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Abstract

We revisit the family of bivariate Bertino copulas, first studied by Fredricks
and Nelsen in 2002 and characterized as the minimal elements in the family
of all copulas with given diagonal, and derive several (partially surprising)
results on their behavior under the so-called Markov product (also known
as star product) of copulas. Using tools from measure theory and Markov
chains in discrete time we first show that for every Bertino copula Bδ with
diagonal δ all Markov product iterates B∗n

δ = Bδ ∗ · · · ∗ Bδ are Bertino
copulas too. Having this, we then prove that for each Bertino copula Bδ

whose diagonal fulfills a simple but essential regularity/slope condition, the
sequence (B∗n

δ )n∈B converges uniformly (in fact even weakly conditional)
to some copula C, and show that C again is a Bertino copula which, ad-
ditionally, is idempotent. Rounding off these results we provide a handy
characterization of idempotence in the Bertino family.
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1. Introduction1

Based on the observation that the distribution function H of each pair2

(X,Y ) of continuous random variables X,Y can be factorized in the marginal3

distribution functions FX and FY , respectively, and a unique bivariate co-4

pula C in terms of H(x, y) = C(FX(x), FY (y)), over the past decades copu-5
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las have become one of the key concepts for modeling dependence of random6

quantities. As pointed out by Jaworski in [14] there are numerous reasons7

for the study of bivariate copulas with given diagonal δ : [0, 1] → [0, 1] - the8

facts that, firstly, tail dependence of a copula C only considers the copula’s9

diagonal and that, secondly, for a pair (X,Y ) of uniformly [0, 1]-distributed10

random variables X,Y with copula C the maximum max(X,Y ) has distri-11

bution function δC(x) = C(x, x) potentially being the two most important12

ones. One natural question arising in this context is, how much flexibility13

we have in the class Cδ of all copulas with given diagonal δ, or, more gener-14

ally, how ‘large’ Cδ is. In [10] Fredricks and Nelsen showed that the Bertino15

copula Bδ is the minimal element in Cδ, i.e., every copula C ∈ Cδ fulfills16

Bδ(x, y) ≤ C(x, y) for all x, y ∈ [0, 1]2. Furthermore (see [19, 20]) it is17

known that the diagonal copula is the maximal element in the subclass of all18

symmetric copulas in Cδ. Durante and Jaworski ([5]) formulated necessary19

and sufficient conditions for a diagonal δ to be the diagonal of an absolutely20

continuous copula, Durante et al. constructed asymmetric elements of Cδ via21

so-called patchworks (see [7]).22

23

We here revisit the family CBer of all bivariate Bertino copulas (for a24

multivariate extension of Bertino copulas see [1]) and study the behavior25

of Bertino copulas under the so-called Markov product ∗ of copulas. The26

Markov product was introduced by Darsow et el. in 1992 under the name27

‘star product’ (see [4]). Four years later Olsen et al. (see [12]) closely linked28

the family (C, ∗) of all bivariate copulas with the Markov product as binary29

operation and the space (M, ◦) of Markov operators on L1([0, 1]) with the30

standard composition as binary operation by showing that these space are31

isomorphic. A second reason for the name ‘Markov product’ being adequate32

was provided in [24], where the authors showed that calculating the Markov33

product A ∗ B of copulas A,B ∈ C corresponds to considering the standard34

composition of the Markov kernels KA(·, ·) and KB(·, ·) (transition proba-35

bilities) well known in the context of Markov chains in discrete time. In36

particular, we have the following: if X1, X2, X3, . . . is a stationary Markov37

chain of uniformly [0, 1]-distributed random variables with state space [0, 1]38

and transition probability KC(·, ·), then the 2-step transition probability is39

given by KC∗C(·, ·).40

Looking at frequently used subfamilies of C like the Extreme-Value or the41

Archimedean class CEV and CAr, respectively, it can be shown that neither of42

them is closed with respect to the Markov product, i.e., the Markov product43

of two Extreme-Value copulas is not necessarily an Extreme-Value copula,44

and the same is true for CAr. In fact, as shown recently in [18], apart from45
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(i) parametric classes like the Fréchet and the Gauss family, (ii) the family46

of all completely dependent copulas, and (iii) the family of all checkerboards47

with fixed resolution, to the best of the authors’ knowledge so-called lower48

semilinear copulas (which, analogous to Bertino copulas are characterized49

via diagonals) constitute the only family being closed with respect to the50

Markov product.51

In the current paper we will show that the Markov product Bδ1 ∗ Bδ252

of two Bertino copulas is not necessarily a Bertino copula, so (analogously53

to CEv and CAr) the Bertino family CBer is not closed. The situation, how-54

ever, changes when we consider the Markov product B∗2
δ := Bδ ∗ Bδ of a55

Bertino copula Bδ with itself - in this case B∗2
δ is indeed a Bertino copula56

too. In fact, much more is true: we will show that for every n ∈ N and57

every Bertino copula Bδ the iterated Markov product B∗n
δ = Bδ ∗ . . . ∗ Bδ58

fulfills B∗n
δ ∈ CBer. Moreover, for every Bertino copula Bδ whose diagonal59

fulfills a certain regularity condition the sequence (B∗n
δ )n∈N will be shown60

to converge uniformly to an idempotent Bertino copula, i.e., to a Bertino61

copula C fulfilling C ∗ C = C. Since the limit C is idempotent we comple-62

ment the afore-mentioned results by providing a simple characterization of63

idempotence in the Bertino family.64

We remark that these convergence results are quite surprising in so far as65

for general copulas A ∈ C iterates of the Markov product A∗n do not need66

to converge (see [25]) and - even if they do - determining the limit is often67

out of reach.68

69

The remainder of this paper is organized as follows: Section 2 gathers70

some notations and preliminaries, and recalls some facts about Bertino co-71

pulas already established in the literature. After motivating how the limit72

behavior of (B∗n
δ )n∈N might look like, all afore-mentioned results are stated73

and proved in Section 3. Several examples and graphics illustrate the studied74

procedures and underlying ideas.75

2. Notation and preliminaries76

For every metric space (Ω, ρ) the Borel σ-field on Ω will be denoted by77

B(Ω), the family of all probability measures on B(Ω) by P(Ω). For every78

ϑ ∈ P(Ω) the support of ϑ, defined as the set of all x ∈ Ω such that every79

non-empty open ball B(x, r) of radius r > 0 around x has positive mass,80

will be denoted by supp(ϑ). For every z ∈ Ω the Dirac measure at z will be81

denoted by ϵz, furthermore the Lebesgue measure on B([0, 1]2) and B([0, 1])82

will be denoted by λ2 and λ, respectively.83
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As already mentioned before, C will denote the family of all two-dimen-84

sional copulas, i.e., the family of distribution functions (restricted to [0, 1]2)85

of random vectors (X,Y ) on a probability space (Ω,A,P), fulfilling that the86

marginal distributions PX ,PY ∈ P(R) coincide with the Lebesgue measure λ87

on [0, 1]. For any fixed C ∈ C we will write (U, V ) ∼ C if C is the distribution88

function of (U, V ) restricted to [0, 1]2; in this case we obviously have that89

U, V are uniformly distributed on [0, 1]. Letting d∞ denote the uniform90

metric on C it is well known that (C, d∞) is a compact metric space and that91

(due to Lipschitz continuity) in C pointwise and uniform convergence are92

equivalent. M will denote the minimum copula, Π the product copula and93

W the lower Fréchet-Hoeffding bound. Given C ∈ C the transpose Ct ∈ C94

of C is defined by Ct(x, y) := C(y, x). For every C ∈ C the corresponding95

doubly stochastic measure will be denoted by µC and PC ⊂ P([0, 1]2) will96

denote the family of all doubly stochastic measures.97

Definition 1 (Diagonal). A function δ : [0, 1] → [0, 1] is called a diagonal98

if, and only if the following four conditions are fulfilled:99

1. δ(0) = 0 and δ(1) = 1.100

2. δ is non-decreasing.101

3. δ is Lipschitz continuous with Lipschitz constant L = 2.102

4. δ(t) ≤ t for all t ∈ [0, 1].103

In the sequel D will denote the family of all diagonals.104

It is well-known (see [8, 19] and the references therein) that for every δ ∈ D105

there exists some copula C ∈ C such that δ(x) = C(x, x) for all x ∈ [0, 1],106

and that, vice versa, for every C ∈ C the function x 7→ C(x, x) is an ele-107

ment of D. As a direct consequence, for every δ ∈ D the class Cδ ⊆ C of108

all copulas C ∈ C having diagonal δ is non-empty. For more background on109

copulas and doubly stochastic measure we refer to the textbooks [8] and [19].110

111

A Markov kernel from R to B(R) is a mapping K : R × B(R) → [0, 1]112

such that x 7→ K(x,B) is measurable for every fixed B ∈ B(R) and B 7→113

K(x,B) is a probability measure for every fixed x ∈ R. Given real-valued114

random variables X,Y on a joint probability space (Ω,A,P), a Markov kernel115

K : R× B(R) → [0, 1] is called a regular conditional distribution of Y given116

X if for every B ∈ B(R)117

K(X(ω), B) = E(1B ◦ Y |X)(ω) (1)

holds for P-almost every ω ∈ Ω. It is well known that for each pair (X,Y ) of118

real-valued random variables a regular conditional distribution K(·, ·) of Y119
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given X exists, that K(·, ·) is unique PX -almost everywhere (i.e., unique for120

PX -almost all x ∈ R) and that K(·, ·) only depends on the joint distribution121

P(X,Y ) ∈ P(R2) of (X,Y ). Hence, given C ∈ C we will denote (a version122

of) the regular conditional distribution of Y given X by KC(·, ·), view it as123

a function mapping [0, 1] × B([0, 1]) to [0, 1] and refer to KC(·, ·) simply as124

regular conditional distribution of C or as Markov kernel of C. Note that for125

every C ∈ C, its Markov kernel KC(·, ·), and every Borel set G ∈ B([0, 1]2)126

we have (Gx := {y ∈ [0, 1] : (x, y) ∈ G} denoting the x-section of G for every127

x ∈ [0, 1])128 ∫
[0,1]

KC(x,Gx) dλ(x) = µC(G). (2)

So in particular129 ∫
[0,1]

KC(x, F ) dλ(x) = λ(F ) (3)

holds for every F ∈ B([0, 1]). On the other hand, every Markov kernel130

K : [0, 1]× B([0, 1]) → [0, 1] fulfilling equation (3) induces a unique element131

µ ∈ PC via equation (2). Notice that for fixed y ∈ [0, 1], λ-almost every132

x ∈ [0, 1] is a Lebesgue point (see [22]) of the mapping x 7→ K(x, [0, y]),133

implying that the identity134

∂C(x, y)

∂x
= K(x, [0, y]) (4)

holds (for such x). For more details and properties of conditional expec-
tation, regular conditional distributions, and disintegration we refer to the
textbooks [15] and [17].
Viewing bivariate copulas in terms of their Markov kernels/conditional distri-
butions allows to define notions of convergence on C that are (much) stronger
than uniform convergence. Following [16] a sequence (Cn)n∈N of copulas con-
verges weakly conditional to C ∈ C if, and only if for λ-almost every x ∈ [0, 1]
we have that the sequence (KCn(x, ·))n∈N of probability measures on B([0, 1])
converges weakly to the probability measure KC(x, ·). Moreover, following
[23] and setting

D1(A,B) :=

∫
[0,1]2

|KA(x, [0, y])−KB(x, [0, y])| dλ2(x, y)

for all A,B ∈ C yields a complete metric space (C, D1). It is straightforward135

to verify (see [23, Lemma 7]) that (i) weak conditional convergence implies136

convergence w.r.t. D1, that (ii) convergence w.r.t. D1 implies convergence137

w.r.t. d∞ (again see [23]), and that (iii) the reverse implications do not hold138
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in general.139

140

In the sequel, the so-called Markov product (a.k.a. star product) A ∗ B141

of copulas A,B ∈ C will play a prominent role. Letting ∂i denote the partial142

derivative with respect to the i-th coordinate, the Markov product A ∗B is143

defined by144

(A ∗B)(x, y) :=

∫
[0,1]

∂2A(x, s) · ∂1B(s, y) dλ(s) (5)

for all x, y ∈ [0, 1]. It is well known (see [19]) that A∗B is again a copula, that145

the star product is in general not commutative, i.e., A ∗B ̸= B ∗A can hold,146

that Π is the null- and M the unit element in (C, ∗), i.e., A ∗Π = Π ∗A = Π147

and A ∗M = M ∗ A = A for every A ∈ C. Moreover (see [4, 19]), for each148

pair A,B ∈ C we have (A ∗B)t = Bt ∗At. A copula A is called idempotent,149

if A ∗ A = A holds. Using Markov kernels and eq. (4) it is straightforward150

to verify that the following identity holds:151

(A ∗B)(x, y) =

∫
[0,1]

KAt(s, [0, x])KB(s, [0, y]) dλ(s). (6)

Moreover, as shown in [26], using disintegration it follows that a (version152

of the) Markov kernel of A ∗ B is given by the standard composition of the153

Markov kernels of A and B, a concept well-known in the context of Markov154

chains in discrete time. In other words, KA ◦KB, defined by155

(KA ◦KB)(x, F ) =

∫
[0,1]

KB(s, F )KA(x, dy) (7)

for every x ∈ [0, 1] and F ∈ B[0, 1] is a (version of the) Markov kernel of
A∗B. Translating to the Markov chain setting, if (Xn)n∈N is a Markov chain
of random variables uniformly distributed on [0, 1] with one-step transition
probability KC(·, ·) for some fixed C ∈ C, then the two-step transition proba-
bilities are given by KC∗C(·, ·) = (KC ◦ KC)(·, ·). As mentioned in the
previous section, this very fact is the main reason for referring to A ∗ B as
the Markov (instead of the star product) of A,B ∈ C. It can be shown
that the Markov product is jointly continuous w.r.t. D1, i.e., for sequences
(An)n∈N, (Bn)n∈N converging to A,B ∈ C w.r.t. D1 we also have

lim
n→∞

D1(An ∗Bn, A ∗B) = 0,
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but not jointly continuous w.r.t. d∞ (see [4]). For more background on the156

Markov product we refer to [4, 19, 25, 26] and the references therein.157

158

We close this section by recalling some basic facts about Bertino copulas
already established in the literature and start with additional properties of
diagonals. For every diagonal δ ∈ D let δ̂ : [0, 1] → [0, 12 ] be defined by

δ̂(x) = x− δ(x).

It is straightforward to verify that for arbitrary δ ∈ D the function δ̂ :
[0, 1] → [0, 12 ] satisfies δ̂(0) = δ̂(1) = 0, that δ̂ is Lipschitz continuous,
with Lipschitz constant 1, and that 0 ≤ δ̂(t) ≤ min{t, 1 − t} holds for all
t ∈ [0, 1]. Due to Lipschitz continuity both δ and δ̂ are differentiable λ-almost
everywhere and we can find Borel measurable functions wδ : [0, 1] → [0, 2]
and ŵδ : [0, 1] → [−1, 1] fulfilling δ′(x) = wδ(x) and δ̂′(x) = ŵδ(x) for λ-
almost every x ∈ [0, 1] (see, e.g., [22]). In the sequel we will refer to wδ and
ŵδ as (measurable versions of) the derivative of δ and δ̂, respectively. Despite
being analytically regular in the sense of Lipschitz continuity, according to
[11, Theorem 3.2] it is possible to construct a diagonal δ0 exhibiting the
property that δ̂0 is not monotonic on any non-empty open interval since

λ
(
{x ∈ (a, b) : δ̂′0(x) = 1}

)
> 0, λ

(
{x ∈ (a, b) : δ̂′0(x) = −1}

)
> 0

for every non-empty open interval (a, b) ⊆ [0, 1]. We will refer to this diago-159

nal several times in what follows since it illustrates, why other seemingly160

natural (interval-based) methods of proof may fail.161

Following [10] in the sequel we will work with the subsequent definition of a162

Bertino copula (also see [2] for the original, more general construction by S.163

Bertino).164

Definition 2 (Bertino copula). For every diagonal δ ∈ D the Bertino165

copula Bδ is defined by166

Bδ(x, y) := M(x, y)−min
{
δ̂(t) : t ∈

[
min{x, y},max{x, y}

]}
. (8)

Obviously Bδ ∈ Cδ holds. As mentioned in the previous section, CBer will167

denote the family of all Bertino copulas. According to [10], Bδ is the minimal168

element in Cδ, i.e., for every C ∈ Cδ we have Bδ(x, y) ≤ C(x, y) for all169

x, y ∈ [0, 1]. Defining the functions l, u : [0, 1] → [0, 1] by170

u(x) := max
{
y ≥ x : δ̂(t) ≥ δ̂(x) for all t ∈ [x, y]

}
l(x) := min

{
y ≤ x : δ̂(t) ≥ δ̂(x) for all t ∈ [y, x]

}
(9)
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we have that u is upper semicontinuous and l lower semicontinuous (see [11]).171

Moreover (again see [11]) a version of the Markov kernel KBδ
of Bδ is given172

by173

KBδ
(x,E) =

{
(1− ŵδ(x))ϵx(E) + ŵδ(x)ϵu(x)(E) if ŵδ(x) > 0

(1 + ŵδ(x))ϵx(E) − ŵδ(x)ϵl(x)(E) if ŵδ(x) ≤ 0,
(10)

whereby ŵδ : [0, 1] → [−1, 1] denotes a measurable version of the derivative174

of δ̂. Notice that we only need the function ŵδ in order to assure that the175

kernel in eq. (10) has the property that the mapping x 7→ KBδ
(x,E) is176

measurable for every fixed E ∈ B([0, 1]). Considering that for ŵδ(x) = 0177

the kernel fulfills KBδ
(x, {x}) = 1 it follows that (see [11]) the support of178

µBδ
is contained in the union of the diagonal ∆ := {(x, x) : x ∈ [0, 1]}179

and the closure of the graph Γ(S) = {(x, S(x)) : x ∈ [0, 1]} of the function180

S : [0, 1] → [0, 1], defined by181

S :=

{
u(x) if ŵδ(x) > 0
l(x) if ŵδ(x) ≤ 0.

(11)

Notice that measurability of S is a direct consequence of measurability of182

u, l and ŵδ.183

In [10, Section 3] Fredricks and Nelsen provided the following stochastic184

characterization of Bertino copulas, which will be useful in the next section:185

Theorem 3 ([10]). For (U, V ) ∼ C the following two conditions are equi-186

valent:187

1. C is a Bertino copula.188

2. For all u, v ∈ [0, 1] there exists some t ∈ [min(u, v),max(u, v)] such189

that190

P (min(U, V ) ≤ min(u, v), max(U, V ) > max(u, v))

= P (min(U, V ) ≤ t < max(U, V )) . (12)

In the sequel the following symmetric version of Theorem 3, formulated191

directly for the corresponding doubly stochastic measure, will be key.192

Corollary 4. Suppose that C ∈ C is symmetric. Then the identity (12)193

holds if, and only if for 0 ≤ u ≤ v ≤ 1 there exists some t ∈ [u, v] with194

µC ([0, t]× (t, v]) = 0 = µC ([u, t]× (t, 1]) . (13)

195
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Proof. Without loss of generality, suppose that u ≤ v and that t ∈ [u, v].196

Using symmetry of C, the left hand side of eq. (12) can be written in the197

form198

P (min(U, V ) ≤ u, max(U, V ) > v) = 2P (U < V,U ≤ u, V > v)

= 2P (U ≤ u, V > v)

= 2µC ([0, u]× (v, 1]) .

Proceeding analogously, the right-hand side of eq. (12) simplifies to199

P (min(U, V ) ≤ t < max(U, V )) = 2µC([0, t]× (t, 1]).

Altogether it follows that eq. (12) holds if, and only if we have200

µC ([0, u]× (v, 1]) = µC([0, t]× (t, 1]).

Considering [0, u]× (v, 1] ⊆ [0, t]× (t, 1] the latter, however is equivalent to201

µC([0, t]× (t, v]) + µC((u, t]× (t, 1]) = 0,

which completes the proof.202

3. Novel results on the Markov product of Bertino copulas203

In order to facilitate the proofs of the main results we start with some204

notation and regularity results. Suppose that δ ∈ D is an arbitrary diagonal.205

Then by construction there exists some set Λδ = Λ ∈ B([0, 1]) fulfilling206

λ(Λ) = 1 such that the derivative δ̂′(x) exists and ŵδ(x) = δ̂′(x) holds for207

every x ∈ Λ. In what follows we will consider the pairwise disjoint Borel sets208

Λ̂+ := {x ∈ Λ : ŵδ(x) > 0}
Λ̂− := {x ∈ Λ : ŵδ(x) < 0}
Λ̂0 := {x ∈ Λ : ŵδ(x) = 0},

obviously fulfilling Λ̂0∪ Λ̂+∪ Λ̂− = Λ. Moreover, instead of working with the209

transformation S according to eq. (11) we will consider the transformation210

T : [0, 1] → [0, 1], defined by211

Tδ(x) = T (x) =


u(x) if x ∈ Λ̂+

l(x) if x ∈ Λ̂−

x if x ∈ Λ̂0 ∪ Λc.

(14)
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Notice that T is measurable since the functions u, l are measurable and since212

Λ̂+, Λ̂−, Λ̂0 and Λ̂ are Borel sets. In terms of T , for λ-almost every x ∈ [0, 1]213

the Markov kernel (10) becomes214

KBδ
(x,E) = |δ̂′(x)|ϵT (x)(E) +

(
1− |δ̂′(x)|

)
ϵx(E). (15)

It is straightforward to verify (again see [11]) that for x ∈ Λ̂+ we have
T (x) > x, whereas T (x) < x holds for every x ∈ Λ̂−. Moreover, on the set

(Λ̂+ ∩ T−1(Λ̂−)) ∪ (Λ̂− ∩ T−1(Λ̂+)) ∪ Λ̂0 ∪ Λc

the transformation T is an involution, i.e., T (T (x)) = x holds. More gen-215

erally, for all x ∈ [0, 1] we have T (T (x)) ∈ {x, T (x)}. Considering that in216

the sequel we will work with expressions of the form δ̂′(T (x)), the following217

technical lemma about T will be useful since it assures that for λ-almost218

every x ∈ Λ we also have T (x) ∈ Λ, implying that δ̂′(T (x)) is well defined219

for such x.220

Lemma 5. The transformation T is non-singular, i.e., for every set N ∈221

B([0, 1]) with λ(N) = 0 we have λ(T−1(N)) = 0. As a direct consequence,222

λ(Λ ∩ T−1(Λ)) = 1 holds.223

Proof. Considering λ(Λ) = 1 as well as the decomposition224

T−1(N) =
(
T−1(N) ∩ Λ̂+

)
∪
(
T−1(N) ∩ Λ̂−

)
∪
(
T−1(N) ∩ Λ̂0

)
∪
(
T−1(N) ∩ Λc

)
of T−1(N) in four pairwise disjoint Borel sets it suffices to show that each225

of the four sets has λ-measure zero, which can be done as follows.226

(i) For every x ∈ Λ̂+ we have T (x) > x as well as KBδ
(x, {T (x)}) > 0. Using227

disintegration and the fact that µBδ
is doubly stochastic yields228 ∫

T−1(N)∩Λ̂+

KBδ
(x, {T (x)})︸ ︷︷ ︸

>0

dλ(x) ≤
∫
T−1(N)∩Λ̂+

KBδ
(x,N)dλ(x)

= µBδ

(
(T−1(N) ∩ Λ̂+)×N

)
≤ µBδ

([0, 1]×N) = λ(N) = 0,

implying λ(T−1(N) ∩ Λ̂+) = 0.
(ii) Proceeding in the same manner yields λ(T−1(N ∩ Λ̂−)) = 0.
(iii) For every x ∈ Λ̂0 by construction we have T (x) = x, which implies

T−1(N) ∩ Λ̂0 = N ∩ Λ̂0 ⊆ N,
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so λ(T−1(N) ∩ Λ̂0) = 0 is trivial.
(iv) Finally, considering

λ(T−1(N) ∩ Λc) ≤ λ(Λc) = 0

completes the proof for λ(T−1(N)) = 0.229

The remaining assertion is now a direct consequence of λ(T−1(Λc)) = 0.230

We now focus on the main topic of this section, the behavior of the231

Bertino class under the Markov product, and start by calculating the Markov232

kernel KBδ∗Bγ (·, ·) for two Bertino copulas Bδ and Bγ . Letting Λδ,Λγ de-233

note the corresponding sets and Tδ, Tγ the corresponding transformations it234

follows that the set Gδ,γ := Λδ∩Λγ∩T−1
δ (Λδ)∩T−1

γ (Λγ)) fulfills λ(Gδ,γ) = 1.235

Moreover, for every x ∈ Gδ,γ we get236

KBδ∗Bγ (x,E) = (KBδ
◦KBγ )(x,E) =

∫
[0,1]

KBγ (z, E)KBδ
(x, dz)

= |δ̂′(x)|KBγ (Tδ(x), E) + (1− |δ̂′(x)|)KBγ (x,E)

= |δ̂′(x)|
(
|γ̂′(Tδ(x))|ϵTγ◦Tδ(x)(E) + (1− |γ̂′(Tδ(x))|)ϵTδ(x)(E)

)
+(1− |δ̂′(x)|)

(
|γ̂′(x)|ϵTγ(x)(E) + (1− |γ̂′(x)|)ϵx(E)

)
. (16)

The following example shows that the Bertino class is not closed w.r.t. the237

Markov product, i.e., there are Bertino copulas Bδ, Bγ fulfilling that Bδ ∗Bγ238

is not a Bertino copula.239

Example 6. We consider δ, γ ∈ D, defined by240

δ̂(x) := x
21[0, 12 ]

(x) + 1−x
2 1( 1

2
,1](x),

γ̂(x) := 3x
7 1[0, 13 ]

(x) + 3
14(1− x)1( 1

3
,1](x).

Then δ̂′(x) ̸= 0 as well as γ̂′(x) ̸= 0 for all but finitely many points x ∈ [0, 1].241

The corresponding transformations are given by Tδ(x) = 1− x as well as242

Tγ(x) = (1− 2x)1[0, 1
3
](x) +

1−x
2 1( 1

3
,1](x).

Notice that Bδ coincides with 1
2(M +W ), so it is a convex combination of

M and W . It is therefore easy to verify that Bδ is idempotent (also see
Theorem 15). For all but at most finitely many x ∈ [0, 1] we have that
x, Tδ(x), Tγ(x), Tγ ◦ Tδ(x) are pairwise disjoint, which, using eq. (16) shows
that for all but finitely many x the Markov kernel KBδ∗Bγ (x, ·) has four

11
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Figure 1: The functions δ̂ and γ̂ (left panels) and samples of the corresponding Bertino
copulas Bδ and Bγ , respectively (right panels) as considered in Example 6.

distinct point masses, implying that Bδ ∗ Bγ can not be a Bertino copula.
Again using eq. (16) it follows that the support of Bδ ∗Bγ is given by

supp(Bδ ∗Bγ) = ∆ ∪ Γ(Tδ) ∪ Γ(Tγ) ∪ Γ(Tγ ◦ Tδ).

Figure 1 depicts the functions δ̂ and γ̂ and samples of the corresponding243

Bertino copulas, Figure 2 contains a sample of size n = 2.000 of the copula244

Bδ ∗Bγ .245

The situation changes, if we consider B∗2
δ := Bδ ∗ Bδ, i.e., if we consider246

12
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Figure 2: Sample of size n = 2.000 of the copula Bδ ∗ Bγ considered in Example 6. The
four graphs are clearly visible.

the Markov product of a Bertino copula with itself. In this case the Markov247

kernel (16) for x ∈ Λ ∩ T−1(Λ) boils down to248

KB∗2
δ
(x,E) = |δ̂′(x)|

(
2− |δ̂′(T (x))| − |δ̂′(x)|

)
ϵT (x)(E)

+
(
|δ̂′(x)||δ̂′(T (x))|+ (1− |δ̂′(x)|)2

)
ϵx(E). (17)

Notice that the reason for ϵT (T (x)) not appearing in eq. (17) is that for249

x ∈ (Λ̂+ ∪ Λ̂−) ∩ T−1(Λ̂+ ∪ Λ̂−) we have T (T (x)) = x and for the case250

x ∈ (Λ̂+ ∪ Λ̂−) ∩ T−1(Λ̂0) we have T (T (x)) = T (x). Obviously the copula251

B∗2
δ concentrates its mass on the set ∆ ∪ Γ(T ), analogously to Bδ.252

The following two examples insinuate, which behavior the sequence of253

Markov product iterates Bδ, B
∗2
δ = Bδ ∗ Bδ, B

∗3
δ = Bδ ∗ Bδ ∗ Bδ, . . . might254

exhibit.255

Example 7. Consider the diagonal δ ∈ D whose corresponding function δ̂
is given by

δ̂(x) = x1[0, 1
2
](x) + (1− x)1( 1

2
,1](x).

13
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Figure 3: Sample of size n = 2.000 of the copula Bδ (left panel) and the copula Bδ ∗ Bδ

(right panel) as considered in Example 8.

Then a straightforward calculation yields that the corresponding Bertino256

copula Bδ coincides with the lower Fréchet-Hoeffding bound W . As a direct257

consequence we have that B∗n
δ = M for n ∈ N even and B∗n

δ = W for n ∈ N258

odd. In other words, each iterate B∗n
δ is again a Bertino copula, but the259

sequence (B∗n
δ )n∈N has period 2 and does not converge.260

The next example shows that (B∗n
δ )n∈N may indeed converge w.r.t. d∞ to261

a limit which is itself an idempotent Bertino copula. The limit result is262

established in two ways, both of which we will also use in the general setting263

for proving our main results later.264

Example 8. Consider the diagonal δ ∈ D whose corresponding function δ̂
is given by

δ̂(x) = x1[0, 1
4
](x) +

1−x
3 1( 1

4
,1](x).

Then we obviously have Λ̂+ = (0, 14), Λ̂
− = (14 , 1) and it is straightforward

to verify that the corresponding transformation T = Tδ fulfills

T (x) = (1− 3x)1[0, 1
4
](x) +

1−x
3 1( 1

4
,1](x)

as well as T (Λ̂+) = Λ̂− and vice versa. A version of the Markov kernel for265

x ∈ Λ is given by266

KBδ
(x,E) =

{
ϵT (x)(E) if x ∈ [0, 14 ]

1
3ϵT (x)(E) + 2

3ϵx(E) if x ∈ (14 , 1].

14



Applying eq. (17) yields that the Markov Kernel KBδ∗Bδ
(x, ·) is of the form267

KBδ∗Bδ
(x,E) =

{
2
3ϵT (x)(E) + 1

3ϵx(E) if x ∈ [0, 14 ]
2
9ϵT (x)(E) + 7

9ϵx(E) if x ∈ (14 , 1].
(18)

Obviously the diagonal γ of Bδ ∗Bδ fulfills268

γ(x) = (Bδ ∗Bδ)(x, x) =

{
x
3 if x ∈ [0, 14 ]

11x−2
9 if x ∈ (14 , 1],

so269

γ̂(x) = x− γ(x) =

{
2x
3 if x ∈ [0, 14 ]

2−2x
9 if x ∈ (14 , 1].

Considering that this implies γ̂ = 2
3 δ̂ it follows immediately that for the270

Bertino copula Bγ the transformation Tγ coincides with Tδ. Moreover, for271

λ-almost every x ∈ [0, 1] we have KBγ (x, ·) = KBδ∗Bδ
(x, ·), which implies272

that B∗2
δ = Bγ is again an element of the Bertino class. Figure 3 depicts273

samples of Bδ and B∗2
δ .274

In order to tackle higher order iterates B∗n
δ = Bδ ∗ Bδ ∗ · · · ∗ Bδ (n times)275

we return to B∗2
δ and view the composition of the Markov kernels in a more276

structured way: For x ∈ (0, 14) we have T (x) > x as well as T (T (x)) = x.277

As a consequence, the transitions corresponding to KBδ
(x, ·) for such x can278

equivalently be viewed as a discrete Markov chain with state space S =279

{x, T (x)} and transition matrix π, given by (see, e.g., [13, 21] for background280

on Markov chains)281

π =

(
0 1
1
3

2
3

)
=

(
KBδ

(x, {x}) KBδ
(x, {T (x)})

KBδ
(T (x), {x}) KBδ

(T (x), {T (x)})

)
.

Notice that the matrix π also contains all relevant transition probabilities
for points x ∈ (14 , 1) since we have T (Λ̂+) = Λ̂− as well as T (Λ̂−) = Λ̂+. As
a direct and handy consequence, higher order iterates

KB∗n
δ
(x, ·) = (KBδ

◦KBδ
◦ · · · ◦KBδ

) (x, ·)

can simply be calculated via the n-step transition matrix πn. For n = 2 we282

get (compare with eq. (18))283

π2 =

(
0 1
1
3

2
3

)
·
(

0 1
1
3

2
3

)
=

(
1
3

2
3

2
9

7
9

)
.
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For determining πn we can use the eigendecomposition (diagonalization)284

π = UDU−1 of the matrix π, given by285

π =

(
−3 1
1 1

)
·
(

−1
3 0
0 1

)
· 1
4

(
−1 1

1 3

)

and conclude that286

πn =

(
−3 1
1 1

)
·
( (

−1
3

)n
0

0 1

)
· 1
4

(
−1 1

1 3

)
.

Considering n → ∞ this directly yields287

lim
n→∞

πn =

(
1
4

3
4

1
4

3
4

)
=: π. (19)

In other words, for every x ∈ (0, 14) we have that the sequence (KB∗n
δ
(x, ·))n∈N288

of probability measures converges in total variation on B([0, 1]) to the proba-289

bility measure K(x,E) := 3
4ϵT (x)(E) + 1

4ϵx(E). Analogously, for x ∈ (14 , 1)290

the sequence (KB∗n
δ
(x, ·))n∈N converges in total variation to K(x,E) :=291

1
4ϵT (x)(E) + 3

4ϵx(E). The mapping K : [0, 1]× B([0, 1]) → [0, 1], given by292

K(x,E) =

{
3
4ϵT (x)(E) + 1

4ϵx(E) if x ∈ [0, 14 ]
1
4ϵT (x)(E) + 3

4ϵx(E) if x ∈ (14 , 1].
(20)

obviously is a Markov kernel fulfilling eq. (3), i.e., K(·, ·) is the Markov293

kernel of a unique copula C and we may write KC(·, ·) instead of K(·, ·).294

Letting η denote the diagonal of C we have295

η̂(x) = x− η(x) =

{
3x
4 if x ∈ [0, 14 ]

1−x
4 if x ∈ (14 , 1],

implying η̂ = 3
4 δ̂ and it follows that C is again an element of the Bertino

family. Moreover, considering π2 = π (or using eq. (17)) it follows that
C is idempotent. Finally, using the fact that convergence in total varia-
tion implies that for λ-almost every x ∈ [0, 1] the sequence of conditional
distribution functions (F x

B∗n
δ
)n∈N converges pointwise to FC

x , i.e., for every
y ∈ [0, 1] we have

lim
n→∞

F x
B∗n

δ
(y) = lim

n→∞
KB∗n

δ
(x, [0, y]) = KC(x, [0, y]) = FC

x (y).
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Having this, applying disintegration and dominated convergence directly296

yields297

lim
n→∞

B∗n
δ (x, y) = lim

n→∞

∫
[0,x]

KB∗n
δ
(s, [0, y]) dλ(s) =

∫
[0,x]

KC(s, [0, y]) dλ(s)

= C(x, y).

Summing up, we have shown that the sequence (B∗n
δ )n∈N converges uniformly298

to an idempotent Bertino copula.299

Instead of working with the eigendecomposition of π we can also directly300

tackle the limit eq. (19) using asymptotic results from the theory of Markov301

chains. In fact, our transition matrix π is easily seen to be irreducible and302

aperiodic (all entries of π2 are positive) so (see [13, 21]) the limit π of (πn)n∈N303

is fully determined by the (unique) invariant distribution κ of π in the sense304

that305

π = lim
n→∞

πn =

(
κ({x}) κ({T (x)})
κ({x}) κ({T (x)})

)
=

(
KC(x, {x}) KC(x, {T (x)})

KC(T (x), {x}) KC(T (x), {T (x)})

)
holds. For determining κ we need to solve the fixed point equation306 (

κ({x}), κ({T (x)}
)
·
(

0 1
1
3

2
3

)
=
(
κ({x}), κ({T (x)}

)
,

which directly yields κ({x}) = 1
4 and κ({T (x)}) = 3

4 .307

Motivated by the above examples we now tackle the first main result of308

this paper.309

Theorem 9. For every Bertino copula Bδ the Markov product Bδ ∗Bδ is a310

Bertino copula too.311

Proof. We will use Theorem 3 and proceed as follows. Considering Bt
δ = Bδ

we have (B∗2
δ )t = (Bδ)

t ∗ (Bδ)
t = Bδ ∗ Bδ = B∗2

δ , so B∗2
δ is symmetric too.

Moreover we already know that

µB∗2
δ
(∆ ∪ Γ(T )) = 1

holds. Applying Theorem 3 it therefore suffices to show that for arbitrary
0 ≤ u ≤ v ≤ 1 there exists some t ∈ [u, v] with

µB∗2
δ
([0, t]× (t, v]) = 0 = µB∗2

δ
([u, t]× (t, 1]) .
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Using disintegration the latter identity further boils down to312 ∫
[0,t]∩T−1((t,v])

KB∗2
δ
(s, {T (s)})dλ(s) = µB∗2

δ
([0, t]× (t, v]) = 0∫

[u,t]∩T−1((t,1])
KB∗2

δ
(s, {T (s)})dλ(s) = µB∗2

δ
([u, t]× (t, 1]) = 0. (21)

Let 0 ≤ u ≤ v ≤ 1 by arbitrary but fixed and choose t ∈ [u, v] so that eq.
(13) holds for C replaced by Bδ. We want to show that for this very t also
eq. (21) is fulfilled. Notice that according to eq. (17) for x ∈ Λ̂+ ∪ Λ̂− we
can only have KB∗2

δ
(x, {T (x)}) > 0 if |δ̂′(x)| > 0, i.e., if KBδ

(x, {T (x)}) > 0
holds. Therefore, ∫

[0,t]∩T−1((t,v])
KB∗2

δ
(s, {T (s)})dλ(s) > 0

would directly yield∫
[0,t]∩T−1((t,v])

KBδ
(s, {T (s)})dλ(s) > 0,

a contradiction. This shows the first line in eq. (21), the second one follows313

analogously. Since 0 ≤ u ≤ v ≤ 1 was arbitrary this completes the proof.314

Remark 10. It might seem natural to tackle the proof of Theorem 9 without315

Theorem 3 by simply calculating the diagonal δ2 of B∗2
δ and then showing316

that Bδ2 = B∗2
δ holds. Using disintegration it can be shown that the diagonal317

δ2 is given by318

δ̂2(x) =

∫
[0,x]∩T−1((x,1])

δ̂′(s)
(
2 + δ̂′(T (s))− δ̂′(s)

)
dλ(s).

Calculating the transformation T2 corresponding to the Bertino copula Bδ2319

and showing that it coincides with T , however, seems far from straightfor-320

ward, which is why we tackled the proof via Theorem 3.321

Extending Theorem 9 to higher order iterates B∗n
δ , for x ∈ Λ ∩ T−1(Λ) we322

will write323

σδ(x) := |δ̂′(x)|+ |δ̂′(T (x))|
rn(x) := 1− (1− σδ(x))

n. (22)

18



Theorem 11. For every Bertino copula Bδ and every n ∈ N the cop-324

ula B∗n
δ is a Bertino copula. Moreover, the Markov kernel of B∗n

δ fulfills325

KB∗n
δ
(x, {x}) = 1 for x ∈ Λ̂0, as well as326

KB∗n
δ
(x,E) =

|δ̂′(x)|
σδ(x)

rn(x)ϵT (x)(E) +

{
1− |δ̂′(x)|

σδ(x)
rn(x)

}
ϵx(E) (23)

for x ∈ (Λ̂+ ∪ Λ̂−) ∩ T−1(Λ).327

Proof. We first calculate the Markov kernel of B∗n
δ and then proceed analo-328

gous to the proof of Theorem 9. Since the case x ∈ Λ̂0 is trivial it suffices329

to consider x ∈ (Λ̂+ ∪ Λ̂−)∩ T−1(Λ) for which we obviously have σδ(x) > 0.330

Calculating the first few iterates (see eq. (17) for n = 2) and using induction331

on n it follows that the sequence of Markov kernels has the structure332

KB∗n
δ
(x,E) = fn(x)ϵT (x)(E) + (1− fn(x))ϵx(E), (24)

where fn(x) := fn−1(x) + f1(x){1− fn−1(x)− fn−1(T (x))}, with f0(x) := 0
and f1(x) := |δ̂′(x)|. For (x, T (x)) ∈ (Λ̂+∪Λ̂−)×Λ̂0 we have T (T (x)) = T (x)
so fn(T (x)) = 0 for all n ∈ N. Moreover, recall that for (x, T (x)) ∈ (Λ̂+ ×
Λ̂−)∪ (Λ̂− × Λ̂+) we have T (T (x)) = x. Hence, through summation, setting
rn(x) := fn(x) + fn(T (x)), for each x ∈ (Λ̂+ ∪ Λ̂−) ∩ T−1(Λ) the recursion

1− rn(x) = (1− r1(x))(1− rn−1(x))

follows (which equals eq. (22) in non-recursive form). Accordingly, fn(x) =333

fn−1(x) + f1(x)(1− σδ(x))
n−1 and this last recursion, in turn, is easily seen334

to admit the representation fn(x) = f1(x)
∑n−1

j=0 (1−σδ(x))
j , so that eq. (24)335

is equivalent to eq. (23).336

According to eq. (23), the support of the Markov kernel KB∗n
δ
(x, ·) is con-337

tained in {x, T (x)} and it remains to verify that B∗n
δ is indeed a Bertino338

copula. For this, however, we may use symmetry of B∗n
δ and proceed analo-339

gous to the proof of Theorem 9 (just replacing B∗2
δ by B∗n

δ ).340

The following theorem focusing on convergence of the iterates (B∗n
δ )n∈N341

is the second main result of this contribution.342

Theorem 12. Suppose that Bδ is an arbitrary Bertino copula fulfilling the343

condition that (δ̂′(x), δ̂′(T (x))) = (1,−1) only holds for a set of λ-measure 0.344

Then there exists some idempotent copula C ∈ C such that the sequence345

(B∗n
δ )n∈N of Markov product iterates of Bδ converges weakly conditional,346

hence uniformly, to C.347
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Proof. Suppose that Bδ is an arbitrary Bertino copula with corresponding348

sets Λ̂+, Λ̂−, Λ̂0 and transformation T = Tδ. Without loss of generality we349

may assume that both T (Λ̂+) ⊆ Λ̂− ∪ Λ̂0 as well as T (Λ̂−) ⊆ Λ̂+ ∪ Λ̂0 holds350

(otherwise we may use Lemma 5 and redefine the sets Λ̂+, Λ̂−, Λ̂0 to assure351

this property, or, alternatively argue for λ-almost every x ∈ Λ̂+, x ∈ Λ̂−,352

etc.). We need to show the existence of some copula C such that for λ-353

almost every x ∈ [0, 1] the sequence (KB∗n
δ
(x, ·))n∈N converges weakly to354

KC(x, ·) and do so again using results from Markov chains. We distinguish355

the following five situations.356

(i) For λ-almost every x ∈ Λ̂0 ∪ Λc we have KBδ
(x, {x}) = 1, implying357

KB∗n
δ
(x, {x}) = 1. In other words, the sequence KB∗n

δ
(x, ·) is constant (hence358

convergent in total variation and weakly conditionally convergent to ϵx).359

(ii) If x ∈ Λ̂+ with T (x) ∈ Λ̂− we have T (x) > x as well δ̂′(T (x)) < 0 and360

may proceed as follows: Consider the discrete Markov chain with state space361

S = {x, T (x)} and transition matrix πx, given by362

πx =

(
1− δ̂′(x) δ̂′(x)

−δ̂′(T (x)) 1 + δ̂′(T (x))

)
. (25)

(a) If δ̂′(x) < 1 then π2
x (for δ̂′(T (x)) > −1 even πx) only contains positive363

entries, implying that πx is irreducible and aperiodic and that the limit πx364

of πn
x is fully determined by the (unique) invariant distribution κ of πx, i.e.,365

πx = lim
n→∞

πn
x =

(
κ({x}) κ({T (x)})
κ({x}) κ({T (x)})

)
holds. For determining κ we need to solve the equation366

(
κ({x}), κ({T (x)}

)
·
(

1− δ̂′(x) δ̂′(x)

−δ̂′(T (x)) 1 + δ̂′(T (x))

)
=
(
κ({x}), κ({T (x)}

)
,

within the family of all probability measures on S, which directly yields367 (
κ({x}), κ({T (x)}

)
=

1

δ̂′(x)− δ̂′(T (x))

(
− δ̂′(T (x)), δ̂′(x)

)
. (26)

This shows that the sequence (KB∗n
δ
(x, ·))n∈N converges weakly (in fact even368

in total variation) to the probability measure κ({x})ϵx + κ({T (x)})ϵT (x) on369

B([0, 1]).370

(b) If δ̂′(x) = 1 and δ̂′(T (x)) ∈ (−1, 0) then the transition matrix πx ac-371

cording to eq. (25) has the property, that for all l ≥ 2 all entries of πl
x are372

positive, so we may proceed as in (a) to conclude that also in this case the373
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sequence (KB∗n
δ
(x, ·))n∈N converges weakly to κ({x})ϵx + κ({T (x)})ϵT (x).374

(iii) For x ∈ Λ̂+ with T (x) ∈ Λ̂0 we have T (x) > x as well δ̂′(T (x)) = 0375

and the corresponding Markov chain with state space S = {x, T (x)} has376

transition matrix377

πx =

(
1− δ̂′(x) δ̂′(x)

0 1

)
. (27)

Contrary to (ii) πx is not irreducible, convergence of (πn
x)n∈N can nevertheless378

be shown as follows: (a) if δ̂′(x) < 1 then a straightforward calculation yields379

πx = lim
n→∞

πn
x =

(
(1− δ̂′(x))n 1− (1− δ̂′(x))n

0 1

)
=

(
0 1
0 1

)
,

implying that (KB∗n
δ
(x, ·))n∈N converges in total variation to ϵT (x).380

(b) If δ̂′(x) = 1 then πx even fulfills πn
x = πx and we may infer the same381

conclusion as in (a).382

(iv) Suppose that x ∈ Λ̂− and that T (x) ∈ Λ̂+ holds. Then we may either383

use the property T (T (x)) = x or argue analogously to case (ii) as follows:384

the transition matrix πx now takes the form385

πx =

(
1 + δ̂′(x) −δ̂′(x)

δ̂′(T (x)) 1− δ̂′(T (x))

)
.

Distinguishing the situations δ̂′(x) > −1 and δ̂′(x) = −1 yields that the386

invariant distribution κ on S is now given by387 (
κ({x}), κ({T (x)}

)
=

1

δ̂′(T (x))− δ̂′(x)

(
δ̂′(T (x)),−δ̂′(x)

)
, (28)

which implies that the sequence (KB∗n
δ
(x, ·))n∈N converges in total variation

and hence weakly to the probability measure κ({x})ϵx + κ({T (x)})ϵT (x).
(v) The case x ∈ Λ̂− with T (x) ∈ Λ̂0 can be handled analogously to (iii).
It remains to show the existence of some idempotent C ∈ C fulfilling that its
Markov kernel KC(·, ·) coincides with limit of the sequences (KB∗n

δ
(x, ·))n∈N

form before. Defining, however, the probability measure K(x, ·) as the weak
limit of the sequence (KB∗n

δ
(x, ·))n∈N for every x ∈ [0, 1] it follows that

K(x, ·) is a probability measure and that x 7→ K(x,E) is measurable for
every E ∈ B([0, 1]), i.e., K : [0, 1] × B([0, 1]) is a Markov kernel. For every
(x, y) ∈ [0, 1]2 define C(x, y) by

C(x, y) :=

∫
[0,x]

K(t, [0, y])dλ(t).
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Then using dominated convergence it is straightforward to verify that C is388

indeed a copula with K = KC being it’s Markov kernel. Finally, idempotence389

of C is a direct consequence of idempotence of the identity matrix and the390

limit transition matrices πx (in all five cases) studied above.391

Combining Theorem 11 and Theorem 12 directly yields the following392

result:393

Theorem 13. Suppose that Bδ is an arbitrary Bertino copula fulfilling the394

condition that (δ̂′(x), δ̂′(T (x))) = (1,−1) only holds for a set of λ-measure 0.395

Then B∗n
δ is a Bertino copula for every n ∈ N and the sequence (B∗n

δ )n∈N of396

Markov product iterates of Bδ converges weakly conditional, hence uniformly,397

to an idempotent Bertino copula C.398

Proof. We already know that under the given assumptions each B∗n
δ is a

Bertino copula and that the limit copula C is idempotent. It hence suffices
to show that family CBer of all Bertino copulas is closed in (C, d∞), which
can be done as follows: Using Lipschitz continuity, the Arzela-Ascoli theorem
(see [22]) implies that the family D is compact with respect to the uniform
norm ∥ · ∥∞ on [0, 1]. Let ι : (D, ∥) · ∥∞ → (CBer, d∞) denote the mapping
assigning each diagonal δ the corresponding Bertino copula Bδ. We want
to show that ι is a homeomorphism. Considering Bδ ∈ Cδ obviously ι is
bijective. For arbitrary diagonals δ1, δ2 ∈ D and x ≤ y we have∣∣∣min

{
δ̂1(t) : t ∈ [x, y]

}
−min

{
δ̂2(t) : t ∈ [x, y]

}∣∣∣ ≤ ∥δ1 − δ2∥∞,

which yields Lipschitz continuity of ι, i.e., d∞(Bδ1 , Bδ2) ≤ ∥δ1− δ2∥∞ holds.399

Compactness of (D, ∥·∥∞) yields continuity of ι−1, so ι is a homeomorphism.400

Compactness of the Bertino family now is a direct consequence of the fact401

that continuity preserves compactness.402

The following theorem shows that the condition that (δ̂′(x), δ̂′(T (x))) =403

(1,−1) only holds for a set of λ-measure 0 can not be avoided in order to404

get convergence, i.e., Theorem 13 is best possible.405

Theorem 14. Suppose that Bδ is a Bertino for which the set

E := {x ∈ [0, 1] : (δ̂′(x), δ̂′(T (x))) = (1,−1)} ∈ B([0, 1])

has positive λ-measure. Then the sequence (B∗n
δ )n∈N of Markov product ite-406

rates of Bδ does not even converge w.r.t. d∞.407
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Proof. First of all notice that for every x ∈ E we have that the corresponding408

transition matrix πx on S = {x, T (x)} is given by409

πx =

(
0 1
1 0

)
.

Obviously the sequence (πn
x)n∈N has period 2, implying that the sequence

(KB∗n
δ
(x, ·))n∈N does not converge, neither in total variation nor weakly. This

already yields that (B∗n
δ )n∈N does not converge in the weak conditional sense.

We want to show, however, that we do not even have convergence w.r.t. d∞.
Notice that (see [23]) there are examples of copulas A,A1, A2, . . . such that
limn→∞ d∞(An, A) = 0 although for λ-almost every x ∈ N the probability
measures KAn(x, ·) do not converge to KA(x, ·) weakly. For Bertino copulas,
however, the situation is different.
Suppose now that λ(E) > 0 holds. Considering that 1E as well as T are
integrable we have that λ-almost every x ∈ [0, 1] is a Lebesgue point of both
functions (see [22]). Let x0 ∈ E be a Lebesgue point of both functions and
set

r :=

(
T (x0)− x0

8

)2

∈
(
0,

1

64

)
.

By construction there exists some h0 ∈ (0, r) such that for every h ∈ (0, h0]410

we have411

1

2h

∫
[x0−h,x0+h]

|T (s)− T (x0)| dλ(s) < r

1

2h

∫
[x0−h,x0+h]

|1E(s)− 1| dλ(s)︸ ︷︷ ︸
= 1

2h
λ({s∈[x0−h,x0+h]: s̸∈E})

< r.

Our objective is to show that for the rectangle

R = [x0 − h0, x0 + h0]× [T (x0)−
√
r, T (x0) +

√
r]

the values µB∗n
δ
(R) do not converge, implying that the sequence (B∗n

δ )n∈N412

can not even converge pointwisely.413

A straightforward application of the Markov inequality (see, e.g., [17]) yields414

1

2h0
λ
(
{s ∈ [x0 − h0, x0 + h0] : |T (s)− T (x0)| ≥

√
r}
)

<
√
r,
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so altogether we get415

1

2h0
λ
(
{s ∈ [x0 − h0, x0 + h0] : |T (s)− T (x0)| <

√
r}
)

> 1−
√
r,

1

2h0
λ ({s ∈ [x0 − h0, x0 + h0] : s ∈ E}) > 1− r > 1−

√
r.

Having this, applying Bonferroni inequality as well as 1− 2
√
r > 3

4416

1

2h0
λ
(
{s ∈ [x0 − h0, x0 + h0] : s ∈ E and |T (s)− T (x0)| <

√
r}
)
>

3

4
(29)

follows. For every n ∈ N using disintegration we have417

µB∗n
δ
(R) =

∫
[x0−h0,x0+h0]

KB∗n
δ
(s, [T (x0)−

√
r, T (x0) +

√
r]) dλ(s). (30)

Considering periodicity of KB∗n
δ
(s, ·) for s ∈ E for odd n ∈ N we get418

µB∗n
δ
(R) =

∫
[x0−h0,x0+h0]

KB∗n
δ
(s, [T (x0)−

√
r, T (x0) +

√
r]) dλ(s)

≥
∫
[x0−h0,x0+h0]∩E

KBδ
(s, [T (x0)−

√
r, T (x0) +

√
r]) dλ(s)

≥ 2h0
3

4
,

i.e., µB∗n
δ

assign at least 3
4 of the total mass of the stripe [x0 − h0, x0 +419

h0] × [0, 1] to R. On the other hand, for even n ∈ N using the fact that420

KB∗2
δ
(s, [T (x0)−

√
r, T (x0)+

√
r]) = 0 holds for every s ∈ E∩[x0−h0, x0+h0],421

it follows that422

µB∗n
δ
(R) =

∫
[x0−h0,x0+h0]

KB∗n
δ
(s, [T (x0)−

√
r, T (x0) +

√
r]) dλ(s)

=

∫
[x0−h0,x0+h0]\E

KB∗n
δ
(s, [T (x0)−

√
r, T (x0) +

√
r]) dλ(s)

≤ λ ([x0 − h0, x0 + h0] \ E) ≤ 2h0r ≤ 2h0
1

64
.

423

The previous results show that the limit copula C is an idempotent424

Bertino copula. We therefore close this section by providing a characteri-425

zation of idempotence in the Bertino class CBer.426
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Theorem 15. For a Bertino copula Bδ the following two conditions are427

equivalent:428

1. Bδ is idempotent.429

2. For every x ∈ [0, 1] with (x, T (x)) ∈ (Λ̂+ ∪ Λ−)× Λ we have

|δ̂′(T (x))|+ |δ̂′(x)| = 1.

Proof. By λ-almost everywhere uniqueness of the Markov kernel we have430

that Bδ is idempotent, if and only if431

(KBδ
◦KBδ

)(x, ·) = KBδ
(x, ·) (31)

for λ-almost every x ∈ [0, 1]. Since for x ∈ Λ̂0 this identity obviously holds432

using eq. (16) idempotence of Bδ is therefore equivalent to the equality433

KBδ∗Bδ
(x,E) = |δ̂′(x)|

(
|δ̂′(T (x))|ϵT◦T (x)(E) + (1− |δ̂′(T (x))|)ϵT (x)(E)

)
+(1− |δ̂′(x)|)

(
|δ̂′(x)|ϵT (x)(E) + (1− |δ̂′(x)|)ϵx(E)

)
= |δ̂′(x)|ϵT (x)(E) +

(
1− |δ̂′(x)|

)
ϵx(E) = KBδ

(x,E) (32)

to hold for every x ∈ [0, 1] with (x, T (x)) ∈ (Λ̂+ ∪ Λ−) × Λ and every434

E ∈ B([0, 1]).435

(i) For (x, T (x)) ∈ (Λ̂+ ∪ Λ−)2 we have T (T (x)) = x ̸= T (x) as well as436

|δ̂′(x)| > 0, so (comparing the coefficients of ϵx) eq. (32) is equivalent to437

|δ̂′(T (x))|+ |δ̂′(x)| = 1.438

(ii) For (x, T (x)) ∈ (Λ̂+ ∪ Λ−)× Λ̂0 we have T (T (x)) = T (x) ̸= x as well as439

|δ̂′(x)| > 0 = δ̂′(T (x)), so (again comparing the coefficients of ϵx) eq. (32) is440

equivalent to |δ̂′(x)| = 1. This completes the proof.441

Remark 16. Looking at the proof of Theorem 12 in the light of Theorem442

15 shows that eq. (26) and eq. (28) precisely correspond to the condition443

|δ̂′(T (x))|+ |δ̂′(x)| = 1.444
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