On a strong metric on the space of copulas and its
induced dependence measure

Wolfgang Trutschnig®

¢ FEuropean Centre for Soft Computing, Edificio Cientifico Tecnoldgico
Calle Gonzalo Gutiérrez Quirds, s/n, 3% planta, 33600 Mieres (Asturias), Spain
Tel.: +34 985456545, Fax: +34 985456699

Abstract

Using the one-to-one correspondence between copulas and Markov operators
on L'([0,1]) and expressing the Markov operators in terms of regular con-
ditional distributions (Markov kernels) allows to define a metric D; on the
space of copulas C that is a metrization of the strong operator topology of
the corresponding Markov operators. It is shown that the resulting metric
space (C, D) is complete and separable and that the induced dependence
measure (i, defined as a scalar times the D;-distance to the product copula
I1, has various good properties. In particular the class of copulas that have
maximum [D;-distance to the product copula is exactly the class of com-
pletely dependent copulas, i.e. copulas induced by Lebesgue-measure pre-
serving transformations on [0, 1]. Hence, in contrast to the uniform distance
dso, II can not be approximated arbitrarily well by completely dependent
copulas with respect to D;. The interrelation between D; and the so-called
0-convergence by Mikusinski and Taylor as well as the interrelation between
(1 and the mutual dependence measure w by Siburg and Stoimenov is ana-
lyzed. (i is calculated for some well-known parametric families of copulas
and an application to singular copulas induced by certain Iterated Functions
Systems is given.
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1. Introduction

Considering the uniform distance d,, on the space C of two-dimensional
copulas yields a compact metric space (C,dw,) in which the family of shuffles
of the minimum copula M are dense (see [7], [16], [19]). If A € C is a shuffle
of M, pa denotes the corresponding doubly stochastic measure and X,Y
random variables on a probability space (€, A, P) with PX®Y = 114, then X
and Y are mutually completely dependent (see [19]) and knowing X implies
knowing Y and vice versa. Consequently the product copula IT (describing
complete unpredictability) can be approximated arbitrary well by mutually
completely predictable copulas with respect to d.,. In other words, d., does
not ’distinguish between different types of statistical dependence’ (see [16])
and dependence measures which are continuous w.r.t. d., like Schweizer and
Wolft’s o (see [19] and [23]) seem somehow unnatural.

Using the one-to-one correspondence between copulas and Markov operators
on L'([0,1]) allows to consider the topology Ox¢ on C which is induced by
the strong operator topology on the space M of Markov operators (see [4],
[16], [20]). Since the topology that the weak operator topology on M induces
on C coincides with the topology induced by d. (see [20]) it is straightfor-
ward to see that Oy is finer than O, . Rewriting the Markov operators in
terms of regular conditional distributions (Markov kernels) we will define a
L'-type metric D; on C that is based on the conditional distribution func-
tions and show that (i) D; is a metrization of O, and that (ii) the metric
space (C, Dy) is complete and separable. This notion of convergence induced
by D; can be regarded both as the asymmetric version of the so-called 0-
convergence by Mikusinski and Taylor (see [17], [18]) and the asymmetric
version of the Sobolev-type-metric d studied by Darsow and Olsen (see [5])
and by Siburg and Stoimenov (see [24], [25]). We will define a dependence
measure (; : C — [0,1] by (;(A) = 3D1(A,II) and show that (; exhibits
various good properties, in particular that (;(A) = 1 if and only if A is a
copula induced by a Lebesgue-measure-preserving transformation S on [0, 1],
ie. if Y = S(X) holds almost surely (X,Y being random variables with
PXEY = 1,4). Consequently, in contrast to ds, all completely dependent
copulas have maximum D;-distance to II and II can not be approximated by
such copulas w.r.t. D;. The interrelation between (; and the mutual depen-
dence measure w by Siburg and Stoimenov (see [24], [25]) will be analyzed.
Furthermore we will give some examples and calculate the dependence mea-
sure (; for the Farlie-Gumbel-Morgenstern family, for the Marshall-Olkin
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family and the Frechet family of copulas. Finally, using completeness of
(C, Dy), we will show that the construction of copulas with fractal support
given in [10] also works w.r.t. the stronger metric D; instead of d.

2. Notation and preliminaries

Throughout the whole paper C will denote the family of all two-dimensional
copulas. For every copula A € C the corresponding doubly stochastic measure
will be denoted by 4, the family of all these s by Pe. For every A € C
AT will denote the transposed copula, defined by AT (x,y) := A(y, ) for all
(z,y) € [0,1]?, M will denote the mimimum copula, IT the product copula
and W the lower Fréchet-Hoeffding bound. For properties of copulas see [8]
and [19]. d will denote the uniform metric on C, i.e.

dwo(A, B) : omax |A(z,y) — B(x,y)|.

B(R?) denotes the Borel o-field in R, B([0,1]) the Borel o-field in [0, 1], \?
the d-dimensional Lebesgue measure and A the Lebesgue measure on [0, 1].
If X,Y are real-valued random variables on a probability space (€2, A, P)
then we will write PX®Y for their joint distribution and PX,PY for the
distributions of X and Y. E(Y]X) will denote the conditional expectation
of Y given X. Since by definition E(Y|X) is A, (X )-measurable there exists
a measurable function g : R — R such that E(Y|X) = g o X holds P-
almost surely; we will write E(Y|X = z) = g(z) and call g a version of the
conditional expectation of Y given X. A measurable function g : R — R is a
version of the conditional expectation of Y given X if and only if

/ g(x)dP¥ = / YdP (1)
B X-1(B)

holds for every B € B(R). A Markov kernel from R to B(R) is a mapping
K : R x B(R) — [0,1] such that + — K(z, B) is measurable for every
fixed B € B(R) and B — K(x, B) is a probability measure for every fixed
x € R. A Markov kernel K : R x B(R) — [0, 1] is called regular conditional
distribution of Y given X if for every B € B(R)

K(X(w), B) = E(1p 0 Y|X)(w) (2)

holds P-a.s. It is well know that for each pair (X,Y") of real-valued random
variables a regular conditional distribution K(-,-) of Y given X exists, that

3
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K(-,-) is unique PX-a.s. (i.e. unique for P¥-almost all z € R) and that
K(-,-) only depends on PX®Y . Hence, given A € C we will denote (a version
of) the regular conditional distribution of Y given X by Ka(-,-) and refer
to Ka(-,-) simply as regular conditional distribution of A. Note that for
every A € C, its conditional regular distribution K4(-,-), and Borel sets
E,F € B([0,1]) we have

/F K a(z, E) dA(z) = pa(F x E), (3)

so in particular
Ka(z, E)d\z) = \E). (4)
[0,1]

For more details and properties of conditional expectation and regular con-
ditional distributions see [14], [15], [2], [3].

A linear operator T on L'([0, 1], B([0,1]), A) is called Markov operator (see
[4],[16], [20]) if it fulfils the following three properties:

1. T is positive, i.e. T(f) > 0 whenever f >0
2. T(l[OJ}) =11
3 Joy(TH@)AN) = fig f()dA(z)

The class of all Markov operators on L'([0, 1], B([0,1]), A) will be denoted
by M. It is straightforward to see that the operator norm of T is one, i.e.
\T|| := sup{||Tf|l1: [|fllL <1} =1 holds. According to [4] and [20] there
is a one-to-one correspondence between C and M - in fact, the mappings
®:C—> Mand ¥: M — C, defined by

d
= — A2 Z, dA 3
i . Astm 0500

U(T)(a,y) © = Arla,y) = / (T10,) (1)1

[0,2]

e(A) () = = (Taf)(2) :
(5)

for every f € L'([0,1]) and (z,y) € [0, 1]? (A2 denoting the partial derivative
w.r.t. y), fulfil Wo® = ide and ® o ¥ = idy. Note that in case of f := 1y
we have (Taljy)(z) = A.(x,y) M-as. (the as. existence of the partial
derivative follows from the fact that for every fixed y the mapping x —
A(z,y) is absolutely continuous since copulas are Lipschitz continuous, see
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[19], [22], [12]). According to [16] the Markov operator T4 is a version of the
conditional expectation of f oY given X, i.e.

(Taf)(x) = E(f o Y[X = ) (6)

holds A-a.s. Since this result is not proved in all generality in [16] we will
start with a proof in the next section. It has been shown in [20] that
limy, 00 doo(Ap, A) = 0 if and only if lim, ., T,, = T in the weak operator
topology. Using (5) the strong operator topology (see [21]) on M induces a
topology O on the C. The metric D; we will define in the next section is
a metrization of Oy. We will show amongst other things that the resulting
metric space (C, Dy) is complete and separable.

3. The metric space (C, D)

As mentioned before we will start with the following result (already men-
tioned in [16] and [17]):

Lemma 1. Suppose that A € C, let the Markov operator Ty = ®(A) be de-
fined according to (5), denote a conditional reqular distribution of A by K4
and suppose that X, Y are random variables with distribution pa. Then for
every f € L'([0,1],B([0,1]),\) the function Taf is a version of the condi-
tional expectation of foY given X, i.e. the following equality holds:

(Taf)(x) =E(foY|X =2) = o fly)Ka(zx,dy) A-a.s. (7)

Proof: (I) We will use equality (1) and start with f := 1x, E' € B([0, 1]).
As first step consider B = [b,b] C [0, 1]. Using the fact that the function gy,
defined by

g(z) == /[ [ Ask D10,

according to [20] is Lipschitz continuous (therefore absolutely continuous)
and monotonic we get

LB = [(N@IG) = [ Srore)ire = or®) - a0

_ [E %(A(B,t)—A(b,t)>d>\(t)

b}
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= NA((Q>E] X E) = IUA([Q’B] X E)

= P(X €], Y €FE)
_ / foYdP = R(B)
X-1(B)

Interpreting L and R as finite (positive) measure on ([0, 1], 5[0, 1]) (the con-
ditions are easily verified) it follows that L and R coincide on B([0, 1]) since
the class of intervals generates B([0,1]), is closed w.r.t. intersection and
monotonically reaches [0, 1] (see [15]). Consequently T4 f is a version of the
conditional distribution of f oY given X. (II) For the general case we can
proceed in the usual way: Since L and R are linear and positive in f we
immediately get (7) for non-negative step functions. Using the fact that
for every non-negative f € L'([0,1], B([0,1]),\) we can find a sequence of
non-negative step functions monotonically converging to f together with the
properties of the Lebesgue integral and continuity of T4 we get the desired
result for LY ([0, 1], B([0, 1]), A). The final step to L*'([0, 1], B([0, 1]), A) is clear
by positivity of the Markov operator and linearity/positivity of conditional
expectation. Finally, applying disintegration (see [14]) proves the second part
of the equality. B

The next step is to express convergence of the Markov operators in the strong
operator topology in terms of the corresponding regular conditional distri-
butions.

Lemma 2. Suppose that A, Ay, As, ... are copulas, let T, Ty, T5 . .. denote the
corresponding Markov operators and K, K, K5 ... the corresponding reqular
conditional distributions. Then the following assertions hold:

(i) lim,, o T,, = T in the strong operator topology on L'([0,1], B([0,1]), \)
if and only if for every Borel set B € B([0,1]) we have

(11) Suppose that T" is a countable dense set in [0,1]. Then lim, T, =T

in the strong operator topology on L([0, 1], B([0,1]),\) if and only if
for every set B =1[0,7],v € I', we have

JHEOHKH(WB)_K(WB)‘M:O‘ (8)
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Proof: Suppose that lim, .7, = T in the strong operator topology on
L'([0,1], B([0,1]),A\) and that B € B([0,1]). Then, using Lemma 1 and
setting f := 1 we get

|K.(-.B)— K(-.B)|, = /[ VKl B) = K, ) i)

= |T.f—=Tf||, — 0 forn— o,

which proves one implication in (i) and (ii). It suffices to prove the other
implication in (ii). Suppose that I is as in (ii) and that (8) holds for all sets B
of the form B = [0,7], v € I'. According to [9] (Theorem 2.29) convergence of
T,, to T with respect to the strong operator topology on L*([0, 1], B([0, 1]), \)
follows if we have ||T,,f — Tf[y — 0 for every f = 1j4 with a,b € T
since the linear hull of these function is dense in L'([0,1], B([0,1]), A). Let
f =14 with a,b0 € ', then

Kn( " [av b]) = Kn( " [07 b]) - Kn( " [07 CL]) + KTL( " {a})
for every n € N and for K instead of K,,. For the last term we get
- Ky(z,{a})dA(z) = A({a}) = o K(z,{a})dM(z) =0

so K, (z,{a}) = K(z,{a}) = 0 Mda.s. Hence, using the triangle inequality,
we get ||T,f — T'f|l1 — 0, which completes the proof since a,b € I' were
arbitrary. l

Motivated by Lemma 1 and Lemma 2 it seems natural to consider the fol-
lowing metrics on C:

Deo(A, B) = sup | Ka(z,[0,y]) = Kp(z,[0,y])|dA\(z) (9)

y€[0,1] J[0,1]
Dy(A,B) = [ Ve 0,01) = Kt 0.6 |iXa) X (10)
0,1] J[0,1
Furthermore we will also use the L?-version D, of D; to see the interrelation

between D; and the Sobolev-type metric d considered by Darsow and Olsen
(see [5]) and by Siburg and Stoimenov (see [24], [25]):

D3(A, B) ::/[01} - (Ka(, [0,y]) = K(x,[0,9)) dA(z) dA(y) (1)
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Remark 3. Using Fubini’s theorem D;(A, B) can be seen as expected L!-
distance of the conditional distribution functions.

To simplify notation we will write

an(y) = o | Ka,[0,y]) = Kp (=, [0, y])[dA(z) (12)

for all A, B € C. Before analyzing the main properties of the function ®4 p
we will show that D;, Dy and D, are metrics.

Lemma 4. D, Dy and D,y defined according to (9), (10) and (11), are
metrics on C.

Proof: First of all it has to be shown that the integrand in (10) is measurable.
Define H on [0,1]* by H(z,y) := Ka(z,|0,y]), then H is measurable in z
and non-decreasing and right-continuous in y. Fix z € [0,1]. For every
q € QN[0,1] define

A, ={x€[0,1]: H(x,q) < z} € B([0,1]),

and set
L A4, x10.q € BR?).

4€QN[0,1]

Using right-continuity it is straightforward to see that A = H~'([0, 2)), from
which measurability of H directly follows. Furthermore, if Di(A, B) =0 then
there exists a set A C [0,1]* with A*(A) = 1 such that for every (z,y) €

we have equality K4(x,[0,y]) = Kg(z,[0,y]). It follows that A(A,) =1 for
almost every = € [0,1]. For every such z we have that the kernels coincide
on a dense set, so they have to be identical. Again using disintegration (see
[14]) or equation (5) shows A = B. The remaining properties of a metric
are obviously fulfilled. The fact that D, and Dy are metrics can be shown
analogously. W

Lemma 5. For every pair A, B € C the function ®4 g, defined according to
(12), is Lipschitz continuous with Lipschitz constant 2 and fulfils ® 4 p(y) <
min{2y,2(1 —y)} for every y € [0,1]. Moreover there exist copulas A, B € C
for which equality ® 4 p(y) = min{2y,2(1 — y)} holds for all y € [0, 1].
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Proof: Suppose that E € B([0,1]), then using (4) and applying Scheffé’s
theorem (see [6]) we get

/M\KA(x,E)—KB(x,E)\dA(:c) = Q/GKA(I,E)—KB(SC,E)CZA(:C)

< 2| Kur,E)d\z) = 2\(E)
[0,1]

whereby G = {z € [0,1] : Kus(z,E) > Kg(x,E)}. Since Ka(-, E¢) =
1 — Ka(+, F) holds, considering E = [0,y]| implies the desired inequality.
Straightforward calculations show that in case of the copulas M and W we
get @y (y) = min{2y,2(1 — y)} for every y € [0, 1].

Finally, to see Lipschitz continuity, suppose that s > ¢, then

[®a,5(s) — Pap(t)] < /[OH‘KA(ZE’ (t.s]) — Kp(a, (t, s])| d\(z)
= 2X((t,s]) =2(s—t). W

Using Lemma 5 it is straightforward to show that D; is a metrization of O
as mentioned in the introduction:

Theorem 6. Suppose that A, Ay, As, ... are copulas and let T, Ty, Ts, ... de-
note the corresponding Markov operators. Then the following four conditions
are equivalent:

(a) lim,_o Di(A,, A) =0
(b) lim, o0 Do (A, A) = 0
(¢) im0 | T f =T flly = 0 for every f € L'([0,1], B([0,1]), \)
(d) limy_o Do(A,, A) =0

Proof: For every n € N define functions f,, : [0,1] — [0,1] by f.(y) =
D4, 4(y). Then every f, is Lipschitz continuous with Lipschitz constant 2.
Set [ fullen. = max{£,(y) : y € [0,1]} and suppose that fu(y0) = [l c..
for some yo € [0,1]. Then the area between the graph of f,, and the z-axis
(i.e. the endograph of f,) surely has to contain the triangle A, with ver-

tices {(y0 — fn(%0)/2,0), (0,0), (Yo, fn(v0))} or the triangle Ap with vertices
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{(%0,0), (yo + fu(v0)/2, 0), (Yo, fu(yo))}. Consequently we have

2
allew = [ fulw) dr(y) = %
[0,1]

This shows that (a) and (b) are equivalent. Furthermore (b) implies that
the sequence f, converges uniformly to 0, from which, using Lemma 2, (¢)
immediately follows. Implication (¢) = (a) follows directly from Lemma 2
and Lebesgue’s theorem on dominated convergence. Finally, equivalence of
(a) and (d) is a direct consequence of the fact that

holds for all A, B C. R

Before proceeding with D; we will take a look at the interrelation between the
above mentioned metrics, d-convergence analyzed by Mikusinski and Taylor
(see [17], [18]), and the Sobolev-type-metric d studied by Darsow and Olsen
(see [5]) as well as by Siburg and Stoimenov (see [24], [25]). It is straight-
forward to see that a sequence (A,,),en of copulas 0-converges to a copula A
if and only of lim, o D1(An, A) + D1(AL, AT) = 0. Hence the metric Dy,
defined by

Dy(A, B) := Dy(A, B) + D,(A”, BT) (13)

for all A, B € C, is a metrization of 0-convergence. Furthermore it is straight-
forward to see that the topology Op induced by Dg on C is finer than O, - in
fact this is a direct consequence of Example 25 and equation (13). Moreover,
Theorem 6 implies that the topology induced by the Sobolev-type metric d
is exactly Oy since

d*(A, B) = Di(A, B) + D3(A", B) (14)
holds (using (13) this follows from [5] too).

The following lemma will be useful in Section 6:

Lemma 7. Suppose that A, Ay, As, . .. are copulas with corresponding reqular
conditional distributions K, K1, Ks,.... If K,(z,-) — K(z,-) weakly A-a.s.
then we have lim,,_,o, D1(A,, A) = 0.

10



210

211

212

213

214

Proof: Let A C [0,1] denote the set of all x for which the conditional
distributions converge weakly and suppose that A(A) = 1. If f is a continuous
function on [0, 1] then we have

lim f) Kn(z, dy) = f(y)K(x,dy)

=% J10,1] [0,1]

for every x € A, which, using Lebesgue’s theorem on dominated convergence
yields
Jim (| Ty, f = Taf]ly = 0.

Since the space Cx([0,1]) of all continuous functions on [0, 1] is dense in
LY([0,1], B([0,1]), A)) this completes the proof. B

It is well known that (C,ds) is a compact metric space. Since the topo-
logy induced by D; is strictly finer than that induced by d., (see [16] or
Proposition 14) we can not expect the metric space (C, D;) to be compact.
The next theorem, however, shows that (C, D;) is still topologically rich:

Theorem 8. The metric space (C, D) is complete and separable.

Proof: Suppose that (A,),en is a Cauchy sequence in (C, D;). For every
n € N let K,(+,-) denote the corresponding regular conditional distribution
and H,, the function on [0, 1]?, defined by H,(z,y) := K,(z,[0,y]). Since we
have

Di(Ay An) = /[ o ) = e @) axw)

= ||Hn — Hull L1 o,112, B(0,112), 2)

(Hp)nen is a Cauchy sequence in L'([0,1]%, B([0, 1]?), A\?), so there exists a
L-limit H € L'(]0,1]?, B([0,1]?), A?). According to the theorem of Riesz-
Fischer (see [9], [22]) we can find a subsequence (H,;)jen and a Borel set
A C [0,1]? with A*(A) = 1 and lim;_,o Hy, (2, y) = H(z,y) for all (z,y) € A.
W.lo.g. we may assume that H(z,1) =1 for every x € [0,1]. We will show
that we can find a measurable function G : [0, 1]? — [0, 1] with the following
two properties: (i) G = H A-a.s. and (ii) K(z,[0,y]) := G(z,y) is again a
regular conditional distribution of a copula A € C.

Using Fubini’s theorem (see [9], [22]) it follows that A(A,) = A({z € [0,1] :
(x,y) € A}) =1 for A-almost all y € [0,1]. Consequently we can find a

11
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countable set Q = {y1,y2,...} € [0,1] with 1 € @ and a set Ay C [0, 1] with
A(Ao) = 1 such that lim; o H,,(z,y;) = H(x,y;) holds for every y; € Q and
every x € Ag. Again using Fubini we can find a subset A C Ay such that
AMAL) = A{y € 0,1] : (z,y) € A}) =1 for every x € A. Define a new
function G : [0,1]> — [0,1] by G(z,y) =1 if y =1 and

G(z,y):= inf  H(z,y;) 1a(x) + Lpoay(y) 1ac(z).

Yi€Q,yi>y
It is straightforward to see that G(-,-) is measurable in x for fixed y and a
distribution function on [0, 1] in y for fixed z. In particular G is measurable
(same argument as in Lemma 4) and G induces a Markov kernel K(-,-)
by setting K(x,[0,y]) := G(x,y) and, for every x, uniquely extending the
probability measure K (z,-) from the class of all intervals [0, y| to B([0, 1]) in
the standard way (see [9], [14]).
For every fixed x € A define (measurable) functions g,, h, : [0,1] — [0, 1]
by g.(y) := G(z,y), he(y) == H(z,y) and set II, := {y € [0,1] : g.(y) #
h.(y)}. Using monotonicity it follows that II, € AS U DC(g,), whereby
DC(g.) denotes the (at most) countably infinite set of discontinuities of g,.
Consequently, setting IT := {(z,y) € [0,1]* : G(z,y) # H(x,y)} and again
using Fubini we get

NA(IT) = /[ RUSDOR / A(IL,) dA(z) = 0,

A

which implies lim, o [|[Hn — G||1(j0,112,8(0,112)02) = 0. It remains to show
that K (x,[0,y]) is a regular conditional distribution of a copula A € C. Fix
y € [0, 1], then there exists a monotonically decreasing sequence (z;);en in @
with limit y. Applying Lebesgue’s theorem on dominated convergence shows

K(z,[0,y]))d\(z) = G(z,y)dA(z) = lim H(x,z)d\(z)
[0,1] [0,1] =0 Jl0,1]
= lim lim Hy, (z,2)d\z) = lim z; =y
11— 00

Hence there exists a copula A € C such that K(-,-) = Ka(+,-). This completes
the proof of the first part of the theorem.
In order to show separability we can proceed as follows: For every n > 2

define subsets S,, and SQ,, of C as follows: §,, is the class of all B € C whose

12
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mass /g is uniformly distributed on each rectangle R;; of the form R;; = [(i—
1)/n,i/n]x[(j—1)/n,j/n]. Denote by SQ,, the subset of all B € S, that also
fulfil pup(R;;) € Q for all 4,5 € {1,...,n}. Since SQ,, is countably infinity
SQ :=UP,89, C C is countably infinite too. Using the results in [16] S,
is dense in C with respect to the strong operator topology, so, by Theorem
6, S, is dense in the metric space (C, D;). Fix an arbitrary B € S,, and let
g€ > 0. Obviously the family &,, is isomorphic to the class €2, of all doubly
stochastic matrices. According to Birkhoff’s theorem on doubly stochastic
matrices (see [11]) every element M € €, is the convex combination of m
(< n?+1) permutation matrices (7)™, i.e. M = > «;P; with a; > 0 and
Yo, a; = 1. Since Q is dense in [0, 1] we can find a vector (5, ..., 5,) € Q™
such that both max;—1_,, |a; — f;] < ¢/(n®* +1) and Y ;" 3 = 1 holds.
Returning to B this implies the existence of an element B € 89, such that
max; j—1_m |pp(Rij) — up(Rij)| < €/(n? + 1). It follows immediately that
D, (B, B) < ¢ and we have shown that SQ,, is dense in §,,, which completes
the proof. B

4. The dependence measure {; induced by D,

As mentioned in the introduction we want to analyze the dependence mea-
sure (; defined as a scalar times the D;-distance to the product copula II.
Intuitively it seems natural that completely dependent copulas (in the sense
mentioned in the introduction, for a precise definition see below) should be
assigned maximum dependence degree since they describe a (unidirectional)
deterministic interrelation between X and Y (i.e. knowing X implies know-
ing Y, but in general not vice versa), whereas Il describes the other extreme
in which knowing X does not at all improve our a-priori-knowledge on Y.
Theorem 14 states that our dependence measure (; fulfils this property.

We will start with the following definition of completely dependent copu-
las and afterwards give equivalent conditions justifying the name completely
dependent:

Definition 9. A copula A € C is called completely dependent if there ex-
ists a A-preserving transformation S : [0,1] — [0, 1] such that the corres-
ponding Markov operator T4 has the form Txf = f oS Ma.s. for every
f € LY([0,1],B([0,1]), A). The class of all completely dependent copulas will
be denoted by C4. A copula is called mutually completely dependent if and
only if A, AT € C4 holds.

13
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259

268

269

270

Lemma 10. Given A € C the following conditions are equivalent:

(d1) A € Cy

(d2) There exists a \-preserving transformation S : [0,1] — [0, 1] such that
Az, y) = X([0,2] N S7([0,y])) for all (x,y) € [0,1]*.

(d3) There exists a A\-preserving transformation S : [0,1] — [0, 1] such that
K(xz,FE) = 1g(Sz) = §5.(F) is a reqular conditional distribution of A.

(d4) There exists a A-preserving transformation S : [0,1] — [0, 1] such that
pa(T(S)) = 1, whereby T(S) := {(x,Sz) : = € [0,1]} € B([0,1]?)
denotes the graph of S.

Proof: (d1) = (d2): Using the interrelation between Markov operators and
copulas formulated in (5) we immediately get

A(z,y) = /[o,z](TAl[O’y])(Z) d\(z) = /[M] 194 0 S(2) dA(2)
= A([0,2] nS7H([0,9]))

for all (z,y) € [0,1]%
(d2) = (d3): It is clear that if S : [0,1] — [0,1] is a A-preserving transfor-
mation, then K(z, F) defined as in (d3) is a Markov kernel. Suppose that
X,Y : Q — [0, 1] are random variables on a probability space (2, A, P) such
that PX®Y = ;4 holds. If E, F € B([0,1]), then, using the extension theorem
for measures, we have

/ 1poY dP =P(X € F, Y € E) =A(FNS™'(E)) = / 15(Sz) dA(),
X-1(F) F

so K(x,E) :=15(Sz) = 0s.(F) is a regular conditional distribution of A.
(d3) = (d1): Using Lemma 1 we get (Taf)(z) = [i, 4 f(y)Ka(z,dy) = f(Sz)

for A-a.s..
(d3) = (d4): Using disintegration (see [14]) we directly get

paC(S) = [ Kalo. (080 ) = [ s (S0)ana) =1

[0,1] [0,1]

(d4) = (d2): In case the graph of S has full mass we have K4(z,{Sz}) =1
for A-almost all € [0,1]. Consequently, using disintegration and again

14
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Lemma 1 we finally get

Alo,y) = [ (Tl () dAe) = / K a2 [0, 30]) dA(2)

[0,1‘0}

B /[ o 2 S(2) dN(z) = A([0,20] 157110, 30))

This completes the proof. W

Remark 11. Lemma 10 in particular shows that C; contains all shuffies of
Min, i.e. copulas induced by interval exchange transformations on [0, 1] (see
[7]). Point (d4) implies that Definition 9 of complete dependence is equivalent
to the original one given by Lancaster (see [13] and [25]), and point (d3) that
a copula A is completely dependent if and only if it is left-invertible w.r.t.
the *-product (see [5] and [25]).

The following lemma essentially answers the question about which copulas
have maximum D;-distance to II:

Lemma 12. For every A € C the function ® 411 fulfils Pan(y) < 2y(l —vy)
for all y € [0,1]. Furthermore equality ®4n(y) = 2y(1 — y) holds for every
y € [0,1] if and only if A is a completely dependent copula.

Proof: Because of ®41(0) = ®411(1) = 0 if suffices to consider y € (0,1).
Define

D, = {f :[0,1] — [0, 1], f measurable and f(z)dX\(z) =y},
[0,1]
then obviously K4(-,[0,y]) € ©, for every copula A € C. Using Scheffé’s
theorem (see [6]) we have

x) —yld\(z) =2 ) —y)dA(z) =2 — f(z))dX(z) (1
/[07”|f<> y| d\(z) /Ef(f() i@ =2 [ (= 7la) dra) (15)

EC

f

for every f € ©,, whereby Ey := {x € [0,1] : f(x) > y}. We will show that
the left hand side of (15) becomes maximal if and only if there exists a set
FE such that f =15 M-a.s.:

(i) If fE; f(x)d\(z) > 0 then the function H, defined by

H(z) = /[0 mcf(z)dx(z)— / (1— f(2))d\(z), @ €[0,1]

[z, 1N ES

15
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is absolutely continuous and fulfils H(0) < —(1 — y)A(E%) < 0 and H(1) =
Joe f 1 ) > 0. Consequently we can find z € (0,1) such that H(xo) =0
holds Deﬁne a new function f* by f*:= f1lg, + 1E§n[w071}. It is straight-
forward to see that f* € ©, and using the first equality in (15), that
f01|f( ) =yl dA(z <f01|f* — y| dA(x).

(ii) If fEc z)d\(z) = 0 but fEf 1 — f(z)dz > 0 then we can proceed analo-

gously and define a function H by

H(x) ::/[0 - f(2)dA(2) —/[ . (1= f(2)dX\ (=), z € [0,1].

H is absolutely continuous and fulﬁls both H(0) = — [,(1 = f(x))dA\(z) <0
as well as H fE =y > 0, so we can find [L’o E (0,1) such
that H(xg) = O holds. Deﬁne a new function f* by f*:= f1lg: + 1p;ap,-
Again it is straightforward to see that fre®, and, using the second equality
in (15), that f[o,l} |f(z) —yld\(z) < f01 |f*(x) — y| dA\(x).

In case neither (i) nor (ii) holds we 1mmed1ately get [ =1g, Aas. as well
as A(Ey) =y, which in turn implies f[O,l] |f(x) —y| d\(z) = 2y(1 — y). This
completes the proof of the first part of Lemma 12.

If A € C then according to (d3) in Lemma 10 there exists a A-preserving
transformation S : [0, 1] — [0, 1] such that K(z, F) := 15(Sz) = ds.(E) is a
regular conditional distribution of A. Hence

vanty) = [ [Kaw 000) <o 30 = [ (10, (50) —|ar)
~ [ 1toule) =5l a3a) = 2001 =

holds for every y € [0, 1].

To prove the other implication suppose that A € C, that K4( -, -) is a regular
conditional distribution of A and that ®4 n(y) = 2y(1 — y) holds for every
y € [0,1]. It follows from the first part of the proof that for every y € [0, 1]
there exists a set £, with A(E,) =y and K4(z,[0,y]) = 1g,(z) for A-almost
every z € [0,1]. Consequently we can find a measurable set M C [0, 1]
fulfilling A(M) = 1 such that for every x € M we have K(z, [0,y]) = 1, ()
for every y € [0,1] N Q. Define a transformation S : [0, 1] — [0, 1] by

Sz :=1y(z)inf {y € QN[0,1] : Ka(z,[0,y]) = 1}.
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Using right-continuity of distribution functions it follows that on M we have
Ka(z,[0,90]) = 1 if and only if Sz < yo, i.e. if 1, (Sx) = 1. This implies
that S is measurable since

{z €]0,1]: Sz <yo} =M U{zx e M: Ky(z,[0,90]) = 1} € B([0,1])
holds for every yo € [0, 1]. Furthermore

A ([0,90]) = A({z € [0,1] : Ka(z,[0,y0)) = 1)} = A(Ey,) = o,

so S is also A-preserving. Since on M we have K4(z,[0,y0]) = 1jg,4(Sz) =
3s2([0,yo]) we have K4(z, E) = 6g,(E) for every Borel set E which shows
that (x, F) — dg.(F) is a regular conditional distribution of A. Applying
Lemma 10 completes the proof. W

Using Lemma 12 and the fact that f[o 1 2y(1 — y)dy = 1/3 we finally de-
fine the dependence measure ¢; : C — [0, 1] by

Cl(A) = 3D1(A, H), A c C (16)

Remark 13. Looking back at Remark 3 the dependence measure (;(A) can,
up to a scalar, be interpreted as expected L'-distance between the conditional
distribution function of A and the distribution function of the uniform dis-
tribution U 1.

Lemma 12 implies the following result.

Theorem 14. Suppose that A € C and let (; be defined according to (16).
Then ¢1(A) € [0,1]. Furthermore (1(A) = 1 if and only if A € Cq4, i.e. all
completely dependent copulas have maximum dependence measure.

Proposition 15. The following assertions hold:
(1) The family Cy is closed with respect to Dy.

(i1) Suppose that S, Sy are A-preserving transformations on [0,1] and let
Ay, Ay denote the corresponding completely dependent copulas. Then
we have DQ(Al,Ag) = Dl(Al,AQ) = ||Sl — 52||1.
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Proof: Since only completely dependent copulas have maximum D;-distance
1/3 from II (i) immediately follows from the fact that metrics are continuous
in each argument. Point (ii) can be proved as follows:

DS(Ala A2) = / / (1[07y}(51$) — 1[079}(S2x))2d>\(l’)d)\(y)
[0,1] J[0,1]
— /[01] /[;] . ‘1[0&/}(511’) - 1[0,y}(52$)‘d>\(;(:)d)\(y) — DI(A17A2>

= [ i)~ oSl i)
[0,1] /[0,1]
— ||Sl—52||1.

Remark 16. Independence of two random variables is a symmetric concept
(knowing X does not change our knowledge about Y and vice versa) - never-
theless, from the authors point of view, notions 'measuring’ dependence are
not necessarily symmetric since in many situations the dependence structure
might be strongly asymmetric as it is, for instance, the case in Example 25.
Furthermore, having a unidirectional (i.e. non-mutual) dependence measure
one can easily construct a mutual one (see, for instance, equation (17) below).

Remark 17. The mutual dependence measure w studied by Siburg and
Stoimenov (see [25]) is defined by

w?(A) := 3d*(A, 1) = 3 (D3(A, 1) + D3 (AT 1I)). (17)

Arguments analogous to the ones used in the proof of Lemma 12 show that
D2(A, 1) < 1/6 with equality if and only if A € C4. Therefore, using (17)
and Proposition 15 it follows immediately that w(A) = 1 if and only if A
is invertible and that the class of all invertible copulas is closed in (C,d)
(already proved in a different manner in [25]).

We will conclude this section with an example that shows the existence of
A-preserving transformations S, S1,59, ... on [0, 1] such that (S, (x))nen does
not converge to S(z) in any point x € [0,1] although at the same time
lim,, 00 D1(A,, A) = 0 holds.

Example 18. For every m € N and j € {1,...,2™ !} define an interval-
exchange transformation (see [7]) Sgm-14; : [0,1] — [0,1] as follows (see

18



m=3, j=1 m=3, j=2

' / ' /
718 718 /
6/8 6/8

5/8 5/8
4/8 4/8
3/8 3/8

2/8 2/8 /
1/8 1/8

m=4, j=1 m=4, j=2

718 / 7/8 / /

6/8 6/8
5/8 5/8
4/8 4/8
3/8 3/8
2/8 2/8

- s <

0 1/8 2/8 3/8 4/8 5/8 6/8 718 1 0 1/8 2/8 3/8 4/8 5/8 6/8 718 1

Figure 1: Interval exchange transformations used in Example 18

Figure 1):
v+ (1-57) ifwe (5, 5]
Som-ipj(z) =9 z—(1-221) ifee(1-2L,1-L
x otherwise

Since every n € N can uniquely be expressed in the form n = 2™ + j with
m € Nand j € {1,...,2™ '} this defines a sequence (S, ),en of A\-preserving

19



341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

transformations on [0, 1]. Let S denote the identity on [0, 1] and M, Ay, A, . ..
the corresponding completely dependent copulas in Cy4. Since

1
2m—1

1Spm-115 = S <

holds we have lim,, . ||S, — S||1 = 0. Consequently, using Proposition 15,
lim,, 00 D1(An, A) = 0 follows. Suppose now that z € (0,1/2). Then for ev-
ery m € N there exists a unique 52 € {1,...,2™ 1} such that z € (@;1 ) ;im]
holds. Set € = 1/2 — x > 0, then it follows that

250 —1
lim Som-14jz (x) = lim (x—l—l— Jm ) =rv+1-2v=1—-x>a+¢,
m—o00 m m—o00 om
which shows that (S, (z)),en can not converge to S(x) = x. Analogous

arguments show that (S5,(z))nen does not converge to S(x) = x for every
x € (0,1]. The only two points where (S,)nen converges to S are 0 and 1. If
we modify S on these two points this changes neither the induced copula M
nor L' convergence of (S,)en to S. Hence we have constructed a sequence
(Spn)nen of measure preserving transformation that converges nowhere to S.

5. Examples: (; for some parametric classes of copulas

The aim of this section is to calculate (; for some well known parametric
classes of copulas.

Example 19 (Farlie-Gumbel-Morgenstern family). The FGM family
(G9)ge[-1,1) of copulas is defined by (see [19])

Golx,y) = zy + 0xy(1 — z)(1 — y). (18)
Gy is absolutely continuous so Ky(-,-), defined by
K, (2,[0,y]) ==y +0y(1 — 22)(1 —y) V(z,y) € [0, 1], (19)

is a regular conditional distribution of GGy. Using Lemma 7 it follows immedi-
ately that the family (Gg)oe—1,1] is continuous in @ with respect to D;. Fur-
thermore it is straightforward to verify that D;(Gy, I1) = %, so (1(Gy) = %
holds for every 6 € [—1,1].
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Example 20 (Marshall-Olkin family). The MO family (M, 3)(a,8)c[0,12
of copulas (see [19]) is defined by

=%y if 2% > yf
Maglo)={ 208 HLZY (20)

It contains II (« = 0 or § = 0) as well as M (o = = 1). Suppose that
a, 8 > 0 then a regular conditional distribution K4, ,(-,-) of Ay s is given by
(z € (0,1],y € [0,1])

(1—a)z oy ify<ab

K 0 = a 21
no o) ={ 65 s (21)

Again using Lemma 7 and the before-mentioned boundary cases it follows im-
mediately that the family is continuous in (v, §) with respect to D;. Straight-
forward but laborious calculations show that in case of a;, 8 > 0
61—(1—a)* 61— (1—a)Ft
I5; z 15} z4+1

— 1. Figure 2 is an image plot of the function

G (Map) =3a(l—a) +

(22)

holds, whereby 2z = é +
(Oé, 5) = Cl(Ma,ﬁ>-

Example 21 (Frechet family). The Frechet family (F, ) with (o, ) €
0,1]*> and a4+ 8 < 1 (see [19]) is defined by
Fa,ﬁ(za y) = CYM(ZL’, y) + SW(x,y) + (1 — o= 5)H(Ia y) (23)

Being a convex combination of the M, W and II obviously K, ,(-,-), defined
by

2
B

Kr, (2, [0,y]) = ol (z) + flpy(l —z) + (1—a =By (29)
for all (z,y) € [0,1]* is a regular conditional distribution of F, 5. As in
the previous examples the family is continuous in («, 3) with respect to D;.
Furthermore it follows that

1 3a3 + 3aB? + 233
(Fas) = 5 2 = (o) (25)

whenever v < f and o+ > 0. In case a+ 5 = 0 we have (;(Fpo) = 0 since
Fyo = 1II - which is also the limit of (25) for a, 5 — 0+4. Also note that for

fixed v € (0,1], « € [0,7] and 5 = v — «a the dependence measure ¢; becomes
mimimal in case of & = § = /2. Figure 3 is an image plot of the function

(@, B) = G (Fap)-
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387
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391

1.0

0.8
|

0.6

0.4

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Image plot of the function (a, 5) — (1 (Mq,p)

6. An application to copulas induced by special Iterated Function
Systems

We will now take a look to the construction of copulas with fractal support
via Iterated Function System given in [10] and show that the mentioned
convergence results w.r.t. d., also hold w.r.t. the much stronger metric
D;. Before analyzing the general case we recall the definition of an Iterated
Function System (see [1]) and start with a simple example.

Definition 22. Suppose that (£2,d) is a metric space and that n € N. A
mapping w : 0 —  is called contraction if there exists a constant L < 1
such that d(w(z),w(y)) < Ld(z,y) holds for all z,y € Q. A family (w;)}, of
contractions on € together with a vector (p;)j, € [0, 1]" fulfilling >, p; = 1
is called an [terated Function System with probabilities (IFS for short). We
will denote IFSs by {(w;)iy, (pi)j,}-
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Figure 3: Image plot of the function (a, 8) — (1 (Fa,g)

2/3

13

719 8/9

Figure 4: Support of VII and V2II in Example 23

w2 Example 23. Consider the matrix M = (t;)?,_, defined by

M =

[Nl O ol
Owik O
= O ol
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set a =b=1(0,1/3,2/3,1) and Rj; := [aj_1,a;] X [bi—1,bi), 1 < i, <3. M
induces an IFS {(w;;)7;_y, (t;i)} ,—,}, whereby the affine contractions wy; :

0,1] = Rj;, 1 <4,j < 3 are defined by

wji(xv y) = (%’—1 + SC(aj - aj—l) , bio1 + y(bi - bi—l))-

Let P([0, 1]?) denoting the set of all probability measures on ([0, 1]2, B([0, 1]?)).
It straightforward to verify (see [10]) that the operator V : P([0,1]?) —
P([0,1]?), defined by
3
V(i) =ty (26)

ij=1
maps Pe to P, so we can also see it as operator on C (see Figure 4). Sup-
pose now that A € C, that us € Pc is the corresponding doubly stochastic
measure and that K 4(-,-) denotes a regular conditional distribution of A. Tt
is straightforward to see that the Markov kernel Ky 4(-,-), defined by (27),
is a regular conditional distribution of VA (again see Figure 4):

y € [0%] : Kya(z,[0,y]) = %KA(S:)J, [0,3y])1[07%}(x) +

1

12 1
y € ( ] : Kya(z,[0,y]) = 51[0,%}u(§,1]($) +

3’3
+ Ka(3z —1,[0,3y — 1])1(%%}(:5) (27)

9 1 1
ve (3.1 Kva(@04) = (3+ 554003 = 2) )10y + 1 5 0)
11
+ (5 + §KA(3LU - 27 [07 3y B 2]))1[%1](1’)

Using (27) straightforward calculations show that for every A, B € C the
following relation between ®y 4 v and ®4 5 holds:

1 1
Pvavey) = gq)A,B(By)l[O,%](y) + §®A,B(3y — D1 2(y) +
1
+ §¢A,B(3y —2)12 y(y)
Hence we get
11 1
D1 (VA,VB) = / Pyave(y)dy = ——/ Pap(y)dy = - Di(A, B),
0,1 33 Jo 3
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showing that V is a contraction on (C,D;) with L = 1/3. Applying Ba-
nach’s fixed point theorem and Theorem 8 it therefore follows that there is
a (unique) globally attractive fixed point A* € C of V| i.e. for every copula
B € C we have D1(V"B, A*) — 0 for n — oco. Since convergence w.r.t.
D; implies convergence w.r.t. d,, the copula A* coincides with the fixed
point w.r.t. du, so pa~ is a singular measure whose support has Hausdorff
dimension dimg (supp(pa«)) = In(5)/1In(3) (see [10]).

We will analyze the mapping V : C — C and its properties now in the
general case. Suppose that M = (t;j)i=1..n, j=1..m 1S & matrix with n > 2
rows and m columns fulfilling the following three conditions: (i) All entries
are non-negative, (i) > t;; = 1, and (iii) no row or column has all entries 0.
According to [10] we will call such a matrix M transformation matriz. Given
M we define the vectors (a;)7Ly, (b;)iz, of cumulative column and row sums
by

apg = bo =0

a; = Zzt” je{l,...,m} (28)
Jo<j i=1

bi = Zztw z€{1,,n}
i0<i j=1

Since M is a transformation matrix both (a;)7L, and (b;)iL, are strictly in-
creasing. Consequently Rj; := [aj_1,a;] X [bi_1, ;] are compact non-empty
rectangles for every j € {1,...,m} and ¢ € {1,...,n}. Consider the IFS
{(wji>j:1mm,i:1mn, (tij)jzl...m,izl...n}a Whereby the contraction Wy; - [O, 1]2 —
Rj; is defined by

wji(x, y) = (CLj_l + .flf(aj — aj_l) s bi—l + .flf(bl — bi—l))-

The induced operator V' on P([0,1]?) is defined by

V)= D by u"™. (29)

j=1 i=1
Again it is straightforward too see that V' maps P¢ into itself (see [10]). Fix
an arbitrary A € C and let K4 denote a regular conditional distribution of
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w20 A. Then Ky 4(+,-) is given by (empty sums are zero by definition)

K : 0’ — 10<? 1] K ( J , |:0’ (3 i|> 30
va(z, [0,y]) Zz):l tio; - Zz)zl tioj A aj — aj_q b — bi_1 (30)

o for every x,y € R;; = [aj_1,a;] X [bi—1,b;] - we will use the smallest index
a2 j and the greatest index ¢ such that (z,y) € Rj; to assures that Ky 4 is
23 well-defined also on the intersections of the rectangles and to make sure that
w2y — Kya(z,[0,y]) is a distribution function for every = € [0,1]. Suppose
s now that A, B € C and that y € (b;_1,b;), then the following interrelation
2 between Oy 4y p(y) and P4 p(y) holds:

Dyaysly) = /[ v, 10,6 ~ Ko, 0. DA

R e L el e il
ool bissl)ee
- ;tij /[0,11 KA(x’ [O’ g:[;ﬂ) — K (x [o, gi:bbi__llb‘dk(x)

= Sutan(fTi) = nonan(f5)

Since, according to Lemma 5, ® 4 g is Lipschitz continuous on [0, 1] and zero
on {0,1} it follows that

Syave(y) =Y (b —bi1)Pas (b—7b1>1(b1 16 (Y)

i=1
o for all y € [0,1]. Hence

n

Y
DiI(VAVB) — Z/( b](bi—bi_l)%B(g_b 1>d>\()
1 i—1 1=

1=

n

= t-be? [ @anl) dAw)

i=1 (0,1]
= Y (bi—bi1)*Di(A, B),

i=1
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which shows that V' is a contraction on (C,D;) since > i (b; — bi_1)? <
Sor(bi —bi—1) = 1. Since M was an arbitrary transformation matrix we
have proved the following result (see [10] for the analogous result with respect
to the uniform distance d):

Theorem 24. Suppose that M is a transformation matriz and let the oper-
ator V' be defined according to (29). Then V is a contraction on the metric
space (C, D1) and there exists a unique copula A* such that VA* = A* and
for every B € C we have lim,,_, o, D1(V"B, A*) = 0.

Example 25. For every n € Ny define A-preserving transformations S, :
[0,1] = [0,1] by
Sp(x) = 2"z (modl)

and denote the corresponding completely dependent copulas by A,. Since
A, € Cy we have D;(A,,II) = 1/3. Consider the transformation matrix M

defined by
(12
n=(15)

and let V' denote the corresponding operator defined according to (29). Then
it follows that
1

Dy (AL TI) = Dy(V" AL, VD) = N Dy (M,1I) =

Wl

1
2n
which shows that lim,, ., D;(AL 1I) = 0.

7. Conclusion and future work

We have introduced a metric D; on the space C that is a metrization
of the topology O, induced by the strong operator topology on the space
M of corresponding Markov operators. It has been shown that the metric
space (C, Dy) is complete and separable and that the family C, of completely
dependent copulas is a closed subset of C having maximum D;-distance to
the product copula II. As a consequence (; assigns all elements in C; maxi-
mum dependence measure one. (; has been calculated for three parametric
families of copulas and an application to copulas induced by special Iterated
Functions Systems has been given.

As future work it seems reasonable to explore further properties of the de-
pendence measure ¢; and the metric spaces (C, D;) and (C, D) in general. In
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particular it should be analyzed how well II can be approximated by copulas
induced by n A-preserving transformations on [0, 1].
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