Cdar.
Finally, viewing Cdar in the light of Baire categories, we show that, in contrast to the space of bivariate
copulas, a topologically typical d-dimensional Archimedean copula C is not absolutely continuous but
has degenerate discrete component, implying that pathological elements are rare in Cdar.
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1. Introduction7

Due to their simple algebraic structure and their relevance in various applications, e.g., in finance
and hydrology [7, 15, 22], Archimedean copulas gained increasing popularity over the last decades.
Considering a so-called Archimedean generator ψ : [0,∞) → [0, 1] =: I and its quasi-inverse function φ
(and assuming that the generator ψ is sufficiently monotone/regular), setting

Cψ(x1, ..., xd) := ψ(φ(x1) + ...+ φ(xd)).
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defines a d-dimensional Archimedean copula Cψ. Building upon the afore-mentioned regularity of the8

generator ψ it is known (see, e.g., [14, Theorem A1]) that for an arbitrary d-dimensional Archimedean9

copula C and every y ∈ (0, 1) the partial derivative ∂1...∂d−1C(x, y) exists for λd−1-almost every10

x := (x1, ..., xd−1) ∈ Id−1 (whereby λd−1 denotes the (d− 1)-dimensional Lebesgue measure and I the11

unit interval). However, as pointed out in the bivariate setting in [3], derivatives of copulas have to be12

handled with care - the main objective of this paper is to show that this statement remains true for13

the class Cdar of all d-dimensional Archimedean copulas.14

Motivated by the results in [3], where it was shown that in the whole family C2 of bivariate copulas as15

well as in the family of bivariate extreme-value copulas there exist elements C with the property that16

the first partial derivative ∂1C(·, ·) does not exist on a dense set, we here establish a similar result for17

the family of d-dimensional Archimedean copulas and show the existence of an Archimedean copula18

C with the following property: there exists some Borel set Λ ⊆ Id−1 with µC1:d−1(Λ) > 0 (whereby19

µC1:d−1 is the (d− 1)-stochastic measure corresponding to the marginal copula C1:d−1 of the first d− 120

coordinates) such that for λd−1-almost every x ∈ Id−1 the mixed partial derivative ∂1...∂d−1C(x, y)21

does not exist for a dense set of y ∈ (0, 1). More surprisingly, the family of all copulas exhibiting the22

afore-mentioned pathological behavior is still comparably large in the sense that it is dense in Cdar with23

respect to the standard uniform metric d∞.24

Building upon the fact that (for arbitrary dimension d ≥ 2) multivariate Archimedean copulas C can25

be characterized in terms of so-called Williamson measures γ (probability measures γ on (0,∞), see26

[21]), we first derive various results on the interplay between the copula and its Williamson measure,27

which provide the basis for constructing copulas with afore-mentioned pathological differentiability28

properties. In particular, we show that the Williamson measure γ has a non-degenerate absolutely29

continuous/discrete/singular (singular in the sense that it has no point masses and its correspond-30

ing distribution function Fγ has derivative 0 λ-almost everywhere) component if, and only if the31

corresponding Archimedean copula C has non-degenerate absolutely continuous/discrete/singular32

component (in a sense specified in Section 2.2). Moreover we prove that C ∈ Cdar has full support if,33

and only if the corresponding Williamson measure γ has full support and then show that the same34

holds for the absolutely continuous, the discrete and the singular component. Building upon these35

results we are able to prove the surprising fact that the subfamily of Cdar consisting of copulas whose36

absolutely continuous, discrete and singular component, respectively, have full support is dense in Cdar.37

One question that arises naturally is, whether the afore-mentioned subfamilies are considered topolog-38

ically ‘small’ or ‘large’, indicating whether their elements represent atypical or typical elements of Cdar.39

Utilizing Baire categories (see, e.g., [23]), topology provides a natural framework for distinguishing40

between ‘small’ and ‘large’ sets. A subset of a topological space (T , τ) is called nowhere dense if, and41

only if the interior of the closure of that set is empty in (T , τ). Furthermore, a set in (T , τ) is called42

meager/of first Baire category, if it can be covered by a countable union of nowhere dense sets. A set is43

of second Baire category, if it is not of first Baire category and, finally, a set is called co-meager, if it is44

the complement of a set of first Baire category. Following [2] and sticking to the concept of ‘small’ and45

‘large’ sets, in a complete metric space, sets of first Baire category are the ‘small’ sets, sets of second46

Baire category are referred to as ‘not small’ and co-meager sets are the ‘large’ sets. Moreover, given a47

topological space (T , τ), we call an element of a co-meager set a typical element and an element of a48
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meager set an atypical element of that space.49

In the family C2 of all bivariate copulas a typical copula is discrete (even mutually completely depen-50

dent, see [3, 17]), whereas a typical extreme-value copula has degenerate discrete component (again51

see [3]). Following along these lines, using the afore-mentioned results on differentiability and mass52

distributions, as main result on sizes of subclasses of Cdar we finally show that a typical d-dimensional53

Archimedean copula has non-degenerate discrete component, is not absolutely continuous and has full54

support. As a direct consequence of this result we can provide a new, significantly simplified proof55

of [5, Theorem 2.5], stating that for dimension d = 2 a typical Archimedean copula is strict. For56

a selection of further contributions viewing copulas from the Baire category perspective we refer to57

[4, 5, 6, 9] and the references therein.58

59

The rest of this paper is organized as follows: Section 2, containing notations and definitions used60

throughout this paper, is divided into two parts: the first subsection focuses on general notation used61

throughout this paper while the second recalls relevant properties of Archimedean copulas and their62

interplay with Williamson measures. Section 3 studies regularity and mass distributions of Archimedean63

copulas. After showing how regularity and measure-theoretic properties of the Williamson measure64

propagate to the corresponding Archimedean copula (and vice versa) we prove that the family of65

Archimedean copulas whose discrete, absolutely continuous and singular component have full support66

Id is dense in (Cdar, d∞). After deriving analogous results for the Kendall distribution function in Section67

4, in Section 5 we focus on (d−1)-st order partial derivatives ∂1...∂d−1C of Archimedean copulas C and68

establish denseness of the subclass of all Archimedean copulas exibiting the pathological differentiability69

behavior sketched at the beginning of the introduction. Finally, Section 6 provides the afore-mentioned70

category results for subfamilies of Cdar.71

To improve the flow and readability of the paper, the proofs of several technical lemmas are deferred72

to the appendices.73

2. Notation and Preliminaries74

2.1. General notation and definitions75

Throughout this contribution we will write I = [0, 1] and let bold symbols denote vectors. In what
follows Cd with d ≥ 2 denotes the family of all d-dimensional copulas, i.e., the family of distribution
functions (restricted to Id) of random vectors X = (X1, . . . , Xd) fulfilling that each Xi is uniformly
distributed on I. For a d-dimensional random vector X we will write X ∼ C for some C ∈ Cd if C is
the joint distribution function of X restricted to Id. For every dimension d ≥ 2, the minimum copula is
defined as M(x) := min1≤i≤d xi for every x ∈ Id and the product (independence) copula is defined as
Π(x) =

∏d
i=1 xi for every x ∈ Id. Given C ∈ Cd we will let µC denote the corresponding d-stochastic

measure, i.e., the probability measure defined by µC([0,x]) := C(x) for all x = (x1, . . . , xd) ∈ Id with
[0,x] := [0, x1] × [0, x2] × . . . × [0, xd] and extended to the Borel σ-field B(Id) on Id in the standard
measure-theoretic way.
For X ∼ C the Kendall distribution function F dK of C is the distribution function of the (univariate)
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random variable C(X), i.e., we have

F dK(t) := P(C(X) ≤ t)

for every t ∈ I.76

Simplifying notation, for every pair (i, j) ∈ {1, ..., d}2 with i < j and x ∈ Id we will write xi:j :=
(xi, . . . , xj). Moreover, for C ∈ Cd and 1 ≤ m ≤ d the marginal copula C1:m of the first m coordinates
of C is defined by C1:m(x1, x2, . . . , xm) := C(x1, x2, . . . , xm, 1, . . . , 1) for all x = (x1, x2, ..., xm) ∈ Im.
The uniform metric d∞ on Cd is given by

d∞(A,B) := sup
x∈Id

|A(x)−B(x)|

for all A,B ∈ Cd. It is well known (see, e.g., [8, 22]) that (Cd, d∞) is a compact metric space. For more77

background on copulas and d-stochastic measures we refer to [8, 22].78

Given an arbitrary topological space (S, τ) the Borel σ-field on S will be denoted by B(S), the79

family of all probability measures and of all (positive) finite measures on B(S) by P(S) and M(S),80

respectively. Focusing on Polish spaces S the topology induced by weak convergence of elements in81

P(S) will be denoted by τw (see, e.g., [1]). For every ν ∈ M(S) the support supp(ν) of ν is the82

complement of the union of all open sets U with the property that ν(U) = 0. We say that ν has full83

support if supp(ν) = S or, equivalentely, if ν(U) > 0 holds for every open set U in S. In the sequel the84

support of a copula C ∈ Cd is (by definition) the support of its corresponding d-stochastic measure µC .85

As a direct consequence, C ∈ Cd has full support if, and only if supp(µC) = Id holds.86

The Lebesgue measure on B(Id) or B(Rd) will be denoted by λd, if the dimension is equal to 187

we will drop the index and simply write λ instead of λ1. The Dirac measure at some point x ∈ S is88

denoted by δx. Letting (S, d) and (S′, d′) denote two metric (or, more general, two topological) spaces,89

T : S → S′ be a Borel-measurable transformation and ν ∈ P(S), then the push-forward (measure)90

νT ∈ P(S′) of ν via T is defined by νT (F ) := ν(T−1(F )) for all F ∈ B(S′).91

In what follows conditional distributions and Markov kernels (regular conditional distributions) will
play an important role. Given some m ∈ {1, . . . , d − 1} we call a map K : Rm × B(Rd−m) → I an
m-Markov kernel from Rm to Rd−m, if the function x 7→ K(x, E) is B(Rm)-B(Rd−m)-measurable for
every fixed E ∈ B(Rd−m) and the map E 7→ K(x, E) is a probability measure on B(Rd−m) for every
x ∈ Rm. If for every x ∈ Im the measure K(x, ·) only fulfills K(x, Id−m) ≤ 1 instead of K(x, Id−m) = 1
then we call K an m-sub-Markov kernel.
Given a (d − m)-dimensional random vector Y and an m-dimensional random vector X on a joint
probability space (Ω,A,P), a Markov kernel K is called a regular conditional distribution of Y given
X, if (and only if) for every set E ∈ B(Rd−m) the identity

K(X(ω), E) = E(1E ◦Y|X)(ω)

holds for P-almost every ω ∈ Ω. It is a well-known fact (see [12, 18]) that for each pair (X,Y) of92

random vectors such a regular conditional distribution K of Y given X exists and that it is unique for93

PX-almost every x ∈ Rm. For (X,Y) ∼ C we will let KC : Im × B(Id−m) → I denote (a version of)94
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the corresponding conditional distribution of Y given X; KC will simply be referred to as (a version95

of) the m-Markov kernel of the copula C.96

For every G ⊆ Id and x ∈ Im define the x-section Gx of G by Gx := {y ∈ Id−m : (x,y) ∈ G} ∈ B(Id−m).97

Applying disintegration of µC into the marginal µC1:m and the m-Markov kernel KC of C (see [12,98

Section 5] and [18, Section 8]) the following identity holds for all G ∈ B(Id):99

µC(G) =

∫
Im
KC(x, Gx) dµC1:m(x). (1)

For more background on conditional expectation, conditional distributions and Markov kernels we refer100

to [12, 18].101

Throughout this article a measure ν ∈ M(S) with S = Id or S = [0,∞) is called singular (w.r.t. λd102

or w.r.t. to λ, respectively) if ν does not have any point-masses and if there exists some G ∈ B(S) such103

that λd(G) = 0 and ν(G) = ν(S) hold. We will refer to such measures simply as ‘singular’ (instead of104

the alternative ‘singular without point-masses’) for the sake of simplicity, for being in accordance with105

singular distribution functions, and because of the subsequent simple observation: For arbitrary C ∈ Cd106

the corresponding d-stochastic measure µC obviously has no point-masses, i.e., its discrete component in107

the sense of Lebesgue decomposition is degenerate. Proceeding analogously to [15] and decomposing the108

(d− 1)-kernels KC , however, allows to decompose C into three not necessarily degenerate components:109

in fact, denoting the absolutely continuous, the discrete and the singular (d− 1)-sub-kernels of KC by110

Kabs
C , Kdis

C , Ksing
C : Id−1 × B(I) → I, respectively, according to [19] we have that111

KC(x, F ) = Kabs
C (x, F ) +Kdis

C (x, F ) +Ksing
C (x, F ) (2)

holds for every x ∈ Id−1 and every F ∈ B(I). Using this decomposition, assuming that the copula C ∈ Cd112

is exchangeable (see [8, Definition 1.7.12] for a formal definition), and that the marginal measure µC1:d−1113

is absolutely continuous, disintegration allows us to decompose µC into the three measures µabsC , µdisC ,114

µsingC , defined by115

µabsC (E × F ) :=

∫
E
Kabs
C (x, F )dµC1:d−1(x),

µdisC (E × F ) :=

∫
E
Kdis
C (x, F )dµC1:d−1(x),

µsingC (E × F ) :=

∫
E
Ksing
C (x, F )dµC1:d−1(x), (3)

for all E ∈ B(Id−1) and F ∈ B(I) and extended to full B(Id) in the standard way. To avoid ambiguity116

with concepts already discussed in the literature we will refer to these three measures as the absolutely117

continuous, the discrete and the singular (sub-probability) measures induced by the (d− 1)-kernel KC118

and the marginal C1:d−1, respectively. Notice that the definition in equation (3) is directly applicable119

to Archimedean copulas C ∈ Cdar, since these copulas are exchangeable and have absolutely continuous120

(d− 1)-marginals µC1:d−1 .121
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Considering a real function u, the left-hand and right-hand derivatives of u (assuming their ex-
istence) will be denoted by D−u and D+u, respectively; u(m) will denote the m-th derivative of u
(wherever it exists). A function u : (a, b) → R, whereby (a, b) ⊆ R denotes an open, not necessarily
finite interval, is called d-monotone with 2 ≤ d ∈ N, if (i) it is differentiable up to order d− 2, if (ii)

(−1)ku(k)(x) ≥ 0,

holds for all k ∈ {0, ..., d − 2} and x ∈ (a, b), and if (iii) (−1)d−2u(d−2) is non-increasing and convex122

on (a, b). Finally, a real-valued function u defined on [0,∞) is called d-monotone, if it is continuous on123

[0,∞) and d-monotone on (0,∞).124

2.2. Multivariate Archimedean copulas125

In what follows we will consistently use the conventions inf ∅ := ∞, 1
∞ := 0, 10 := ∞. We call a non-126

increasing and continuous function ψ : [0,∞) → I which fulfills ψ(0) = 1, limz→∞ ψ(z) = 0 =: ψ(∞)127

and which is strictly decreasing on [0, inf{x : ψ(x) = 0}) an Archimedean generator; in the sequel we128

will simply refer to Archimedean generators as generators. The pseudo inverse φ : I → [0,∞] of a129

generator ψ is defined by φ(y) := inf{z ∈ [0,∞] : ψ(z) = y} for every y ∈ I. It is straightforward130

to see that φ is strictly decreasing on (0, 1], right-continuous at 0 and fulfills φ(1) = 0 (see [15]). A131

generator ψ (or its pseudo-inverse φ) is called strict if φ(0) = ∞ (or equivalently if ψ(z) > 0 holds for132

all z ∈ [0,∞)). A copula C ∈ Cd is called Archimedean if there exists an Archimedean generator ψ133

such that134

C(x) := ψ

(
d∑
i=1

φ(xi)

)
(4)

holds for all x ∈ Id. In order to stress the correspondence between generator ψ and copula C in the sequel135

we sometimes write Cψ instead of C. According to [21, Theorem 2.2], C(x) := ψ
(∑d

i=1 φ(xi)
)

is a d-136

dimensional Archimedean copula if, and only if ψ is d-monotone on [0,∞), which, in turn is equivalent to137

the fact that (−1)d−2ψ(d−2) exists on (0,∞), is non-negative, non-increasing and convex on (0,∞), see138

[21, Proposition 2.3]. Convexity of (−1)d−2ψ(d−2) implies that bothD−ψ(d−2)(z) andD+ψ(d−2)(z) exist139

on (0,∞), that the one-sided derivatives coincide outside a countable set (see [13, Theorem 3.7.4] and140

[26, Appendix C]) and that D−ψ(d−2)(z) = D+ψ(d−2)(z) holds for every continuity point z of D−ψ(d−2).141

Furthermore (see [15]), every d-monotone generator ψ fulfills ψ(m)(∞) := limz→∞ ψ(m)(z) = 0 for every142

m ∈ {0, ..., d− 2} as well as D−ψ(d−2)(∞) := limz→∞D−ψ(d−2)(z) = 0. Note that the convexity of ψ143

implies that its pseudo-inverse φ is convex as well.144

In order to have a one-to-one correspondence between generators and Archimedean copulas in what145

follows we always assume the generator ψ to be normalized in the sense that ψ(1) = 1
2 (or equivalently146

φ(12) = 1) holds and denote the family of all normalized d-monotone generators by Ψd. The class of all147

d-dimensional Archimedean copulas will be denoted by Cdar. Moreover an Archimedean copula Cψ ∈ Cdar148

will be called strict (non-strict) if its corresponding generator ψ is strict (non-strict). Throughout149

this contribution Cdar,s and Cdar,n will denote the subclasses of all strict and non-strict d-dimensional150

Archimedean copulas, respectively. According to [21] C ∈ Cdar is absolutely continuous if, and only151
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if ψ(d−1) exists and is absolutely continuous on (0,∞). Building upon this fact, in the absolutely152

continuous case (a version of) the density c of C is given by153

c(x) = 1(0,1)d(x)

d∏
i=1

φ′(xi) ·D−ψ(d−1)

(
d∑
i=1

φ(xi)

)
(5)

for all x ∈ Id. As established in [21, Proposition 4.1], every at most (d − 1)-dimensional marginal of
a d-dimensional Archimedean copula is absolutely continuous. This fact allows us to work with the
definition of the absolutely continuous, the discrete and the singular component of an Archimedean
copula C ∈ Cdar according to equation (3); the families of all absolutely continuous, of all discrete and
of all singular Archimedean copulas will be denoted by Cdar,abs, Cdar,dis and Cdar,sing, respectively.
Defining the family Pd

nor of all d-normalized probability measures by

Pd
nor :=

{
γ ∈ P([0,∞)) :

∫
I
(1− t)d−1dγ(t) =

1

2

}
,

it is straightforward to verify that Pd
nor is weakly closed in P([0,∞)). Considering that P([0,∞)) is154

a complete metric space (see [25]), Pd
nor is (as closed subset of a complete metric space) complete as155

well. Motivated by the results in [21], characterizing Archimedean copulas via so-called Williamson156

measures we define the family of all normalized d-Williamson measures PWd
by157

PWd
:=

{
γ ∈ P([0,∞)) : γ({0}) = 0 and

∫
I
(1− t)d−1dγ(t) =

1

2

}
. (6)

If the dimension d is clear from the context we simply speak of Williamson measures. Throughout this158

article we use the convention that γ({∞}) := 0. Following [15, 21] there is a one-to-one correspondence159

between the family of normalized d-Williamson-measures PWd
and the family Ψd of all normalized160

d-monotone Archimedean generators. In fact, the mapping Wd (usually referred to as the Williamson161

d-transform), defined by162

ψ(z) := (Wdγ)(z) :=

∫
[0,∞)

(1− tz)d−1
+ dγ(t), z ∈ [0,∞), (7)

maps (PWd
, τw) to (Ψd, ∥ · ∥∞).163

164

Remark 2.1. Let (U1, U2, . . . , Ud) ∼ C ∈ Cdar and γ ∈ PWd
denote the corresponding Williamson

measure. According to [21, Theorem 3.1], the transformed vector

Z = (φ(U1), φ(U2), . . . , φ(Ud))

follows an ℓ1-norm symmetric distribution. Specifically, Z has the same distribution as RSd, where R
is a nonnegative random variable and Sd is a random vector uniformly distributed on the unit simplex

Sd = {x ∈ Rd : ∥x∥1 = 1},
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with ∥·∥1 denoting the usual ℓ1-norm. Moreover, the random variable R and the random vector Sd are165

independent.166

Letting FR denote the distribution function of R and µFR the associated probability measure, in view167

of [21, Definition 3.2], it follows that the Williamson measure γ corresponding to C is given by µTFR ,168

where the transformation T : [0,∞] → [0,∞] is given by T (s) := 1
s .169

We work with the Williamson measure γ rather than the distribution function FR of the radial com-170

ponent R to assure consistency with the results presented in [15]. In particular, our approach relies on171

the characterization of d-monotone functions as given in [28, Theorem 1.11], which in turn originates172

from the foundational work [30].173

Building upon the afore-mentioned one-to-one correspondence between normalized d-monotone174

Archimedean generators ψ ∈ Ψd and d-dimensional Archimedean copulas C ∈ Cdar the map ξd im-175

plicitly defined by equation (4) maps (Ψd, ∥ · ∥∞) to (Car, d∞). It is straightforward to show that both176

maps Wd and ξd are homeomorphisms.177

Lemma 2.2. The maps Wd, ξd and ξd ◦Wd are homeomorphisms.178

Proof. According to [15, Theorem 5.1.] the map Wd is a bijection, hence applying [15, Theorem 5.9.]179

yields that both Wd and its inverse are continuous. Working with normalized generators and again180

following [15] implies that the map ξd is bijective. Using [15, Theorem 4.1] yields continuity of ξd181

and its inverse ξ−1
d . Since compositions of homeomorphisms are homeomorphisms, this completes the182

proof.183

It is straightforward to derive from equation (7) that for every r ∈ (0,∞) we have γ([0, r)) = 0 if,
and only if ψ(1r ) = 0. Moreover, from [15, Lemma 5.5] stating that C ∈ Cdar is strict if, and only if the
support of the corresponding Williamson measure γ ∈ PWd

contains the point 0, we may define the
family of all Williamson measures associated with strict d-dimensional Archimedean copulas by

Ps
Wd

:= {γ ∈ PWd
: γ((0, r)) > 0 for every r > 0}

and the family of all Williamson measures associated with non-strict Archimedean copulas by

Pn
Wd

:= {γ ∈ PWd
: ∃r > 0 with γ((0, r)) = 0}.

Finally, Pfs
Wd

will denote the set of all normalized d-Williamson measures having full support [0,∞), the184

families of all (purely) absolutely continuous, discrete and singular normalized d-Williamson measures185

will be denoted by Pabs
Wd

, Pdis
Wd

and Psing
Wd

, respectively.186

Throughout this article we will frequently work with the level sets of Archimedean copulas C, i.e.,187

the sets of all points x ∈ Id with C(x) = t for some predefined t ∈ I. For fixed t ∈ (0, 1] the t-level set188

L1:d
t := Lt of C ∈ Cdar is given by189

Lt := {(x, y) ∈ Id−1 × I : C(x, y) = t}

=

{
(x, y) ∈ Id−1 × I :

d−1∑
i=1

φ(xi) + φ(y) = φ(t)

}
(8)
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and for t = 0 by190

L0 := {(x, y) ∈ Id−1 × I : C(x, y) = 0}

=

{
(x, y) ∈ Id−1 × I :

d−1∑
i=1

φ(xi) + φ(y) ≥ φ(0)

}
. (9)

The t-level sets of the marginal copula C1:d−1 are defined analogously and denoted by L1:d−1
t for every191

t ∈ I. Moreover, the function f0 : Id−1 → I, whose graph coincides with the upper boundary of L0, is192

defined by193

f0(x) :=

{
1, if x ∈ L1:d−1

0 ,

ψ
(
φ(0)−

∑d−1
i=1 φ(xi)

)
, if x ̸∈ L1:d−1

0 ,
(10)

whereby we set ψ(u) = 1 for all u < 0. Notice that equation (10) holds both, in the strict and the
non-strict setting: In the strict case we have φ(0) = ∞, so for x ̸∈ L1:d−1

0 we have
∑d−1

i=1 φ(xi) ∈ [0,∞),
implying φ(0)−

∑d−1
i=1 φ(xi) = ∞ and f0(x) = ψ(∞) = 0; hence in the strict case we have f0(x) ∈ {0, 1}

for every x ∈ Id−1. Contrary to that, in the non-strict case f0 also attains values in (0, 1).
For t ∈ (0, 1] we will also use the upper t-cut [C]t of C, defined by

[C]t := {x ∈ Id : C(x) ≥ t}.

The upper t-cuts of marginal copulas are defined analogously. The so-called t-level function194

f t : [C1:d−1]t → I is given by195

f t(x) := ψ

(
φ(t)−

d−1∑
i=1

φ(xi)

)
(11)

for every x ∈ [C1:d−1]t. It is straightforward to verify that for t ∈ (0, 1] the graph of f t coincides with196

Lt. Moreover, as proved in the next section, the discrete component of an Archimedean copula (if any)197

is always concentrated on the graphs of some f t with t ∈ [0, 1]. According to [15, 21] the mass of the198

t-level sets can be explicitly calculated - in fact, for every t ∈ (0, 1)199

µC(Lt) =
(−φ(t))d−1

(d− 1)!
(D−ψ(d−2)(φ(t))−D−ψ(d−2)(φ(t)+)) (12)

holds and for t = 0 we have200

µC(L0) =
(−φ(0))d−1

(d− 1)!
D−ψ(d−2)(φ(0)) (13)

in the non-strict case as well as µC(L0) = 0 in the strict case. For t = 1 we obviously have L1 =
{(1, . . . , 1)}, implying µC(L1) = 0.
Given 0 < s < t ≤ 1, define the set

L[s,t] :=
{
(x, y) ∈ Id−1 × I : C(x, y) ∈ [s, t]

}
.
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Extending the definition of f s to full Id−1 by setting fs(x) = 1 for x ∈ Id−1 \ [C1:d−1]s obviously the
set L[s,t] may also be expressed as

L[s,t] =
{
(x, y) ∈ Id−1 × I : fs(x) ≤ y ≤ f t(x)

}
.

Considering a d-dimensional Archimedean copula C with generator ψ, then according to [15, 21]
the Kendall distribution function F dK of C can explicitly be calculated and is given by

F dK(t) = D−ψ(d−2)(φ(t)) · (−1)d−1

(d− 1)!
φ(t)d−1 +

d−2∑
k=0

ψ(k)(φ(t))
(−1)k

k!
φ(t)k

for every t ∈ (0, 1] and by

F dK(0) = µC(L0) =
(−φ(0))d−1

(d− 1)!
D−ψ(d−2)(φ(0))

for t = 0. Throughout this contribution we denote the probability measure corresponding to the Kendall201

distribution function F dK by κF dK
. As proved in [15, Theorem 5.6], the Kendall distribution function202

F dK and the mass of the t-level sets Lt can be represented directly via the Williamson measure. The203

following result is a compressed version of [15, Theorem 5.6] using the conventions mentioned at the204

beginning of Section 2.2. It also follows directly from [21, Proposition 4.5].205

Theorem 2.3. Let C be a d-dimensional Archimedean copula with generator ψ and Williamson measure206

γ. Then (in the strict and the non-strict case) we have that207

µC(Lt) = γ

({
1

φ(t)

})
(14)

holds for every t ∈ I. Moreover, the Kendall distribution function F dK of C fulfills208

F dK(t) = γ

([
0,

1

φ(t)

])
(15)

for every t ∈ I.209

We conclude this section with an explicit expression for the (d− 1)-Markov kernel of Archimedean210

copulas as derived in [15, Theorem 3.1]; this expression will be key in the next sections. Suppose that211

C ∈ Cdar and let ψ and φ be its associated generator and pseudo-inverse, respectively. Then (a version212

of) the Markov-kernel KC of C is given by213

KC(x, [0, y]) :=


1, M(x) = 1 or x ∈ L1:d−1

0

0, M(x) < 1,x /∈ L1:d−1
0 , y < f0(x)

D−ψ(d−2)(
∑d−1
i=1 φ(xi)+φ(y))

D−ψ(d−2)(
∑d−1
i=1 φ(xi))

, M(x) < 1,x /∈ L1:d−1
0 , y ≥ f0(x),

(16)
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for every x ∈ Id−1 and every y ∈ I, see [15, Theorem 3.1]. Notice that (again see [15]) in the first214

line of equation (16) we could replace the constant 1 by F (y) for any univariate distribution function215

F since L1:d−1
0 fulfills µC1:d−1(L1:d−1

0 ) = 0 and the (d − 1)-kernel KC is only unique outside a set of216

µC1:d−1-measure 0.217

2.3. Summary of Notation218

Table 1: Summary of the main notation used throughout the
paper

Notation Description
I unit interval [0, 1]
d dimension
Cd family of all d-dimensional copulas
M Fréchet–Hoeffding upper bound (minimum copula)
Π independence copula
µC d-stochastic measure associated with a copula C ∈ Cd
F dK Kendall distribution function of a copula C ∈ Cd
C1:m marginal of the first m coordinates of a copula C ∈ Cd
d∞ uniform (supremum) metric
B(S) Borel σ-field on a topological space (S, τ)
P(S) set of all probability measures on S
supp(ν) support of a measure ν
λd, λ d-dimensional and one-dimensional Lebesgue measure, respectively
δx Dirac measure at a point x
νT push-forward measure of a measure ν under a transformation T
KC Markov kernel associated with a copula C ∈ Cd
Gx x-section of a set G
µabsC , µdisC , µsingC absolutely continuous, discrete, and singular components of µC
u(m) m-th derivative of a function u
D±u right- and left-hand derivatives of a function u
ψ generator of an Archimedean copula
φ pseudo-inverse of the generator ψ
Ψd family of all normalized d-monotone generators
Cdar family of all d-dimensional Archimedean copulas
Cdar,s, Cdar,n families of strict and non-strict Archimedean copulas
Cdar,abs, Cdar,dis, Cdar,sing families of absolutely continuous, discrete, and singular

Archimedean copulas
Pd
nor family of d-normalized probability measures

γ Williamson measure
Continued on next page
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Table 1 – continued from previous page
Notation Description
PWd

family of all Williamson measures
Ps
Wd

, Pn
Wd

families of strict and non-strict Williamson measures
Pfs
Wd

family of Williamson measures with full support
Pabs
Wd

, Pdis
Wd

, Psing
Wd

families of absolutely continuous, discrete, and singular Williamson
measures

Lt t-level set
f t function parameterizing the level set Lt
[C]t upper t-cut of a copula C
∥·∥∞ uniform (supremum) norm

3. Regularity and mass distributions of multivariate Archimedean copulas219

Looking at the Williamson d-transform (7) not surprisingly D−ψ(d−2) can also be directly expressed220

in terms of the corresponding Williamson measure. In fact, following [15, Lemma 5.4] for every d-221

dimensional Archimedean copula C with generator ψ and (normalized) Williamson measure γ the222

subsequent lemma holds:223

Lemma 3.1. Let C ∈ Cdar be an Archimedean copula and ψ and γ ∈ PWd
be its corresponding generator224

and Williamson measure, respectively. Then225

0 ≥ G(z) := (−1)d−2D−ψ(d−2)(z) = −(d− 1)!

∫
(0, 1

z
]
td−1dγ(t) (17)

holds for every z > 0.226

Building upon the previous lemma and fixing γ ∈ PWd
, for the case M(x) < 1, x ̸∈ L1:d−1

0 and227

f0(x) ≤ y the Markov kernel KC of C ∈ Cdar according to equation (16) can be expressed as228

KC(x, [0, y]) =
G(
∑d−1

i=1 φ(xi) + φ(y))

G(
∑d−1

i=1 φ(xi))
=

∫
Iy
td−1dγ(t)∫

I1
td−1dγ(t)

, (18)

with the notation Iy :=

(
0, 1∑d−1

i=1 φ(xi)+φ(y)

]
for every y ∈ I. The last expression in equation (18) is229

convenient insofar that (as proved in this section) it insinuates that the regularity of the measure γ230

directly propagates to the Markov kernel KC . Considering the Lebesgue decomposition γ = γabs +231

12



γdis + γsing of γ ∈ PWd
, equation (18) can be written as232

KC(x, [0, y]) =

∫
Iy
td−1dγ(t)∫

I1
td−1dγ(t)

=

∫
Iy
td−1dγabs(t)∫
I1
td−1dγ(t)︸ ︷︷ ︸

=:Habs
x (y)

+

∫
Iy
td−1dγdis(t)∫
I1
td−1dγ(t)︸ ︷︷ ︸

=:Hdis
x (y)

+

∫
Iy
td−1dγsing(t)∫
I1
td−1dγ(t)

.︸ ︷︷ ︸
=:Hsing

x (y)

(19)

Notice that the definitions for Habs
x , Hdis

x , Hsing
x in equation (19) are merely definitions, it is a priori233

not clear that the chosen notation is meaningful, i.e., that the function Habs
x (if being non-degenerate)234

is absolutely continuous, that Hdis
x (if being non-degenerate) is discrete and that Hsing

x (if being235

non-degenerate) is singular. These points, however, will be established in the proofs of Lemma 3.9,236

Lemma 3.10 and in Remark 3.11.237

238

It has already been established (see [15, Theorem 5.12]) that absolute continuity, discreteness239

and singularity of the Williamson-measure γ ∈ PWd
propagates to the corresponding Archimedean240

copula C ∈ Cdar. The goal of this section is to extend this result to the following equivalence (see241

Theorem 3.12): the absolutely continuous/discrete/singular component of the Williamson measure242

γ is non-degenerate if, and only if the absolutely continuous/discrete/singular component of the243

corresponding Archimedean copula C is non-degenerate. Having this stronger result provides a simple244

proof of the reverse implication in [15, Theorem 5.12].245

246

We start with some preliminary observations which will be key for proving the afore-mentioned247

equivalence. The following Theorem is a consequence of Theorem 2.3.248

Theorem 3.2. Let C be a d-dimensional Archimedean copula and γ ∈ PWd
its corresponding249

Williamson measure. Moreover, let s1, s2 ∈ I, with s1 ≤ s2. Then the following assertion holds:250

µC(L[s1,s2]) = γ

([
1

φ(s1)
,

1

φ(s2)

])
. (20)

Proof. Setting Mt := {(x, y) ∈ Id : C(x, y) ≤ t} for every t ∈ I we obviously have F dK(t) = µC(Mt) for
every t ∈ I. For s1 ≤ s2 considering

L[s1,s2] =Ms2 ∩ [C]s1 =Ms2 \ [C]cs1 , [C]cs1 ⊆Ms2 ,

using Theorem 2.3 directly yields251

µC(L[s1,s2]) = µC(Ms2 \ [C]cs1) = µC(Ms2)− µC([C]
c
s1) = F dK(s2)− F dK(s1−)

= γ

([
1

φ(s1)
,

1

φ(s2)

])
.

252

13



The next corollary states a close interrelation between the support of the Williamson measure253

γ ∈ PWd
and the support of the corresponding Archimedean copula C ∈ Cdar.254

Corollary 3.3. Suppose that C ∈ Cdar, let γ ∈ PWd
be its associated Williamson measure, ψ its255

generator, and φ the pseudo-inverse of ψ. Then for [a, b] ⊆ [ 1
φ(0) ,∞) with a < b the following two256

conditions are equivalent:257

1. γ([a, b]) = 0258

2. µC(L[ψ( 1
a
),ψ( 1

b
)]) = 0259

Proof. Immediate consequence of Theorem 3.2.260

Remark 3.4. The condition [a, b] ⊆ [ 1
φ(0) ,∞) can not be avoided. In fact, in the non-strict setting for261

the situation b < 1
φ(0) it follows that γ([0, b]) = 0, implying γ([a, b]) = 0. Nevertheless in this case we262

have ψ( 1a) = ψ(1b ) = 0 but µC(L[0,0]) > 0 may hold.263

The subsequent example illustrates Corollary 3.3.264

Example 3.5. Consider the distribution function265

Fγ(z) :=



0, if z ∈ [0, 14),
2
3 , if z ∈ [14 , 1),
1
9z +

5
9 , if z ∈ [1, 2),

7
9 , if z ∈ [2, 3),
1
9z +

4
9 , if z ∈ [3, 4),

1, if z ≥ 4.

It is straightforward to verify that Fγ is the distribution function of a unique Williamson measure
γ ∈ PW2 , whose induced non-strict generator ψ is given by

ψ(z) :=



1− 7z
6 , if z ∈ [0, 14 ],

3z2+8z+1
18z , if z ∈ (14 ,

1
3 ],

1
9(7− 3z), if z ∈ (13 ,

1
2 ],

−2z2−10z−1
18z , if z ∈ (12 , 1],

2
3(1−

z
4), if z ∈ (1, 4],

0, if z > 4.

The distribution function Fγ and the generator ψ are depicted in Figure 1. Considering the support of266

the corresponding Archimedean copula Cψ, we obtain that267

supp(µCψ) = Γ(f0) ∪ L[ 1
2
, 11
18

] ∪ L[ 2
3
, 17
24

].

A sample of Cψ is depicted in Figure 2.268
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Figure 1: The distribution function Fγ (left panel) and the associated generator ψ (right panel) considered in Example
3.5.

According to [15, Lemma 5.5] strictness of an Archimedean copula C can be characterized in terms269

of the corresponding Williamson measure. Corollary 3.3 allows to extend this result and show that an270

Archimedean copula C ∈ Cdar has full support if, and only if its corresponding Williamson measure γ271

has full support.272

Theorem 3.6. Let C ∈ Cdar and γ ∈ PWd
be its corresponding Williamson measure. Then γ has full273

support [0,∞) if, and only if C has full support Id.274

Proof. Suppose that γ ∈ PWd
has full support. Then its corresponding distribution function Fγ is275

strictly increasing, so according to [15, Lemma 5.5] the corresponding Archimedean copula C ∈ Cdar is276

strict. Fix x /∈ L1:d−1
0 with M(x) < 1 and suppose that y1, y2 ∈ I fulfill f0(x) = 0 ≤ y1 < y2 ≤ 1.277

Using the fact that γ has full support we have γ(Iy2 \ Iy1) > 0, which implies278 ∫
Iy1

td−1dγ(t) <

∫
Iy2

td−1dγ(t).

Having this, using equation (18) KC(x, (y1, y2]) > 0 follows and we have shown that the condi-
tional distribution function y 7→ KC(x, [0, y]) is strictly increasing. Considering µC1:d−1((L1:d−1

0 )c ∩
M−1([0, 1))) = 1 it follows that for µC1:d−1-almost every x ∈ Id−1 the conditional distribution function
y 7→ KC(x, [0, y]) is strictly increasing. Using the fact that γ has full support and applying equation

15



0.0

0.2

0.4

0.6

0.8

1.0

1.2

0.00 0.25 0.50 0.75 1.00
U

fr
e
q
u
e
n
c
y

0.00

0.25

0.50

0.75

1.00

0.00 0.25 0.50 0.75 1.00
U

V

50

100

150

200

250

count

0.00

0.25

0.50

0.75

1.00

0.00 0.25 0.50 0.75 1.00
U

V

0.00

0.25

0.50

0.75

1.00

0.0 0.2 0.4 0.6 0.8 1.0 1.2
frequency

V

Figure 2: Sample of size 10.000 of the Archimedean copula Cψ with ψ being the generator from Example 3.5, its histogram
and the two marginal histograms; sample generated via conditional inverse sampling.

(17) yields that the density c1:d−1 of µC1:d−1 fulfills

c1:d−1(s) =
d−1∏
i=1

φ′(si)D
−ψ(d−2)

(
d−1∑
i=1

φ(si)

)
> 0

for every s ∈ (0, 1)d−1. Let R = (x1, x1)× (x2, x2)× · · ·× (xd−1, xd−1)× (y, y) ⊂ Id denote an arbitrary279

open rectangle with λd(R) > 0. Writing R1:d−1 := (x1, x1) × (x2, x2) × · · · × (xd−1, xd−1) applying280

disintegration yields281

µC(R) =

∫
R1:d−1

KC(x, (y, y))︸ ︷︷ ︸
>0

dµC1:d−1(x)

=

∫
R1:d−1

KC(x, (y, y))c
1:d−1(x)︸ ︷︷ ︸

>0

dλd−1(x) > 0.
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In other words: Every open rectangle with positive volume has positive mass. This shows supp(µC) =282

Id and completes the proof of the first implication.283

Considering the reverse direction, suppose that γ would not have full support. Then we could find284

some a, b ∈ [0,∞) with a < b such that γ([a, b]) = 0. If [a, b] ⊆ [ 1
φ(0) ,∞), Corollary 3.3 directly yields285

a contradiction. If a < 1
φ(0) then φ has to be non-strict, implying that L0 has non-empty interior, so286

supp(µC) ̸= Id.287

As next step we prove that the discrete component (if any) of an Archimedean copula C is always288

concentrated on the graph of the t-level set functions f t for some t ∈ [0, 1).289

Lemma 3.7. Let C ∈ Cdar, ψ be its generator, γ ∈ PWd
its corresponding Williamson measure and290

consider t0 ∈ (0, 1) in case that ψ is strict and t0 ∈ [0, 1) in case that ψ is non-strict. Then the291

following assertions are equivalent:292

(i) γ
({

1
φ(t0)

})
> 0,293

(ii) φ(t0) is a point of discontinuity of D−ψ(d−2),294

(iii) There exists some set Λ ∈ B(Id−1) with µC1:d−1(Λ) > 0 such that for all x ∈ Λ KC(x, {f t0(x)}) > 0295

holds,296

(iv) µC(Lt0) > 0.297

The previous lemma has the following direct corollary.298

Corollary 3.8. Let C ∈ Cdar and γ ∈ PWd
be the corresponding Williamson measure. Then γ has a299

point mass if, and only if µdisC (Id) > 0.300

As next step we tackle the one-sided versions of the previous corollary for the absolutely continuous301

and the singular components of the Williamson measure.302

Lemma 3.9. Let C ∈ Cdar and γ ∈ PWd
be the corresponding Williamson measure. Then γabs([0,∞)) >303

0 implies µabsC (Id) > 0.304

As a next step, we prove the analogous assertion for the singular component of the measure γ ∈ PWd
.305

Lemma 3.10. Let C ∈ Cdar and γ ∈ PWd
be the corresponding Williamson measure. Then306

γsing([0,∞)) > 0 implies µsingC (Id) > 0.307

Remark 3.11. Notice that in the proofs of Lemma 3.9 and Lemma 3.10 the construction via z0 and Λ308

was key for showing that Habs
x and Hsing

x are non-degenerate, but not for showing absolute continuity309

and singularity. The proofs showed that for x ∈ Λ the functions Habs
x and Hsing

x are purely absolutely310

continuous and singular, respectively. For the discrete case Corollary 3.8 states that γdis([0,∞)) > 0311

implies µabsC (Id) > 0 but it was not explicitly shown that Hdis
x is purely discrete. This observation,312

however, can be shown analogously to the absolutely continuous and singular case. In fact, defining313
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the set Λ in the same manner as in the proof of Lemma 3.9 only replacing γabs by γdis in the definition314

of z0 we again have µC1:d−1(Λ) > 0. Moreover, for x ∈ Λ considering the definition of Hdis
x it is315

straightforward to show that for γdis =
∑∞

j=1 αjδzj the function Hdis
x corresponds to the discrete316

measure with point mass
αj z

d−1
j∫

I1
td−1dγ

at the point ψ( 1
zj

−
∑d−1

i=1 φ(xi)) for every j ∈ N.317

Combining the afore-mentioned lemmas and corollaries we obtain the main result of this section318

stating that the absolutely continuous/discrete/singular component of γ is non-degenerate if, and only319

if the absolutely continuous/discrete/singular component of the corresponding Archimedean copula C320

is. Theorem 3.12 will also be crucial for proving Theorem 6.5 and Corollary 6.8, the main result of321

Section 6 on topologically typical Archimedean copulas.322

Theorem 3.12. Let C ∈ Cdar and γ ∈ PWd
be its corresponding Williamson measure. Then the following323

three equivalences hold:324

(i) γdis([0,∞)) > 0 if, and only if µdisC (Id) > 0.325

(ii) γabs([0,∞)) > 0 if, and only if µabsC (Id) > 0.326

(iii) γsing([0,∞)) > 0 if, and only if µsingC (Id) > 0.327

Proof. Equivalence (i) has already been stated in Corollary 3.8. Moreover, for the assertions (ii) and
(iii) one implication has already been proved.
Assume now that γabs is degenerate. Then γ = γdis + γsing and at least one of the two components is
non-degenerate. Considering x ∈ Id−1 \ L1:d−1

0 with M(x) < 1, proceeding as in the (last parts of the)
proofs of Lemma 3.9 and Lemma 3.10, and considering equation (19) once more yields

KC(x, [0, y]) = Hdis
x (y) +Hsing

x (y), y ∈ I,

with Hdis
x being discrete and Hsing

x being singular. In other words, KC(x, [0, y]) has degenerate abso-328

lutely continuous component. The fact that µabsC (Id) = 0 now follows immediately via disintegration.329

The remaining implication in assertion (iii) can be proved in the same manner.330

Theorem 3.12 allows to extend [15, Theorem 5.12] to equivalences - the following result holds:331

Corollary 3.13. Let C ∈ Cdar and γ ∈ PWd
be the corresponding Williamson measure. Then the332

following equivalences hold:333

(i) γ is absolutely continuous if, and only if µabsC (Id) = 1.334

(ii) γ is discrete if, and only if µdisC (Id) = 1.335

(iii) γ is singular if, and only if µsingC (Id) = 1.336
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Proof. The first assertion has already been established in [21]. Furthermore, sufficiency concerning337

assertions (ii) and (iii) is part of [15, Theorem 5.12] and it remains to show necessity. Assume that338

0 ≤ γdis([0,∞)) < 1 holds. Then we have γabs([0,∞)) > 0 or γsing([0,∞)) > 0, so applying Theorem339

3.12 immediately yields that 0 ≤ µdisC (Id) < 1. An analogous argument shows (iii).340

Viewing Theorem 3.6 and again considering the Lebesgue decomposition of the Williamson measure341

γ we can show the following stronger statement.342

Theorem 3.14. Let C ∈ Cdar and let γ ∈ PWd
be its corresponding Williamson measure. Then the343

following assertions hold344

(i) If γabs has full support, then µabsC has full support.345

(ii) If γdis has full support, then µdisC has full support.346

(iii) If γsing has full support, then µsingC has full support.347

Proof. To prove the first assertion, let x ̸∈ L1:d−1
0 with M(x) < 1 be arbitrary but fixed and suppose348

that γabs has full support, which, in particular implies that ψ is strict. It follows that the function349

Habs
x defined according to equation (19) is strictly increasing and absolutely continuous, so Kabs

C (x, ·)350

has support I. Since x ̸∈ L1:d−1
0 with M(x) < 1 was arbitrary, disintegration directly yields that µabsC351

has support Id.352

Considering the second assertion it might be worth noting that discrete Williamson measures γ ∈ PWd
353

with full support exist. For example, considering the probability measure β :=
∑∞

i=1 2
−iδqi with354

{q1, q2, . . .} := Q∩ (0,∞) and normalizing it in the sense of [15, Lemma Appendix B.1] yields a discrete355

Williamson measure γ ∈ PWd
with full support. In fact, every discrete Williamson measure γ whose356

point masses form a dense subset Q of [0,∞) has full support. Taking this into consideration, fixing357

x ̸∈ L1:d−1
0 with M(x) < 1 and assuming that γdis has full support yields that the function Hdis

x358

(defined as in equation (18)) is strictly increasing and discrete. Applying the same arguments as in the359

previous case then implies that µdisC has full support.360

The third assertion can be proved analogously.361

The previous results open the door to deriving some first (to a certain extent surprising) results -362

we start with denseness of subclasses of Archimedean copulas with full support.363

Theorem 3.15. The following assertions hold:364

(i) The family {C ∈ Cdar,abs : supp(µC) = Id} is dense in (Cdar, d∞),365

(ii) The family {C ∈ Cdar,dis : supp(µC) = Id} is dense in (Cdar, d∞),366

(iii) The family {C ∈ Cdar,sing : supp(µC) = Id} is dense in (Cdar, d∞).367
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Proof. We fix C ∈ Cdar and let γ ∈ PWd
denote the corresponding Williamson measure. According368

to Lemma Appendix B.1 there exists a sequence (γn)n∈N of absolutely continuous/discrete/singular369

Williamson measures with full support such that (γn)n∈N converges weakly to γ. Applying [15, Theorem370

5.9] yields that the sequence (Cn)n∈N of corresponding Archimedean copulas converges uniformly to371

C. Since each γn ∈ PWd
has full support and is absolutely continuous/discrete/singular, applying372

Theorem 3.6 and Corollary 3.13 shows that each Cn is absolutely continuous/discrete/singular and373

that supp(µC) = Id holds. This completes the proof since C ∈ Cdar was arbitrary.374

Using a similar idea of proof the following even stronger version of Theorem 3.15, stating that even375

the family of Archimedean copulas, whose absolutely continuous, discrete and singular components376

(simultaneously) have full support, is dense, can be shown.377

Corollary 3.16. The family

{C ∈ Cdar : supp(µabsC ) = supp(µdisC ) = supp(µsingC ) = Id}

is dense in (Cdar, d∞).378

Proof. Fix C ∈ Cdar and let γ ∈ PWd
denote the corresponding Williamson measure. According to

Lemma Appendix B.1 there exist sequences (γ
(1)
n )n∈N, (γ

(2)
n )n∈N and (γ

(3)
n )n∈N of purely absolutely

continuous, discrete and singular Williamson measures having full support which all converge weakly
to γ. Considering

γn :=
1

3

(
γ(1)n + γ(2)n + γ(3)n

)
for every n ∈ N, using Theorem 3.14, and proceeding as in the proof of Theorem 3.15 the desired result379

follows.380

4. Regularity of the Kendall distribution function of Archimedean copulas381

In this short section we revisit the interplay between the Williamson measure γ and the Kendall382

distribution function F dK of the corresponding copula C ∈ Cdar and show, loosely speaking, that regularity383

of C (and hence of γ) goes hand in hand with regularity of F dK . Note that in the full class of copulas384

a similar behavior does not hold. In fact, considering d = 2 and the minimum copula M , the Kendall385

distribution function is given by F 2
K(t) = t (see, e.g., [8, Example 3.9.6.]), so M is discrete although its386

corresponding Kendall distribution function is absolutely continuous.387

Theorem 2.3 shows that the Kendall distribution function F dK can nicely be represented in terms388

of γ (and the quasi-inverse φ of the generator ψ). The subsequent lemma provides an expression for γ389

via F dK :390

Lemma 4.1. Consider C ∈ Cdar and let ψ, γ, and F dK denote the corresponding generator, Williamson391

measure and Kendall distribution function, respectively. Then the following identity holds for all z ∈392

[0,∞):393

γ([0, z]) =

{
F dK(ψ(1z )), if z ∈ [ 1

φ(0) ,∞)

0, if z ∈ [0, 1
φ(0)).

(21)
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Moreover, the non-decreasing transformation h : [0,∞] → I, defined by h(z) = ψ(1z ) fulfills h(0) = 0394

and is non-singular in the sense that for every F ∈ B([0,∞)) we have that λ(F ) = 0 implies λh(F ) = 0,395

where λh denotes the push-forward of λ under h.396

As a next step we characterize regularity of the Kendall distribution functions in terms of regularity397

of the Williamson measure.398

Consider (U1, . . . , Ud) ∼ C ∈ Cdar with corresponding Williamson measure γ (whose distribution function399

is denoted by Fγ) and generator ψ. As shown in [21, Section 4.2], there exists a nonnegative random400

variable R such that C(U1, . . . , Ud) has the same distribution as ψ(R).401

Taking into account the connection between R and the Williamson measure γ mentioned in Section 2, it402

follows that the transformed variable T (R), with T (s) = 1
s for s ∈ (0,∞), has distribution function Fγ .403

Consequently, C(U1, . . . , Ud) has the same distribution as (ψ ◦ T−1)(T (R)). Using this and exploiting404

the fact that ψ is non-increasing and d-monotone the following statements are not surprising.405

Theorem 4.2. Let C ∈ Cdar, γ ∈ PWd
be the corresponding Williamson measure, F dK be the Kendall406

distribution function of C and κF dK
the probability measure corresponding to F dK . Then the following407

equivalences hold:408

(i) γ is absolutely continuous if, and only if κF dK is absolutely continuous.409

(ii) γ is discrete if, and only if κF dK is discrete.410

(iii) γ is singular if, and only if κF dK is singular.411

Applying the results from the previous section yields the following:412

Corollary 4.3. Let C ∈ Cdar and γ and F dK denote the corresponding Williamson measure and Kendall413

distribution function, respectively. Then the following equivalences hold:414

(i) C is absolutely continuous if, and only if κF dK is absolutely continuous.415

(ii) C is discrete if, and only if κF dK is discrete.416

(iii) C is singular if, and only if κF dK is singular.417

5. Derivatives of multivariate Archimedean copulas418

In [3] it was shown that ‘derivatives of copulas have to be handled with care’, a statement that was419

underlined by showing the existence of a dense class of bivariate copulas C of the following type: for420

λ-almost every x ∈ (0, 1) the partial derivative ∂1C(x, y) does not exist on a dense subset of y ∈ (0, 1).421

Motivated by these results in this section we tackle the question if - in the sense of the derivative -422

analogously pathological copulas also exist in the Archimedean family.423

It is well known (and follows directly from the properties of generators) that every C ∈ Cdar is424
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continuously differentiable up to order d − 2 (see [21]). Moreover, as mentioned in the introduc-425

tion, for every fixed y ∈ (0, 1) the partial derivative ∂1...∂d−1C(x, y) exists for λd−1-almost every426

x = (x1, ..., xd−1) ∈ Id−1.427

We will prove in this section that it is not possible to go much further. As main result we will show428

that Cdar contains copulas C of the following pathological type: there exists some set Λ ∈ B(Id−1) with429

λd−1(Λ) = 1 such that for every x ∈ Λ the (d − 1)-st order partial derivative ∂1∂2...∂d−1C(x, y) does430

not exist on a dense set of y ∈ (0, 1). The family of all such d-dimensional Archimedean copulas will431

be denoted by Cdar,Q. As in [3] we first study the class Cdar,p of all d-dimensional Archimedean copulas432

fulfilling that for every x from a set Λ ∈ B(Id−1) with µC1:d−1(Λ) > 0 there exists some y := yx ∈ (0, 1)433

such that the (d− 1)-st order partial derivative ∂1∂2...∂d−1C(x, y) does not exist.434

Studying Archimedean copulas exhibiting this pathological behavior, we exploit the one-to-one corre-435

spondence between Archimedean copulas and their associated Williamson measures. Using this corre-436

spondence, it becomes apparent that point masses of the Williamson measure γ ∈ PWd
lead to a lack437

of differentiability of the corresponding Archimedean copula Cγ ∈ Cdar. More precisely, the existence of438

some z0 ∈ (0,∞) with γ({z0}) > 0 implies Cγ ∈ Cdar,p. We explain this connection in more detail since439

this observation will be crucial throughout this section and start with the following lemma:440

Lemma 5.1. Let γ ∈ PWd
and let C ∈ Cdar be the associated Archimedean copula. If the Williamson441

measure γ has a point mass, that is, if there exists some z0 ∈ (0,∞) such that γ({z0}) > 0, then for442

every x ∈ [C]t0 ∩(0, 1)d−1 and x ̸∈ L1:d−1
0 the partial derivative ∂1 · · · ∂d−1C(x, yx) does not exist, where443

t0 := ψ(1/z0) and yx := f t0(x).444

In other words, whenever γ has a point mass, the copula Cγ fails to be differentiable on the set Γ(f t0)∩445

(0, 1)d.446

The same result still holds for any ordering of the mixed partial derivatives of order (d− 1).447

Proof. Applying d-monotonicity of ψ yields that the partial derivatives up to order d − 2 exist and448

therefore the following identity holds for every x ∈ (0, 1)d−1 and y ∈ (0, 1):449

∂2...∂d−1C(x1:d−1, y) =
d−1∏
j=2

φ′(xj)ψ
(d−2)

(
d−1∑
i=1

φ(xi) + φ(y)

)
. (22)

Assume there exists some z0 ∈ (0,∞) such that γ({z0}) > 0, and define t0 := ψ(1/z0). Fix x ∈
[C1:d−1]t0 ∩ (0, 1)d−1 when t0 > 0, and assume that x /∈ L1:d−1

t0
and M(x) < 1 when t0 = 0. We then

define
y := yx := f t0(x).

Substituting this choice of y into equation (22) and invoking the convexity of (−1)d−2ψ(d−2), we obtain450

∂−1 ∂2 · · · ∂d−1C(x, y) =

d−1∏
i=1

φ′(xi)D
−ψ(d−2)

(
d−1∑
i=1

φ(xi) + φ(y)+

)

=
d−1∏
i=1

φ′(xi)D
−ψ(d−2)(φ(t0)+) ,
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as well as451

∂+1 ∂2 · · · ∂d−1C(x, y) =
d−1∏
i=1

φ′(xi)D
−ψ(d−2)(φ(t0)) .

Since z0 was a point mass of γ, according to Lemma 3.7 the point 1
z0

= φ(t0) is a point of discontinuity
of D−ψ(d−2). This yields

∂+1 ∂2...∂d−1C(x, y) ̸= ∂−1 ∂2...∂d−1C(x, y).

Applying similar arguments as above, the same result holds for any ordering of the mixed partial452

derivatives of order (d− 1).453

The next result extends the previous observations. Given the close relationship between the regu-454

larity of the Williamson measure γ ∈ PWd
and the regularity of Archimedean copulas, this result comes455

as no surprise. In particular, we will show in the next section that elements of Cdar,Q (and indeed even456

elements of Cdar,p) are highly atypical in the sense of Baire categories. Before examining the topologi-457

cal sizes of subsets of Cdar, we first show that Cdar,p consists exclusively of Archimedean copulas whose458

Williamson measures have a non-degenerate discrete component.459

Theorem 5.2. For C ∈ Cdar the following three assertions are equivalent:460

1. There exists some z0 ∈ (0,∞) such that γ({z0}) > 0.461

2. µdisC (Id) > 0, i.e., C has non degenerate discrete component.462

3. C ∈ Cdar,p.463

Proof. We consider the case d ≥ 3, the case d = 2 is technically simpler and can be proved analogously.
The equivalence of the first and the second assertion has already been established in Corollary 3.8. The
fact that the first assertion implies the third assertion has been proved in Lemma 5.1.
We show that the third assertion implies the second assertion and proceed as follows. If C ∈ Cdar,p then

there exists some set Λ ∈ B(Id−1) with µC1:d−1(Λ) > 0 such that for every point x ∈ Λ there exists some
yx ∈ (0, 1) with ∂+1 ∂2...∂d−1C(x, yx) ̸= ∂−1 ∂2...∂d−1C(x, yx). Explicitly calculating these derivatives as
before it follows that

D−ψ(d−2)

(
d−1∑
i=1

φ(xi) + φ(yx)

)
̸= D−ψ(d−2)

(
d−1∑
i=1

φ(xi) + φ(yx)+

)
,

which, using equation (16) yields KC(x, {yx}) > 0. Applying disintegration and equation (3) the464

property µdisC (Id) > 0 follows.465

We start with the following simple example of an element in C3
ar,p illustrating the ideas for the466

general setting.467
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Example 5.3. Considering the Williamson measure γ = 32
49 δ 1

8
+ 17

49 δ2 the Williamson 3-transform (7)
yields the non-strict generator ψ : [0,∞) → I, given by

ψ(z) =


137z2−152z+98

98 , if z ∈ [0, 12 ],
32
49(1−

z
8)

2, if z ∈ (12 , 8],

0, otherwise.

Theorem 2.3 implies that the graphs of the functions fa with a = 0 = ψ(8) and a = ψ(2) = 225
392 have468

mass 32
49 and 17

49 , respectively. According to Lemma 5.1 we obtain that for ever x ∈ [C1:2]a∩ (0, 1)2 with469

x ̸∈ L1:2
0 there exists a yx := fa(x) such that the mixed partial derivative ∂1∂2C(x, yx) does not exist.470

The graphs of the functions fa with a ∈ {0, 225392} are depicted in Figure 3. These contain the points471

(x, y) ∈ I3 where the derivative ∂1∂2C(x, y) does not exist.472

Figure 3: Plots of the distribution function Fγ (left panel) of the Williamson measure γ considered in Example 5.3, the
associated generator ψ (middle) and the graphs of the functions fa with a ∈ {0, 225

392
} of the corresponding Archimedean

copula C (right panel).

We now focus on the class Cdar,Q and show that it is non-empty.473

Theorem 5.4 (Non-differentiability on dense subset). There are copulas C ∈ Cdar with the following474

property: there is some set Λ ∈ B(Id−1) with λd−1(Λ) = 1 such that for every x ∈ Λ it holds that475

∂1...∂d−1C(x, y) does not exist for a dense set of y ∈ I.476

The same result still holds for any ordering of the mixed partial derivatives of order (d− 1).477

Proof. We prove the result for d ≥ 3, the case d = 2 can be proved similarly. Suppose that Q =
{q1, q2, ...} ⊆ (0,∞) is dense in [0,∞), that α1, α2, ... ∈ (0, 1) fulfill

∑∞
i=1 αi = 1, and that

γ :=
∑
i∈N

αiδqi ∈ PWd
.
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holds. For ways to construct Williamson measures of this type see, e.g., [15, Lemma Appendix B.2].
Fix z ∈ (0, 1)d−1 with zk ∈ (0, 1) \ {ψ( 1

qj
) : j ∈ N} for every k ∈ {1, ..., d− 1} and set yi = f

ψ( 1
qi
)
(z) for

all i ∈ N with 1
qi
>
∑d−1

k=1 φ(zk). Notice that in this case we have z ∈ [C1:d−1]
ψ
(

1
qi

), so yi is well-defined.

Applying Lemma 5.1 yields that s 7→ ∂2...∂d−1C(s, z2:d−1, yi) is not differentiable in z1. Since the set{
f
ψ( 1

qj
)
(z) :

1

qj
>

d−1∑
k=1

φ(zk), j ∈ N

}

obviously is dense in I, the main result is proved.478

Applying similar arguments and using Lemma 5.1, the same result still holds for any ordering of the479

mixed partial derivatives of order (d− 1).480

The next result shows that elements of Cdar,Q can be found in every open ball of the compact metric481

space (Cdar, d∞).482

Corollary 5.5. The set Cdar,Q is dense in (Cdar, d∞).483

Proof. Fix C ∈ Cdar and let γ ∈ PWd
be its corresponding Williamson measure. Then according484

to Lemma Appendix B.1 there exists a sequence (γn)n∈N of discrete Williamson measures with full485

support which converges weakly to γ. Using Theorem 5.4 every γn induces a copula Cn ∈ Cdar,Q, so486

applying [15, Theorem 5.9] or Lemma 2.2 yields the desired result.487

6. Baire category results for multivariate Archimedean copulas488

Building upon the previous sections on mass distributions and derivatives, we now study which489

regularity properties topologically typical Archimedean copulas exhibit. To this end, we establish490

Baire category results for the family (PWd
, τw) of all d-Williamson measures (see Appendix B) and then491

transfer/translate these results to Cdar, using the fact that homeomorphisms preserve Baire categories492

(see, e.g., [3, Lemma A1]). Recall that the space of all Archimedean copulas (Cdar, d∞) is not complete,493

so it is a priori unclear whether Cdar is not of first Baire category in itself. To facilitate readability,494

all auxiliary lemmas on Baire categories on (PWd
, τw) are gathered and proved in Appendix B. As495

mentioned in Section 2.2, the family Pd
nor endowed with τw is complete and hence closed. Translating496

results from PWd
to Cdar then implies that a topologically typical Archimedean copula has full support.497

498

In the following we extend the result from [5], stating that a typical Archimedean copula is strict, to499

arbitrary dimensions d ≥ 2. Building upon the tools developed in the previous sections and in [15]500

the proof provided below is much simpler than the one for the bivariate setting established in [5]. In501

fact, we are even able to prove a stronger result: A typical multivariate Archimedean copula has full502

support.503

Theorem 6.1. The set {C ∈ Cdar : supp(µC) = Id} is co-meager in (Cdar, d∞).504
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Proof. Immediate consequence of Lemma 2.2, Theorem 3.6 and Lemma Appendix B.4.505

The subsequent corollary is an immediate consequence of Lemma Appendix B.4:506

Corollary 6.2. The set Ps
Wd

is co-meager in PWd
w.r.t. the weak topology. Moreover, Cdar,s is co-meager507

in (Cdar, d∞).508

Proof. The first assertion follows from the facts that Pfs
Wd

⊆ Ps
Wd

is co-meager in PWd
and that super-509

sets of co-meager sets are themselves co-meager. Having this, applying Lemma 2.2, Theorem 3.6 and510

[15, Lemma 5.5] proves the second assertion.511

As mentioned at the beginning of this section, since the space of d-dimensional Archimedean copulas512

is not complete, the fact that the families Cdar,s and {C ∈ Cdar : supp(µC) = Id} are of second Baire513

category is not obvious.514

However, using Lemma 2.2 and translating Lemma Appendix B.5 to (Cdar, d∞), the subsequent result515

follows:516

Corollary 6.3. The sets Cdar,s and {C ∈ Cdar : supp(µC) = Id} are of second Baire category in (Cdar,d∞).517

As next step we show that a typical d-dimensional Archimedean copula is not absolutely continuous.518

519

Theorem 6.4. The family Cdar,abs is of first Baire category in (Cdar, d∞).520

Proof. Immediate consequence of the fact that homeomorphisms map meager sets to meager sets,521

Lemma 2.2, Corollary 3.13 and Lemma Appendix B.6.522

Using Lemma 2.2, Lemma Appendix B.7 and Theorem 3.12 we have shown that typical Archimedean523

copulas have degenerate discrete component - the following result holds:524

Theorem 6.5. The set
{C ∈ Cdar : µdisC (Id) = 0}

is co-meager in (Cdar, d∞).525

Proceeding analogously to the proof of Corollary 6.3 yields the following:526

Corollary 6.6. The set
{C ∈ Cdar : µdisC (Id) = 0}

is of second Baire category in (Cdar, d∞).527

Remark 6.7. Considering Theorem 5.2 and Theorem 6.5 we conclude that topologically typical528

Archimedean copulas do not exhibit pathological behavior, i.e., a typical d-dimensional Archimedean529

copula C fulfills C ̸∈ Cdar,p.530

26



Combining Theorem 6.1, Theorem 6.4 and Theorem 6.5 yields the following surprising main result531

on topologically typical multivariate Archimedean copulas:532

Corollary 6.8. A topologically typical d-dimensional Archimedean copula C has full support, has de-533

generate discrete component and is not absolutely continuous.534

We conclude this section with an example of a topologically atypical bivariate Archimedean copula.535

Example 6.9. Consider the 2-Williamson measure γ ∈ PW2 , defined via its distribution function by536

γ([0, z]) :=



0, if z ∈ [0, 14),
2
3 , if z ∈ [14 , 1),
1
3(

1
4

√
z − 1 + 2), if z ∈ [1, 2),

1
8(

3
√
z − 2 + 7), if z ∈ [2, 3),

1, if z ≥ 3,

for every z ∈ [0,∞). Obviously (see Figure 4) γ has a non-degenerate discrete as well as a non-
degenerate absolutely continuous component. Straightforward calculations show that the corresponding
generator ψ is given by

ψ(z) =



1− 233z
288 , if z ∈ [0, 13),

27 3
√

(1−2z)4−4 3√z(38z−63)

288 3√z , if z ∈ (13 ,
1
2 ],

−3
√
z3+

√
(1−z)3+12

√
z

18
√
z

, if z ∈ (12 , 1],
2
3(1−

z
4), if z ∈ (1, 4],

0, if z > 4.

The induced Archimedean copula Cψ has non-degenerate discrete component and is non-strict, so537

according to Corollary 6.8 the copula Cψ is atypical. A sample of the copula Cψ is depicted in Figure538
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Figure 4: The distribution function Fγ (left panel) and the associated generator ψ (right panel) considered in Example
6.9.
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Appendix A. Proofs for auxiliary results in Sections 3,4 and 5612

Appendix A contains the proofs of several technical lemmas, which have been moved here in order613

to improve the readability of the paper.614

Proof of Lemma 3.7. The equivalence of the first, second and fourth assertion is an immediate conse-615

quence of Theorem 2.3 and equations (12) and (13), respectively. The fact that the second assertion616

implies the third one is an immediate consequence of the form of the Markov kernel in equation (16).617

Applying disintegration proves that the third assertion implies the fourth one, which completes the618

proof.619

Note that alternatively the equivalence between the first, the second and the fourth assertion also620

follows from the results in Section 4.1 in [21].621

Proof of Lemma 3.9. We assume that γabs([0,∞)) > 0 and prove that for all x in a set of positive
µC1:d−1-measure the Markov kernel KC(x, ·) has non-degenerate absolutely continuous component. Set-
ting z0 := sup{z ∈ [0,∞) : γabs([0, z]) = 0} we have z0 ∈ [0,∞). Define the set Λ ⊆ Id−1 by

Λ :=

{
x ∈ [0, 1)d−1 : 0 <

d−1∑
i=1

φ(xi) <
1

z0

}
.

Then we obviously have λd−1(Λ) > 0. Using the equivalence of γ([0, r)) = 0 and ψ(1r ) = 0 for r ∈ (0,∞),622

it follows that 1
z0

≤ φ(0) holds. Hence for x ∈ Λ the density c1:d−1 of C1:d−1 fulfills c1:d−1(x) > 0,623

which altogether implies that µC1:d−1(Λ) > 0. Therefore, using equation (18) it suffices to show that624

for fixed x ∈ Λ the function625

y 7→ Habs
x (y) =

∫
Iy
td−1dγabs(t)∫
I1
td−1dγ(t)

(A.1)

is non-degenerate and absolutely continuous on I, which can be done as follows: For x ∈ Λ the
construction of z0 implies that for y0 = f0(x) we have

1∑d−1
i=1 φ(xi) + φ(y0)

≤ 1

φ(0)
≤ z0 <

1∑d−1
i=1 φ(xi)

=
1∑d−1

i=1 φ(xi) + φ(1)
,
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which, using the fact that td−1 > 0 for every t ∈ (0,∞), yields that Habs
x is non-degenerate; Habs

x is626

obviously non-negative, non-decreasing, and continuous on I.627

Moreover the function z 7→
∫
[0,z] t

d−1dγabs(t) is absolutely continuous and non-decreasing on every628

compact interval of the form [0, a]. Considering that both, in the strict and in the non-strict case, we629

have that the mapping y 7→ 1∑d−1
i=1 φ(xi)+φ(y)

is absolutely continuous and non-decreasing on I, according630

to [24, Proposition 129] the composition Habs
x is absolutely continuous too. Finally, equation (19)631

implies that KC(x, ·) has a non-degenerate absolutely continuous component, which completes the632

proof.633

Proof of Lemma 3.10. We assume γsing([0,∞)) > 0 and proceed in the same manner as for the abso-634

lutely continuous component. Define the set Λ in the same manner as in the proof of Lemma 3.9 only635

replacing γabs by γsing in the definition of z0. It suffices to show that for fixed x ∈ Λ the function636

y 7→ Hsing
x (y) =

∫
Iy
td−1dγsing(t)∫
I1
td−1dγ(t)

(A.2)

is non-degenerate and singular on I, which according to equation (19) implies that the Markov kernel
KC(x, ·) has a non-degenerate singular component.
The construction of Λ implies that Hsing

x is non-degenerate. Moreover Hsing
x is continuous since dis-

continuity points would correspond to point masses of γsing, of which by assumption there are none.
In order to prove singularity of Hsing

x let x ∈ Λ be arbitrary but fixed and proceed as follows: Define
the σ-finite measure m on B([0,∞)) by

m(E) :=

∫
E
td−1dγsing(t).

Then there exists some set O ∈ B([0,∞)) with m([0,∞) \ O) = 0 and λ(O) = 0. Letting Gm : I1 →
[0,∞) denote the induced measure-generating function (restricted to the set I1), defined by Gm(z) :=
m([0, z]), singularity of m implies that G′

m(z) = 0 for λ-almost every z ∈ I1, i.e., setting

F := {z ∈ I1 : G
′
m exists and G′

m(z) = 0}

we have λ(F ) = λ(I1). The function g : I →
[

1∑d−1
k=1 φ(xk)+φ(0)

, 1∑d−1
k=1 φ(xk)

]
=: I0,1, defined by g(y) :=

1∑d−1
i=1 φ(xi)+φ(y)

obviously is strictly increasing, continuous and bijective. Let h denote its inverse and
set

Υ := {y ∈ I : g(y) ∈ F} = g−1(F ) ∈ B(I).

Then for every z ∈ I0,1 we have h(z) = ψ(1z −
∑d−1

i=1 φ(xi)) as well as h(F ) = Υ. Using convexity of ψ637

yields that h is locally Lipschitz continuous and therefore locally absolutely continuous. Applying that638

locally absolutely continuous functions map sets of λ-measure 0 to sets of λ-measure 0 [20, Theorem639
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3.41] implies that λ(I \ Υ) = 0 holds. For fixed y ∈ Υ ∩ (0, 1), using equation (A.1) and applying the640

chain rule yields641

(Hsing)′(y) =
1

c

d

dy
Gm

(
1∑d−1

i=1 φ(xi) + φ(y)

)
=

1

c
G′
m

(
1∑d−1

i=1 φ(xi) + φ(y)

)
−D+φ(y)

(
∑d−1

i=1 φ(xi) + φ(y))2
= 0,

with c =
∫
I1
td−1dγ(t). Since λ(Υ ∩ (0, 1)) = 1 we have shown that Hsing

x has derivative zero λ-almost642

everywhere in I, which completes the proof.643

Proof of Lemma 4.1. As already mentioned in Section 2 for every r ∈ (0,∞) we have γ([0, r)) = 0 if,644

and only if ψ(1r ) = 0. This directly yields γ([0, z]) = 0 for every z ∈ [0, 1
φ(0)).645

On the other hand, for z ≥ 1
φ(0) there exists a unique t ∈ I with φ(t) = 1

z , and this t coincides with646

ψ(1z ). Applying equation (15) the desired identity γ([0, z]) = F dK(ψ(1z )) follows.647

The second assertion is a direct consequence of the facts that (i) ψ is a generator and (ii) the mapping648

z 7→ 1
z is Lipschitz continuous on every interval of the form [a, 1] with a > 0.649

650

Appendix B. Denseness and Baire category results for probability measures on [0,∞)651

In this appendix, we establish denseness and Baire category properties for probability measures on652

the interval [0,∞), with a particular focus on Williamson measures. These findings are essential for653

the Baire category results regarding Archimedean copulas in Section 6.654

In order to show that fully supported absolutely continuous, discrete and singular Williamson measures655

are dense in (PWd
, τw) we make use of the subsequent lemma.656

Lemma Appendix B.1. The following assertions hold:657

(i) The family of discrete d-Williamson measures with full support is dense in (PWd
, τw).658

(ii) The family of singular d-Williamson measures with full support is dense in (PWd
, τw).659

(iii) The family of absolutely continuous d-Williamson measures with full support is dense in (PWd
, τw).660

Proof. Fix γ ∈ PWd
. Then according to [15, Theorem Appendix B.2] there exists a sequence (γn)n∈N of661

absolutely continuous/discrete/singular Williamson measures converging weakly to γ. Considering an662

absolutely continuous/discrete/singular Williamson measure β with full support (see, e.g., [15, Theorem663

6.1] and [15, Theorem 6.2] for examples of such measures) and setting βn := (1− 1
n)γn +

1
nβ for every664

n ∈ N yields a sequence (βn)n∈N of absolutely continuous/discrete/singular Williamson measures with665

full support which converges weakly to γ.666
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Next, we show that the family of all d-Williamson measures PWd
is dense in (Pd

nor, τw).667

Lemma Appendix B.2. The family of all d-Williamson-measures PWd
is dense in (Pd

nor, τw).668

Proof. First of all notice that every γ ∈ Pd
nor fulfills γ({0}) ≤ 1

2 . Since for γ({0}) = 0 we have γ ∈ PWd

it suffices to consider the case γ({0}) ∈ (0, 12 ] and to show that there exists some sequence in PWd

converging weakly to γ.
(i) Suppose that 0 < γ({0}) < 1

2 holds. Then we have γ(I) > 1
2 and may proceed as follows: For

a ∈ [0, 14 ] and b ∈ [a, 1] define the transformation Ta,b : I → [a, b] by Ta,b(t) := a + (b − a)t. Choose
n0 ∈ N sufficiently large so that γ(I)(1− 1

n0
)d−1 > 1

2 holds and set an := 1
n for every n ≥ n0. Defining

the function Φn : [an, 1] → [0,∞) by

Φn(s) :=

∫
I
(1− an − (s− an)t)

d−1dγ(t) =

∫
[an,s]

(1− t)d−1dγTan,s(t)

it follows that Φn is strictly decreasing and continuous on [an, 1] and that Φn(an) ≥ 1
2 as well as669

Φn(1) ≤ 1
2 hold. Hence there exists a unique bn ∈ [an, 1] fulfilling Φ(bn) =

1
2 . Letting ξn denote the670

unique probability measure on B([0,∞)) fulfilling ξn([0, an)) = 0 = ξn((bn, 1]), coinciding with γTan,bn671

on B([an, bn]) and with γ on B((1,∞)) we obviously have ξn ∈ PWd
for every n ≥ n0. Considering672

an
n→∞−→ 0 it is straightforward to verify that bn

n→∞−→ 1. Hence, for every bounded continuous function673

f : [0,∞) → R using change of coordinates it follows that674 ∫
[0,∞)

f(t)dξn(t) =

∫
[0,an)∪(bn,1]

f(t)dξn(t)

+

∫
[an,bn]

f(t)dξn(t) +

∫
(1,∞)

f(t)dξn(t)

= 0 +

∫
[an,bn]

f(t)dγTan,bn (t) +

∫
(1,∞)

f(t)dξn(t)

=

∫
I
f ◦ Tan,bn(t)dγ(t) +

∫
(1,∞)

f(t)dγ(t)

and the latter sum converges to
∫
[0,∞) f(t)dγ(t). In other words: the sequence (ξn)n∈N converges weakly

to γ.
(ii) Suppose that γ({0}) = 1

2 holds, in which case we have γ(I) = 1
2 . Letting Fγ denote the distribution

function of γ and F−
γ its quasi-inverse then we obviously have F−

γ (12 + 1
n) > 1. For every n ≥ 3 define

another distribution function Fζn by

Fζn(z) :=

(
1

2
+

1

n

)
1[1− d−1

√
n
n+2

,F−
γ ( 1

2
+ 1
n
))(z) + Fγ(z)1[F−

γ ( 1
2
+ 1
n
),∞)(z)

for every z ∈ [0,∞). Then obviously the probability measures ζn induced by Fζn is a d-Williamson675

measure for every n ≥ 3. If z ∈ (0,∞) fulfills Fγ(z) = 1
2 , then z < F−

γ (12 + 1
n), hence, using the facts676
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that d−1

√
n
n+2

n→∞−→ 1 and 1
2 +

1
n
n→∞−→ 1

2 shows convergence of (Fζn(z))n∈N to Fγ(z). If z ∈ (0,∞) fulfills677

Fγ(z) >
1
2 , then we may choose K ∈ N sufficiently large so that 1

2 + 1
K ≤ Fγ(z) and F−

γ (12 + 1
K ) ≤ z678

hold. Then Fζn(z) = Fγ(z) for all n ≥ K, which completes the proof.679

Building upon the previous lemma we prove that a typical element of Pd
nor is a Williamson measure.680

Lemma Appendix B.3. The family of d-Williamson-measures PWd
is co-meager in (Pd

nor, τw).681

Proof. It suffices to show that the set682

N := {γ ∈ Pd
nor : γ({0}) > 0} (B.1)

is of first Baire category in Pd
nor, which can be done as follows. For every k ≥ 2 defining the set Pk by

Pk :=
{
γ ∈ Pd

nor : γ({0}) ≥
1

k

}
we obviously have N ⊆

⋃∞
k=2 Pk. Portmanteau’s theorem implies that for every sequence γ1, γ2, ... ∈ Pk683

converging weakly to some γ ∈ Pd
nor we have that γ({0}) ≥ lim supn→∞ γn({0}) ≥ 1

k holds, so Pk is684

weakly closed in Pd
nor. Letting O ⊆ Pd

nor denote a non-empty open set then denseness of PWd
in Pd

nor685

yields the existence of a measure γ̃ ∈ O ∩ PWd
with γ̃ /∈ Pk. This shows that Pk is nowhere dense in686

Pd
nor, so the set N is of first Baire category, implying that PWd

is co-meager in Pd
nor.687

The next lemma shows that a typical Williamson measure has full support.688

Lemma Appendix B.4. The set Pfs
Wd

is co-meager in (PWd
, τw).689

Proof. It suffices to show that

W := {γ ∈ PWd
: there exists an interval (a, b) ⊆ [0,∞) with γ((a, b)) = 0}

is of first Baire category in (PWd
, τw). Let q1, q2, . . . be an enumeration of (0,∞)∩Q, set q0 := 0, and,690

for (i, k) ∈ N0 × N define the sets Wi,k by691

Wi,k :=

{
{γ ∈ PWd

: γ((qi − 1
k , qi +

1
k )) = 0} if i ≥ 1,

{γ ∈ PWd
: γ((0, 1k )) = 0} if i = 0.

Then we obviously have W ⊆
⋃
i∈N0

⋃
k∈NWi,k. We show that for (i, k) ∈ N2 the set Wi,k is weakly

closed. If (γn)n∈N is a sequence in Wi,k converging weakly to some γ ∈ PWd
, then Portmanteau’s

theorem shows that

0 = lim inf
ℓ→∞

γℓ((qi − 1
k , qi +

1
k )) ≥ γ((qi − 1

k , qi +
1
k )) ≥ 0,

so γ ∈ Wi,k. Proceeding analogously yields that the sets W0,k are weakly closed too. Considering that,692

according to Lemma Appendix B.1, the set of Williamson measures with full support is dense in PWd
693

it follows that each set Wi,k is nowhere dense in PWd
, which implies that W is of first Baire category.694

Hence, by definition Pfs
Wd

is co-meager in (PWd
, τw).695
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Next, we prove that the set of all Williamson measures with full support (and therefore also the set696

of all strict Williamson measures) is of second Baire category in PWd
.697

Lemma Appendix B.5. The sets Pfs
Wd

and Ps
Wd

are of second Baire category in (PWd
, τw).698

Proof. Suppose that Pfs
Wd

were of first Baire category in PWd
. Then, considering that Pd

nor contains699

PWd
, it would be of first Baire category in Pd

nor as well. Applying Lemma Appendix B.3 and Theorem700

Appendix B.4 yields that Pd
nor \PWd

and PWd
\Pfs

Wd
are both of first Baire category in Pd

nor. Therefore,701

writing Pd
nor = (Pd

nor \PWd
)∪ (Pfs

Wd
∪ (PWd

\Pfs
Wd

)) and using the fact that finite unions of sets of first702

Baire category are themselves of first Baire category would yield that Pd
nor is of first Baire category in703

itself. A contradiction. Therefore Pfs
Wd

is of second Baire category in PWd
. Considering Pfs

Wd
⊆ Ps

Wd
it704

follows that Ps
Wd

is of second Baire category in PWd
, which completes the proof.705

The subsequent Lemma shows that typical Williamson measures are not absolutely continuous.706

Lemma Appendix B.6. The set Pabs
Wd

is of first Baire category in (PWd
, τw).707

Proof. Suppose that γ ∈ Pabs
Wd

has density kγ ; for n ∈ N define the sets Mγ
n ∈ B([0,∞)) by

Mγ
n := {z ∈ [0,∞) : kγ(z) > n}

and set
Mn := {γ ∈ Pabs

Wd
: γ(Mn

γ ) ≤ 1
4}.

Considering λ(
⋂∞
n=1M

γ
n ) = 0, absolute continuity of γ yields γ(

⋂∞
n=1M

γ
n ) = 0, so for sufficiently large

n we have γ(Mγ
n ) <

1
4 . This shows that

Pabs
Wd

⊆
⋃
n∈N

Mn,

it hence suffices to show that Mn is nowhere dense in (PWd
, τw), which can be done as follows: Let

β ∈ Pdis
Wd

be an arbitrary discrete d-Williamson measure with only finitely many point masses, i.e.,
β :=

∑N
i=1 αiδxi , whereby 0 < x1 < x2 < · · · < xN < ∞ and α1, ..., αN ∈ (0, 1] fulfill

∑N
i=1 αi = 1. We

will show that it is not possible to construct a sequence in Mn converging weakly to β. Set x0 = 0 and
define ρ by

ρ := 1
8nN min

{
min{|xi − xj | : i, j ∈ {0, ..., N}}, 1

}
> 0.

Then obviously we have λ(
⋃N
i=1(xi − ρ, xi + ρ)) ≤ 1

4n . Letting f : [0,∞) → R denote a continuous708

function fulfilling f(xi) = 1 and f |(xi−ρ,xi+ρ)∈ (0, 1] for every i ∈ {1, . . . , N}, and being identical to709

0 on [0,∞) \
⋃N
i=1(xi − ρ, xi + ρ). By construction, on the one hand we have

∫
[0,∞) fdβ = 1. On the710
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other hand, for arbitrary but fixed γ ∈ Mn it follows that711 ∫
[0,∞)

fdγ =

∫
Mγ
n

fdγ +

∫
[0,∞)\Mγ

n

fdγ

≤ 1

4
+

∫
[0,∞)\Mγ

n

fdγ

≤ 1

2
< 1 =

∫
I
fdβ.

Finally, using the fact that discrete Williamson-measures with finitely many point masses are dense in712

(PWd
, τw) (see [15]) it follows that Mn is nowhere dense in PWd

, which proves the desired result.713

We now turn towards Williamson measures having non-degenerate discrete component and show714

that these elements are topologically atypical.715

Lemma Appendix B.7. The set

{γ ∈ PWd
: γ has no point masses}

is co-meager in (PWd
, τw).716

Proof. It suffices to show that the set

Pp
Wd

:= {γ ∈ PWd
: ∃z ∈ (0,∞) with γ({z}) > 0}

is of first Baire category in PWd
. For arbitrary k ∈ N and 2 ≤ m ∈ N defining the set Wk,m by

Wk,m :=

{
γ ∈ PWd

: ∃z ∈
[
1

m
,m

]
such that γ({z}) ≥ 1

k

}
we obviously have Pp

Wd
⊆
⋃∞
k=1

⋃∞
m=2Wk,m. We will show that Wk,m is closed in (PWd

, τw) and proceed
as follows: Suppose that (γn)n∈N is a sequence in Wk,m converging weakly to some γ ∈ PWd

. Then there
exists some sequence (zn)n∈N in

[
1
m ,m

]
fulfilling γn({zn}) ≥ 1

k for every n ∈ N. Using compactness
of
[
1
m ,m

]
there exists some subsequence (znj )j∈N with limit z∗ ∈

[
1
m ,m

]
. We want to prove that

γ({z∗}) ≥ 1
k holds. To simplify notation let Fnj and Fγ denote the distribution functions of γnj and

γ, respectively. Choose an arbitrarily small h > 0 such that z∗ + h and z∗ − h are continuity points of
Fγ . Then using weak convergence of (γn)n∈N to γ yields that

lim
j→∞

Fnj (z
∗ + h) = Fγ(z

∗ + h) and lim
j→∞

Fnj (z
∗ − h) = Fγ(z

∗ − h).

Furthermore, convergence of (znj ) to z∗ implies the existence of some j0 ∈ N fulfilling that |znj−z∗| < h
holds for all j ≥ j0. Finally, using monotonicity of distribution functions it follows that

1

k
≤ γnj ({znj}) = Fnj (znj )− Fnj (znj−) ≤ Fnj (z

∗ + h)− Fnj (z
∗ − h)
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holds for sufficiently large j, which implies

1

k
≤ Fγ(z

∗ + h)− Fγ(z
∗ − h).

Since h > 0 can be chosen arbitrarily small we finally obtain that γ({z∗}) ≥ 1
k , i.e., Wk,m is closed in717

(PWd
, τw). According to Lemma Appendix B.1 the family of absolutely continuous Williamson measures718

is dense in (PWd
, τw), hence Wk,m is nowhere dense in (PWd

, τw). This shows that Pp
Wd

is of first Baire719

category in PWd
and the proof is complete.720
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